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Preface

This book has grown out of two courses the author has taught at the Uni-
versity at Albany. The first course investigates the rigid motions (isometries)
of the Euclidean plane and develops rosette, frieze and wallpaper groups. In
particular, we study discrete subgroups of the group of isometries of the
plane (i.e., two-dimensional crystallographic groups).

The second course develops Euclidean, spherical and hyperbolic geome-
try in dimension two from an analytic point of view, providing realizations
of Euclidean and non-Euclidean geometry from an analytic, rather than
axiomatic, point of view, and develops tools like the cosine law and the
Gauss—Bonnet theorem that provide a deeper insight into the geometry than
is provided by the axioms alone. This has particular value for prospective
high school teachers, as the cosine law is actually used in the high school
curriculum, and a unified development of both that and Euclidean geometry
puts things in a modern perspective that might be very useful to the high
school students themselves.

In particular, we show how isometries provide clean and direct proofs of
the basic theorems in Euclidean geometry and their analogues on the sphere
and in hyperbolic space.

Terminology. We shall be primarily interested in subpsaces of Euclidean
n-space, R", defined as the space of all n-tuples of real numbers:

R" ={(z1,...,2pn) 1 T1,...,Tn € R}.

Thus, formally, R™ is the cartesian product of n copes of the real line. More
generally, if X4,...,X,, are sets, their cartesian product is given by

Xy x oo x Xp={(x1,...,2p) :x; € X; fori=1,...,n}.

If X is a finite set, we write |X| for the number of elements in X. An
elementary counting argument gives:

Lemma 0.0.1. Let X1,...,X, be finite sets. Then X1 x --- x X, is finite
and the number of elements in it is the product of the numbers of elements
in the individual sets:

(0.0.1) | X1 x - x Xp| = | X1] - [ Xnl-
Given subset X,Y C Z, we write X \'Y for the set-theoretic difference:
X\NY={reX:z¢Y}
=X (XNnY).
Functions. A function
f: X—>Y

is sometimes called a map, a mapping, or a transformation. We call X its
domain and Y its codomain.
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We say that f is one-to-one or injective if

fle)=fly) = z=y.

An injective function is called an injection.
The image or range of f is

imf=f(X)={yeY:y= f(x) for some z € X}.

For Z C X, we write f(Z) = {f(z) : z € Z} for the image of f|z:Z =Y,
the restriction of f to Z.

We say that f : X — Y is onto or surjective if its range is all of Y,
i.e., if the range is equal to the codomain. A surjective function is called a
surjection.

If f is both injective and surjective, it is said to be bijective. A bijective
function is called a bijection or one-to-one correspondence.

If f: X — Y is bijective, its inverse function

Ly - X

is defined by setting f~!(y) to be the unique x € X with f(z) = y: = exists
because f is surjective and is unique because f is injective. The inverse
function f~! is easily seen to be bijective.

Relationships between functions are often expressed via a diagram. We

say
X—1"r .z
X /
Y
commutes if h = go f. A more general diagram commutes if any two ways
of getting from one node to another give the same function. Thus,

X1,y

o]

zZ—rw

commutes if kog=ho f.

Relations. Formally, a relation R on a set X is a subset R C X x X. It
is customary to write xRy if the ordered pair (z,y) is in R (and usually a
symbolic operator such as ~ is used rather than a letter like R. Relations
express a relationship between z and y. One generally does not talk about
the subset R at all, but gives a criterion for xRy to hold.

Examples 0.0.2.

(1) The usual ordering < on R is a relation. It is an example of an order
relation to be discussed below.
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(2) Let X be a set and let P(X) be the set of all subsets of X. (P(X) is
called the power set of X.) Then the standard inclusion of subsets
S C T gives a relation on P(X). It is also an order relation.

(3) Among the integers, there is a relation, let’s call it =, defined by
setting a = b if they have the same parity (i.e., either both are odd
or both are even). Note that we can test for parity by taking powers
of (=1): nis even if (—1)" =1 and is odd if (—1)" = (—1). Thus,
a = b if and only if (—1)® = (—1)°. This relation is generally called
congruence mod 2, and is written a = b mod 2. It is an exmple of
what’s known as an equivalence relation to be discussed below.

(4) Let f: X — Y be a function. Define the relation ~ on X by setting
x1 ~ x2 if f(x1) = f(22). We call this the relation on X induced by
f. This will also be seen to be an equivalence relation.

With these examples in mind, we give some potential properties of rela-
tions.

Definition 0.0.3. Let R be a relation on X

o R is reflexive if xRx for all x € X.

e R is symmetric if xRy = yRx.

e R is antisymmetric if (zRy and yRzx) = = = y.
e R is transitive if (xRy and yRz) = zRz.

We say R is an order relation or partial ordering if it is reflexive, anti-
symmetric and transitive. We say it is a total ordering if in addition each
pair of elements in X is comparable, i.e., for z,y € X, either xRy or yRx.

We say R is an equivalence relation if it is reflexive, symmetric and tran-
sitive.

Remark 0.0.4.

e The relation < on R is a total ordering.

e The relation C on P(X) is a partial ordering, but not a total ordering
if X has more than one element: if z # y € X, then neither {z}
nor {y} is contained in the other, so these subsets are not related in
P(X).

e For a set X, let P¢(X) C P(X) be the finite subsets of X. Then
there is an equivalence relation on P;(X) given by setting S ~ T if
S and T have the same number of elements.

Equivalence relations are about grouping similar things together, while
order relations are about comparing different things. In the former case the
notion of equivalence classes is valuable.

Definition 0.0.5. If ~ is an equivalence relation on X we define the equiv-
alence class of x € X by

] ={ye X:z~y} CX.
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The set of all equivalence classes, X/~ is
X/~ ={[z] :x € X}
and the canonical map
T X = X/~
is defined by 7(z) = [z] for all z € X.

Example 0.0.6. Let f: X — Y be a function and let ~ be the relation on
X induced by f (Example 0.0.2(4)). Then the equivalence classes are the
subsets f~!(y) with y in the image of f.

The key result about equivalence relations is the following.

Lemma 0.0.7. Let ~ be an equivalence relation on X. Then every element
of X belongs to exactly one equivalence class. A given element x lies in [z],
and if [z] N [y] # O, then [x] = [y]. Finally, if 7 : X — X/~ is the canonical
map, then m is onto and

(0.0.2) [z] = 77 1([z]).

Of course, here the [z] on the right is a point in the set X/~ (which consists
of subsets of X ), while the [x] on the left is a subset of X.

Proof. If z € [z]N[y], then x ~ z ~ y by symmetry, so x ~ y by transitivity.
Transitivity then shows that [y] C [z]. By symmetry, y ~ z, so [z] C [y],
and both must coincide with [z] by the argument just given. In particular,

yel < lyl=l
and (0.0.2) follows. O
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thoughts and insights. I wish to thank Noam Elkies, Charles Frohman, Greg
Kuperberg, John Randall, Peter Shalen and Deane Yang.

I have also learned from my students, both past and present. In addition
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caught mistakes and typos for which I am grateful. Special thanks go to
Gabe Holmes and Aaron Wolff.
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1. Some linear algebra

We review some basic linear algebra. The reader may wish to start with
Chapter 2 and use this chapter as a reference work.

1.1. Vector spaces and linear maps. We will make significant use of the

€1 Y1
standard vector operations in R": forz = | : | and y = | : | in R" and
Ln Yn
a € R we have the operations of vector addition and of scalar multiplication:
(21 + 1
rt+y= : ;
| Tn + Yn
[ax,
axr =
| azy

These operations satisfy the following properties:

(1) Vector addition is associative and commutative with additive iden-
tity element 0 = (0,...,0), i.e.
(a) (x+y)+z=z+ (y+2) for all z,y,z € R™.
(b) z+y=y+z for all z,y € R™.
(¢) 0+ =z for all z € R".
(2) The “distributivity laws” hold:

a(z +vy) = ax + ay,
(a+b)z = ax + bz,

for all z,y € R and a,b € R.

(3) Scalar multiplication is “associative” and unital:
(a) a(bx) = (ab)x for all a,b € R and z € R™.
(b) 1z = z for all x € R™.

We sometimes write a - x for ax.

A set V with operations of addition and scalar multiplication satisfying
(1)—(3) is called a vector space over R and forms the basic object of study in
an elementary linear algebra course. We shall assume the student is familiar
with the material from such a course, though we will review some of it here.
The reader may consult [1] for most of the omitted proofs. For determinant
theory, we suggest looking at [17]. One of the central objects of study is the
linear functions.

Definition 1.1.1. Let V and W be vector spaces over R. A function f :
V' — W is said to be linear if

(1.1.1) flx+y) = fx)+ f(y),
(1.1.2) flax) = af(x),
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for all z,y € V and a € R. A linear function f: V — W is an isomorphism
if it is one-to-one and onto. We then say V and W are isomorphic. We write

FVSwW
when f is an isomorphism.

Since an isomorphism f : V' — W is one-to-one and onto, it has an inverse
function f~': W — V. As the reader may easily check, f~! is linear, and
hence an isomorphism as well. Since f preserves the vector operations, an
isomorphism allows us to identify the vector spaces V and W.

Definition 1.1.2. Let f: V — W be linear. The kernel of f is
ker f ={veV: f(v) =0}
The following is elementary and standard.

Lemma 1.1.3. Let f : V — W be linear. Then f is one-to-one if and only
if ker f = {0}.

An important subject in mathematics is finding solutions of f(x) =y for
a function f : X — Y. One of the major values of linear algebra is that
such problems can be solved more easily than analogous nonlinear problems.
As a result, linear approximation is often used to study nonlinear problems.
This is one of the main motivations for differential calculus, as the derivative
determines the best linear approximation for a function at a particular point.

Definition 1.1.4. Let f: V — W be linear. The problem

flx) =y
is said to be homogeneous if y = 0 and inhomogeneous if y # 0. If y # 0,
the problem

flz) =0
is the associated homogeneous problem to f(x) = y. If y # 0 and if xg is
some specific solution of f(x) = y, then we call it a particular solution of

flz)=y.

The solutions of f(z) = 0 are precisely the kernel of f. Another standard
result is the following.

Lemma 1.1.5. Let f: V — W be linear and let vg be a particular solution
of f(v) =w. Then the set of all solutions of f(v) =w is

(1.1.3) vo + ker f = {vg+v:v € ker f}.

Note that the elements of vy + ker f are the set of all possible particular
solutions of f(v) = w. Thus, if v € ker f and if we replace vy with v; = vp+v,
then vy + ker f = vy + ker f.

When V' = R" we shall see that vy + ker f is an example of what’s known
as an affine subspace of R™.



A COURSE IN LOW-DIMENSIONAL GEOMETRY 13

Even to restrict attention to studying the geometry of R™, the properties
of abstract vector spaces become important, as we shall make use of the sub-
spaces of R™. For instance, in studying the rotations of R? (and hence also
of the unit sphere S?, as studied in spherical geometry, below), it becomes
valuable to take seriously the linear structure of the plane perpendicular to
the axis of rotation.

Definition 1.1.6. Let V be a vector space. A subspace W C V of V is a
subset with the properties that:

(1) For wy,wqy € W, the sum wy + wy € W.
(2) Forwe W and a € R, aw € W.

In particular, W is a subspace if and only if the vector operations of V'
(addition and scalar multiplication) restrict to well-defined operations on W.
In this case, it is easily seen that W is a vector space under the operations
inherited from V.

Example 1.1.7. Let f : V — W be linear. Then ker f is a subspace of V
and the image im f is a subspace of W.

As we saw above, ker f detects whether f is one-to-one, while f is onto if
and only if im f = W.
1.2. Spans and linear independence. We shall also need the notion of

a basis.

Definition 1.2.1. Let V' be a vector space over R and let vq,...,vp € V.
A linear combination of vq,..., v is a sum

aivy + -+ apvg

with a1,...,ar € R. We write span(vy,...,v) for the set of all linear
combinations of vy, ..., vg:
span(vy,...,vg) = {a1v1 + - + agvg : a1, ..., ax € R}.

If span(vy,...,vx) = V we say that vy,..., v, span V.

We say that vy, ..., v are linearly independent if

a1v1 + - tagvy = ap=---=a,=0.
We say that vy, ..., v form a basis for V if
(1) vy,..., v are linearly independent.

(2) v1,...,v span V.
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0]
0
Example 1.2.2. Let ¢; = | 1| , € R" with the 1 in the ith coordinate. Then
0
L0
e1,...,€, is a basis for R", as
1
(121) =x1e +"'+l‘nen;
L,
S0 e1,...,e, span R™ and if z1e; + --- + xpe, = 0, then © = 0, so each
x; = 0, giving linear independence. We call £ = eq,...,e, the standard or

canonical basis of R”.

Lemma 1.2.3. Let vy,...,vx € V be linearly independent. Then any el-
ement of their span can be written uniquely as a linear combination of
Vlyeooy U, b€, if aivy + -+ + apvr = bivy + -+ + bk, then a; = b; for
all 7.

Proof. If ajvy + -+ 4+ agvp = byv1 + - - - + brvg, then
0= (a1v1 + -+ + apvy) — (brvr + -+ + byvp)
= (a1 — bl)vl + -+ (an — bn)vn.
By linear independence a; — b; = 0 for all i, hence a; = b;. U

Proposition 1.2.4. Let B = vy,...,v, be a basis for V.. Then there is an
isomorphism
P :R" =V
given by
ay
®p : =a1v1 + -+ apty
QA

Thus, if V has a basis with n elements, it is isomorphic to R™.
Moreover, ®p satisfies

P5(e;) = v;
fori=1,...,n.

Notation 1.2.5. The inverse function <I>l§1 has the special notation
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forallv € V. We call [v] the B-coordinates of v. Explicitly, if B = v1,..., v,
ap
and v = ajv1 + -+ - + apvp, then [v]g = | : |. We emphasize that the B-

Qn
coordinates depend strongly on the basis B. If we change even one element
of the basis, it will change the coordinates significantly.

Proof of Proposition 1.2.4. ®5 is linear because
(a1v1 + -+ apvy) + (byvr + -+ + bpvy) = (a1 + b1)vy + - -+ + (an + by)vn,
a(avy + - -+ + apvy) = (aay)vy + - - + (aay)vn,

by the basic vector identities.

®p is onto because vy, ...,v, span V. ®g is one-to-one by Lemma 1.2.3:
if ayvr + - 4+ apvp = bvr + - - - + bpvy,, Then a; = b; for all i.

The last statement is immediate from the definitions of ®5 and the canon-
ical basis elements ¢;. O

The following is now immediate from (1.2.1).

Lemma 1.2.6. Let £ = eq,...,e, be the canonical basis of R™. Then ®¢ :
R™ — R™ is the identity map, hence [x]g = x for all z € R™.

The following result makes use of similar arguments to those in Proposi-
tion 1.2.4.

Lemma 1.2.7. Let V and W be vector spaces and let v1,...,v, be a basis
for V.. Let wy,...,w, € W be arbitrary. Then there is a unique linear
function f:V — W with f(v;) = w; for all i. It satisfies

(1.2.2) flayvr + - 4+ apvy) = arwy + -+ - + apwy,.

In particular:

(1) The range of f is span(wi,...,wy), so f is onto if and only if

Wi, ..., Wy span W.
(2) f is one-to-one if and only if wy,...,w, are linearly independent.
(3) f is an isomorphism if and only if wy,...,wy, is a basis for W.

Proof. If f: V — W is linear and f(v;) = w; for ¢ = 1,...,n then

flarvr + -+ apvp) = a1 f(v1) + - + anf(vn)
=ajwy + -+ apwy

with the first equality following from linearity, so f is uniquely determined
by linearity and knowing the values of f on the basis elements.

Conversely, given arbitrary elements wy,...,w, of W, we use (1.2.2) to
define a a function f : V — W. This gives a well-defined function by
Proposition 1.2.4: every element of V may be written uniquely as a linear
combination of vy, ...,v,. The linearity of f now follows by the properties
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defining a vector space. So it remains to verify (1)-(3). Of these, (1) is
obvious, while (3) follows from (1) and (2).

For (2), note that if wy,...,w, are linearly dependent there are scalars
ai,...,an, not all 0, with aqwy + --- + apw, = 0. So ajv1 + -+ + ayv, €
ker f. But since aq,...,a, are not all 0 and since vy, ...,v, are linearly
independent, ajvy + - - + apv, # 0 and ker f # 0. So f is not one-to-one.
The converse is clear. ([

Corollary 1.2.8. Let B = v1,...,v, be a basis of V. Then &5 : R" —» V
is the unique linear function such that

Pple;) =v;
fori=1,...,n. We obtain a one-to-one correspondence between the ordered
bases B =wv1,...,v, of V and the linear isomorphisms f : R™ — V given by
B— Pp.

Lemma 1.2.7 is a key tool in understanding linear maps. We may use it
to study the linear maps from R™ to R™ and to show they are induced by
matrices. We may then use matrix manipulations to study the linear maps
from R"™ to R™ in greater detail. We can then use bases to apply these more
detailed results to linear maps between more general vector spaces.

1.3. Matrices. We write A = (a;;) for the m x n matrix

ail ai9 . A1n

az1 a22 o a2n
(1.3.1) A=

Am1 Qm2 ... Amn

with mn real entries a;;, 1 < < m, 1 < j <n. This matrix induces a linear
function T4 : R™ — R™ via the matrix product T4(z) = Az. Here we use
column vectors for the elements of both R™ and R™, and write

T
(1.3.2) T =

In
for the generic element of R™. Thus, x is an n X 1 column matrix. So we
regard Ax as the product of two matrices, and, as usual, if A is as above
and if B = (b;j) is any n x k matrix, AB is the m x k matrix whose ijth
coordinate is Y ,_; aixby;.

The matrix product satisfies an important property.
Lemma 1.3.1. Let A= (a;;) be m x n and let B = (b;;) be n x k. Then
TaoTg =Tap: RF — R™,

i.e., matriz multiplication corresponds to composition of functions (in the
usual order).
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Proof. This follows from the associativity of matrix multiplication: for A
and B as above and for a k x ¢ matrix C' = (¢;;), we have
(AB)C = A(BCQC).

We refer the reader to [1] or [17] for the basic properties of matrix addition
and multiplication. O

Note that for an m x n matrix A, the function T4 : R®" — R™ as de-
fined above is linear because matrix multiplication satisfies a distributive
property: for any two n x k matrices B = (b;;) and C = (¢;;), we have

A(B+C)=AB+ AC,
and also
A-aB =aAB

for all @ € R. In the above, B + C is the n x k matrix whose ijth entry is
bij + c;; and aB is the n x k£ matrix whose ijth entry is ab;;.

Definition 1.3.2. Let A be an m x n matrix. The nullspace, N(A), of A
is the kernel of T'4:
N(A) ={z € R": Az = 0}.

Phrased in terms of matrices, Lemma 1.1.5 becomes:

Lemma 1.3.3. Let A be an m x n matriz and let b € R™. Let zg be a
solution of Ax = b. Then the set of all solutions of Ax = b is

(1.3.3) 2o+ NA) ={x+v:ve N}
Notation 1.3.4. We write M,, ,(R) for the set of all m x n matrices with

coefficients in R. We abbreviate M, (R) = M,, ,(R) the set of square, n x n
matrices with real coefficients.

Given column vectors vy, ..., v, € R™ we write [v1]...|v,] for the m x n
matrix whose ith column is v;. Thus, A = (a;;) may be written as [a1] ... |ay]
aig
where a; = | ¢ | fori=1,...,n.
QAnj

Straightforward calculation gives the following.
x1
Lemma 1.3.5. Let A = [v1]|...|v,] be m xn and let x = | : |. Then Ax

Tn
may be given explicitly as the linear combination

(1.3.4) Ax = xqv1 + -+ + Ty,
Thus:
(1) Ae; = v;, the ith column of A, fori=1,...,n.
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(2) T is the unique linear function from R™ to R™ with Ts(e;) = v; for
1=1,...,n.

Note that the uniqueness in (2) comes from Lemma 1.2.7. From this, we
immediately obtain that the linear functions from R" to R™ are in one-to-
one correspondence with the m x n matrices:

Corollary 1.3.6. Let T : R™ — R"™ be linear. Then there is a unique m xXn
matriz A = [T such that T = Tx:

[T =[T(e)| ... [T(en)]-

Lemma 1.3.5 allows us to translate Lemma 1.2.7 into a statement about
matrices:

Corollary 1.3.7. Let A = [v1|...|vn] be m x n and let Ty : R™ — R™ be
the induced linear transformation.
(1) T4 is onto if and only if vi,...,v, span R™.
(2) T4 is one-to-one if and only if vi,...,v, are linearly independent.
(3) T is an isomorphism if and only if vy, ..., v, is a basis of R™.

We can now apply the technique of Gauss elimination to study linear
transformations from R” to R". First we review the notion of invertibility
of matrices.

Definition 1.3.8. The n x n matrix A is invertible if there is an n x n
matrix B such that

AB=BA=1,
where I, is the n x n identity matrix
10 ... 0
01 ... 0
In = . )
00 ... 1

i.e., the n X n matrix whose diagonal entries are all 1 and whose off-diagonal
entries are all 0.

The identity matrix is the unique matrix with the property that 77, = I,
the identity map of R™. If A is invertible, there is a unique matrix B with
AB = BA = I, as shown in Lemma 3.1.3(1) below. We write A~! for the
inverse matrix B. Invertibility is important for the following reason.

Lemma 1.3.9. The n x n matriz A is invertible if and only if the linear
mapping T4 is an isomorphism. If A is invertible, then Tgl =Ty-1.
Proof. If A is invertible, then

Th-1Tag=Tp-14 =Ty, =1.

Since I is one-to-one, this forces T4 to be one-to-one. Similarly, T4T -1 = 1,
and since [ is onto, this forces T4 to be onto. Thus, if A is invertible, Ty is
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an isomorphism, and the identities T)y-1T4 = TaAT -1 = I display T)4-1 as
the inverse function of T'4.

Conversely, if T4 is an isomorphism, the inverse function Tgl is linear,
and hence is equal to T for some n x n matrix B by Corollary 1.3.6. By
the calculations just given, the identities Ty-1T4 = TaT4-1 = I together
with Corollary 1.3.6 force AB = BA = I,,. O

Notation 1.3.10. We write GL, (R) for the set of invertible n X n matrices
with coefficients in R.

1.4. Block matrices and their multiplication. It is valuable in several
contexts to subdivide matrices into blocks.

Definition 1.4.1. Let A = (a;j) be a k x ¢ matrix, B = (b;;) a k x r matrix,
C = (c¢ij) an s x £ matrix and D = (d;;) and s x r matrix. We write

(1.4.1) M= [%’%}

for the (k+ ) x (¢ 4+ s) matrix whose ij-th entry is given by

a;j ifi <kandj<{
bij—¢ ifi <kandj>/,
Ci—k,j ifi >kand j </,
dz’—k,j—é if « > k and 7> L.

(1.4.2) m;; =

The following is immediate.

Lemma 1.4.2. Let M be a (k+ 1) x ({+ s) matriz. Then there are unique
matrices A, B, C and D with

w23

Remark 1.4.3. Indeed, there are other block structures of significant in-
terest. For instance, in (1.4.1) we shall denote the first ¢ columns of M

A
by [C’}’ and denote the first k rows by [A| B]. In fact, we can dice a

matrix into an arbitrary grid of blocks, and it is often valuable to do so. An
important point is that these grids multiply gridwise. That has important
consequences.

Proposition 1.4.4. Let By,...,B, be matrices with k rows and arbitrary
numbers of columns. Let A be a matrixz with k columns. Then

(1.4.3) A[Bi]...|Bu] = [AB]...|AB].
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Let Ay, ..., Ay be matrices with k columns and arbitrary numbers of rows.
Let B be a matriz with k rows. Then
A A B
(1.4.4) : B= :
A, A, B
Now let’s reverse things, with the block “columns” on the left and the
block “rows” on the right: let Aq,..., A, be matrices with r rows and let
By, ..., By be matrices with s columns. Suppose the number of columns of
A; is equal to the number of rows of B; fori=1,...,n. Then
By
B

n

The result is r X s.

Putting these together in the case of matrices with a 2 x 2 block structure,
we obtain the following: if the number of columns of A and C is equal to
the number of rows of X and Y, and the number of columns of B and D is
equal to the number of rows of Z and W, then

A|Bl1[X|Y | [AX+BZ|AY +BW
clp|lz|w] |cx+pz|cy+Dpw |

(1.4.6)

Proof. The identities (1.4.3) and (1.4.4) are straightforward from the def-
inition of matrix multiplication. For (1.4.5), let v;; be the i-th row of A;
and let wj, be the k-th column of Bj. then the i-th row of [A;]...|A,]

is obtained by horizontally concatenating v;,...,v;, and the k-th column
By

of : is obtained by vertically concatenating wig, ..., w,t. Their ma-
B

n
trix product is precisely Z?Zl vijwjk, which is precisely the ik-th entry of
A1By + -+ ApBy,.
The formula (1.4.6) follows from the others. O

1.5. Dimension. We can now use Gauss elimination to study matrices.
Complete proofs of the following assertions can be found in [1].

Proposition 1.5.1. Let A = [v1]...|vy] be an m x n matriz and let
Ty : R"™ — R™
be the induced linear function.

(1) If Ty is one-to-one, then n < m, and if n = m, then A is invertible.
(2) If T4 is onto, then n > m, and if n = m, then A is invertible.
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Sketch of proof. If T4 is one-to-one, then there are no free variables, so A
reduces to a matrix with a pivot in every column. Since there is at most one
pivot per row, the number of columns is less than or equal to the number
of rows. If there is the same number of rows as columns, then the reduced
matrix must be I,. Any matrix that reduces to I, is invertible.

If T4 is onto, then A reduces to a matrix with a pivot in every row. We
repeat the argument above, reversing the role of rows and columns. ([

Corollary 1.5.2. Let B = v1,...,v, be a basis for the vector space V. Then
any other basis also has n elements. Moreover, we have the following:
(1) Ifws,...,wx €V are linearly independent, then k < n, and if k = n,
then wi, ..., ws form a basis for V.
(2) Ifwy,...,wg span'V, then k > n, and if k = n then wy, ..., wx form
a basis for V.

Proof. The uniqueness of the number of elements in a basis follows from
(1) and (2). The proofs of (1) and (2) follow by applying the isomorphism
@gl : V. — R™ Since <I>l§1 is an isomorphism, it is easy to see that if
wy,...,wr € V, then wy,...,wy are linearly independent if and only if
@El(wl), .. .,@gl(wk) are linearly independent, and wi,...,wy span V if
and only if @gl(wl), oo, @51 (wy) span R™.

Thus, we may assume V' = R" and we may apply Corollary 1.3.7 and
Proposition 1.5.1 to A = [wy]. .. |wy]. O

This results in a significant strengthening of Corollary 1.3.7.

Corollary 1.5.3. R™ and R™ are isomorphic if and only if n = m. More-
over, if A is an n X n matriz, then the following conditions are equivalent.

(1) T4 is one-to-one, i.e., the columns of A are linearly independent.
(2) T4 is onto, i.e., the columns of A span R™.
(3) T4 is an isomorphism, i.e., the columns of A form a basis of R™.

Proof. If T4 : R® — R™ is an isomorphism, then the columns of A form
a basis of R™. Since there are n columns, this forces m = n. Now apply
Proposition 1.5.1. U

Since the number of elements in a basis is unique, the following makes
sense.

Definition 1.5.4. If the vector space V has a basis with n elements we say
V has dimension n and write dim V = n. We adopt the convention that the
zero vector space 0 = {0} has the empty set as its basis, so that dim0 = 0.

Note that every n-dimensional vector space is isomorphic to R".
The concept of span is useful in studying subspaces. The following lemma
is elementary.

Lemma 1.5.5. Let vi,...,vp € V. Then span(vi,...,vx) is a subspace of
V', and any subspace of V' containing vy, . .., v must contain span(vy, ..., vx).
Thus, span(vi, ..., v) s the smallest subspace of V' containing vy, ..., vg.
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Of course vy, ..., v are linearly dependent if they are not linearly inde-
pendent. In other words, v1,..., v are linearly dependent if there are real
numbers a1, ..., ar, not all 0, such that

aiv1 + - + agve = 0.
A key observation is the following:

Lemma 1.5.6. Suppose that ajvy + - - - + agvy = 0 with a; # 0. Then

v € SPAn(V1, .. ., Vin1, Vit 1, -+ k).
Conversely, if v; € span(vi, ..., Vi—1,Vit1,..., V), then there are real num-
bers ai,...,ap with a; # 0 such that ajvy + -+ - + agve = 0. In particular,

the following properties hold:
(1) The vectors vi,...,vx € V are linearly dependent if and only if one
of the v; is in the span of the others.
(2) If v; € span(vy,...,Vi—1,Vit1,..., V), then

span(vy, ..., vg) = Span(vy, ..., Vi—1, Vit1,-- -, Vk)-
Thus, vy, . .., v are linearly dependent if and only if span(vy, . .., vg)
is the span of a proper subset of {vi,...,vk}.
(3) Let vy,...,vx be linearly independent and suppose
Vg1 € span(vi, ..., vg).
Then vy, ...,vg+1 are linearly independent.

Proof. If ajv; + - - 4+ apvr = 0 with a; # 0, then

a;V; = —a1v1 — - — Aj—1Vi—1 — Aj41Vi41 — - — Vg, SO
! aj—1 ai+1 ay
V= ——U1 =" — Vi-1 — Vig1 — 0 — — Uk
a; a; a; a;
€ span(vi, ..., Vi—1, Vit1,y .-, Vk).
Conversely, if v; € span(vy,...,0i—1,Vit1,...,Vk), we have

Vi =Cv1 + -+ CGo1Vi—1 + GVl + -+ CrUg
for real numbers cy,...,¢i—1,¢i+1,...,CL. hence
c1v1 + -+ v =0

with ¢; = —1, establishing the desired dependence relation.
(1) is now immediate, and (2) follows from Lemma 1.5.5. For (3), if
Vg+1 & span(vy, ..., v) and if

a1v1r + -+ app1vp41 = 0,

then agy1 cannot be nonzero. But linear independence of vy,...,v; then
forces the other coefficients to be 0 as well. O

Definition 1.5.7. A vector space is finite-dimensional if it is the span of
a finite set of vectors. If a vector space is not finite-dimensional we write
dimV = oo.
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The following is immediate from Lemma 1.5.6(2).
Corollary 1.5.8. Let V' be a finite dimensional vector space, say
V = span(vy,...,vk).

then some subset of {v1,...,vx} forms a basis for V.. In particular, V' has
a basis and dimV < k.

When V is a subspace of R™, one can actually solve for the subset in

question using Gauss elimination. Just set A = [v;]...|vg] and reduce A to
the reduced row echelon matrix B = [wq]. .. |wg]. Suppose that w;,, ..., w;,
are the pivot columns of B. Then v;,...,v;, can be shown to give a basis
for V- = span(vy,...,vg).

Example 1.5.9. If f : V — W is linear with V finite-dimensional, then
the image f(V) is finite-dimensional, as if v1,...,v; is a basis for V, then

f(V) = Span(f(vl)7 SRR f(Uk))

We obtain a very useful tool from the results above.

Corollary 1.5.10. Let V be an n-dimensional vector space. If vi,...,v; €
V' are linearly independent, then they may be extended to a basis vy, ..., v,
for V.

Proof. We argue by induction on n — k. If n — k = 0, then vy,...,v is
already a basis for V' by Corollary 1.5.2(1). Otherwise, since vy, ..., v are
linearly independent, span(vy,...,v;) must be a proper subspace of V', so
there exists vg41 € V —span(vy, ..., vg). But then vy, ..., vgyq are linearly
independent by Lemma 1.5.6(3). This is also the inductive step, and the
result follows. O

We also obtain the following.

Corollary 1.5.11. Let W be a subspace of the finite-dimensional vector
space V. Then W is finite-dimensional, with dimW < dimV. If dm W =
dimV then W =V.

Proof. We construct a basis for W using the inductive procedure given in
the proof of Corollary 1.5.10. We start with a nonzero element w; € W and
continue until we have a basis wq, ..., wg of W. This must eventually occur,
as there can be at most dim V' elements in any linearly independent subset
of V' by Corollary 1.5.2(1).

Suppose then that we have obtained a basis wq,...,w, of W. If k =
dim V' then wy, ..., wy is also a basis of V' by Corollary 1.5.2(1), and hence
wW=V. O

1.6. Rank. We can now apply dimension to the study of linear functions.

Definition 1.6.1. Let f : V — W be linear with V finite-dimensional.
Then the rank, rank f, of f is the dimension of the image, f(V), of f. If A
is an m x n matrix, then the rank, rank A, of A is the rank of T’y : R™ — R™.
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Proposition 1.6.2. Let f : V — W be linear with V finite-dimensional.

Let wy,...,w, be a basis for the image of f and let vy,...,v, € V with
fvi)) =w; fori=1,...,r. Let y1,...,ym be a basis for ker f. Then
(1.6.1) B=v1,...,0,Y1, -, Ym

is a basis for V. Thus,

(1.6.2) rank f + dimker f = dim V.

Proof. We first show vi,...,0,y1,...,Ym are linearly independent. Sup-

pose civy + - -+ + v + diyr + - - - + dYm = 0. Then

0= le(vl) +- Crf(vr) + dlf(yl) +- 4+ dmf(ym)
= le(vl) +- Crf(vr)
=Cclwy + -+ Wy,

as f(y1) = -+ = f(ym) = 0. But wy,...,w, are linearly independent, so
¢y = -+ = ¢ = 0. This leaves

diyr + -+ + dpym = 0.
But 1, ..., ym are linearly independent, so dy = --- = d,,, = 0.

Now we show v1,...,0r,91,...,Ym span V. Let v € V. Then f(v) €
f(V) =span(ws,...,w,). Say f(v) =crwi + -+ ¢;w,. Then,

flo=(cavi+-+cuv)) = f) = (wy + -+ + ¢w,) =0,
sov— (cqv1 + -+ + ¢vp) € ker f = span(yi, ..., ym). Say
v— (v + -+ eu) =diyr + -+ dnYm.
But then v = vy + - + ;v + diyr + - - - + dpYm. O
The following lemma is easy but valuable.

Lemma 1.6.3. Let V be finite dimensional and let f : V. — W be linear.
Let g: W = W' and h : V' =V be isomorphisms. Then

rank(g o f o h) = rank f.
Proof. Since h is onto, f(V) = foh(V'). So go foh(V’) is the image

of f(V) under the isomorphism g. So the dimension of the image go foh
equals the dimension of the image of f. O

1.7. Direct sums. There is a useful operation on vector spaces that re-
flects the way R™T" is obtained from R™ and R".

Definition 1.7.1. Let V and W be vector spaces. The direct sum V & W
is the set V x W endowed with the vector operations

(v1,w1) + (v2, w2) = (v1 + v2, w1 + wa)
c(vy,wr) = (cvr, cwy)

for all v1,v2 € V, w1, we € W and c € R.
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This is just the expected structure, and there is an obvious isomorphism
R™ @ R" — R™t™

x
x1 Y1
X
: , . ’_> m
’ Y1
Tm Yn .
L Yn |

It is useful to view this as an external operation on vector spaces. The
reader may verify the following propositions.

Proposition 1.7.2. Let V and W be finite-dimensional with bases vy, . ..,vm
and wi, ..., wy, respectively. Then

(v1,0),..., (m,0),(0,w1),...,(0,wy,)
is a basis for V@& W, hence dim(V & W) = dimV + dim W.
Proposition 1.7.3. Let V., W be vector spaces. Then the maps
t1:V-oVaeWw,
o W—=VoW

given by 11(v) = (v,0), t2(w) = (0,w) are linear and if Z is a vector space
and f :V — Z and g : W — Z are linear, there is a unique linear map
h:V &W — Z such that the following diagram commutes:

Vs Ve W W
\ lh‘/
f g
Z.

Specifically, h(v,w) = f(v) + g(w).
Proposition 1.7.4. Let V., W be vector spaces. Then the maps

mVeWw =V,

o © VeW - W

given by m (v, w) = v, me(v,w) = w are linear and if Z is a vector space
and f : Z — V and g : Z — W are linear, there is a unique linear map
h=(f,9):Z—V &W such that the following diagram commutes:

TN
Vil vaew 2S5 w.

Specifically, h(z) = (f(z),9(2)). In other words, f and g are the coordinate
functions of h in terms of the ordered pairs in V & W.
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1.8. Base change. We review the relationship between bases and matri-
ces. Since we are using matrices, we will write vectors in R™ as column
vectors as in (1.3.2). Thus, if B = vy,...,v, is a basis of V, then the
isomorphism

~

O :R" =V
is given by
I
Pp : =201 + - + Ty Up.
xn
Recall from Notation 1.2.5, that the inverse isomorphism @gl :V — R" has
a special notation: if v = xqv1 + - -+ + xpv, € V, we write
1
(1.8.1) g =3z (v) = | : | =z1e1 + - + Ten.
Tn
We call [v]p the B-coordinates of v.

Now suppose given a linear function f : V — W and bases B = vy, ..., v,
of Vand B = wy,...,w, of W. Write T : R" — R™ for the composite

Re 25, v 5y T8, g

Definition 1.8.1. With the notations above, the matrix [f]zp of f with
respect to the bases B’, B is the matrix of T" as given by Corollary 1.3.6:

[flas = [T]
=[T(e )\ T (en)]
= [0 fOs(e1)]. .. [Py fP5(en)]
= [Pg 1f( )] - “I)B/ f(vn)] (Proposition 1.2.4)
=

[f )]s |- [ (on)]s] (1.8.1).

This generalizes what we have done for linear functions from R™ to R™:

Lemma 1.8.2. Let £ = e1,...,e, and & = e1,...,e, be the canonical
bases of R™ and R™, respectively. Let T : R™ — R™ be linear. Then

[Tlere = [T] = [T(e1)]. .. [T(en)];
the matriz of T as given in Corollary 1.3.6.

Proof. By Lemma 1.2.6, ¢ and ®¢/ are the identity maps of R™ and R™,
respectively. ([

There is a nice relationship between [f]gzp and the coordinate functions
given by the bases B and B’ via (1.8.1).
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Lemma 1.8.3. With the notations above,

(18.2) Aleslls = [F0)s

for allv € V. Here, the left-hand side is the product of the matriz [f|p g
with the B-coordinates of v.

ai
Proof. Let v = ajv; + -+ - + apvy,. Then [v]p=| : |, so
an
ai
[flasvls = [[f(v1)]s : ...t [f(va)]B]
Qn,

= al[f(vl)]B’ + e an[f(vn)]lﬁ’

= [alf(vl) et anf(vn)]BH
as w — [w]p is linear (as the inverse to ®p/). But linearity of f gives

arf(v1) + -+ anf(vy) = flavr + -+ + apvy) = f(v),
and the result follows. O
Note that all three of the terms in (1.8.2) depend strongly on the bases

chosen. In fact, we will see that the matrices [I]gp (with I the identity
map of a vector space V') play a very important role in understanding the

relationship between two bases and how it affects coordinatizing matrices.
The following is very important in developing that investigation.

Proposition 1.8.4. Let f : V — W and g : W — Z be linear. Let
B=w1,...,v, be a basis of V, let B = w1, ..., wy be a basis of W and let
B" = z,...,2; be a basis of Z. Then

975/ [flB8 =90 flB"B:
where the left-hand side is the matriz product.

Proof. It suffices to show that both sides have the same effect on an ar-

al
bitrary vector | : |[. DBut this is easy, as, if v = ajv1 + ..., a,v,, then
Qn
a1
= [v]g. So
an
a1
l9lsa(fles | i | =9l e fleslvs
an

= lglg s [f(v)]B
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= [go f(v)]p
aj
=[go fls"s
an

Here, we have used Lemma 1.8.3 twice. ([l

Proposition 1.8.4 is very flexible and has many important consequences.
Of particular importance is the analysis of linear functions f : V' — V where
we use the same basis for both copies of V.

Notation 1.8.5. Let f : V — V be linear and let B = vy, ..., v, be a basis
of V. We write [f]|p for the matrix [f]sa:

[f1s = [[f ()]sl - - |1f (vn)]5]-

Using the same basis for the domain and codomain gives a consistent
coordinatization of f, and we can ask what geometric effect f has with
respect to these coordinates. This is of value even when V = R" as we
may think of the basis B as providing a linear change of variables. We have
seen the value of changing variables in calculus, and it also has significant
value in both linear algebra and geometry. In geometry, we shall be most
interested in the change of variables given by an orthonormal basis of R".
These are the bases that will arise in studying linear isometries. For more
general linear functions, arbitrary bases become important for base change.

The following is immediate from Proposition 1.8.4.

Corollary 1.8.6. Let f,g : V — V be linear and let B = vy,...,v, be a
basis of V.. Then

[90 fls = [g]8[f]B-

Proposition 1.8.4 also shows how to convert between different coordinati-
zations of f.

Definition 1.8.7. Let B =v1,...,v, and B’ = w1, ...,w, be two different
bases of the vector space V. The transition matrix from B to B’ is

U]ps = [[n]p|. - |lvnls],
where I is the identity map of V.

A useful example is the following, whose proof is immediate from Lem-
ma 1.2.6.

Lemma 1.8.8. Let B = vy,...,v, be a basis of R™. Then the transition
matriz from B to the standard basis is given by

Hes = [v1]. .. |va).
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Lemma 1.8.9. Let B = vy,...,v, and B' = wy,...,w, be two different
bases of the vector space V. Then the transition matrices between them in
opposite directions are inverse to one another:

g5 = Ulgs-

Proof.
Usslllse = I ollgs = [wilp|. . |wis] = el .. . [en] = In.
A similar calculation gives [I]|pg/[I|pg = In. g

The follwing is now immediate from Proposition 1.8.4 and Lemma 1.8.9.

Corollary 1.8.10. Let B=wvy,...,v, and B' = wy,...,w, be two different
bases of the vector space V. Let f:V — V be linear. Then

[fl = PlflsP™!
where P = [I|g3.

Corollary 1.8.11. Let B and B’ be bases for the finite-dimensional vector
space V and let f : V — V be linear. Then

det[f]p = det[f]p.

Proof.
det(P[f]sP ") = det(P) det([]) det(P~)
= det P det[f]s(det P)~*
= det[f]5,
as real numbers commute. O

Thus, the following is well-defined.

Definition 1.8.12. Let f : V — V be linear with V' a finite-dimensional
vector space. We define det f by

det f = det[f]5
for any basis B of V.

Proposition 1.8.13. Let f,g: V — V be linear with V o finite-dimensional
vector space. Then:

(1) det(f og) =det fdetg.

(2) detI =1.

(3) det(af) = a®™V det f for a € R.

(4) f is invertible if and only if det f # 0.

Proof. These follow from the basic properties of determinants of matrices.
Here we use that if dim V' = n, then [al|g = al, for any basis B and any
a€R,and af = (al)o f. O
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The following is more delicate, as it requires the development of determi-
nant theory for matrices with coefficients in a commutative ring (see [17]).
Recall that the characteristic polynomial ch4(x) of an n x n matrix is given
by

chy(x) = det(xI, — A).
Here, 21, — A is an n X n matrix with coefficients in the commutative ring
R[x] of polynomials (with variable x) with coefficients in R. So xI,, is the
matrix whose diagonal entries are all x and whose off-diagonal entries are
all 0, and A is considered to be a matrix of constant polynomials.

Characteristic polynomials are important, as their roots are real numbers
¢ such that det(cl,, — A) = 0, meaning that the real n x n matrix c¢I,, — A
is not invertible. But that in turn means there is a nonzero vector v € R"
with (¢, — A)v = 0, i.e., cv = Av. This says c is an eigenvalue of A and
that v is an eigenvector for (4, c) (Definition 4.1.22). We obtain:

Lemma 1.8.14. The eigenvalues of A are the roots of the characteristic
polynomial cha(z).

We bring this in now to extend it to linear functions on arbitrary finite-
dimensional vector spaces.

Lemma 1.8.15. Let f : V. — V be linear with V finite-dimensional. Let
B and B' be bases for V.. Then the matrices [f|g and [f]p have the same
characteristic polynomial.

Proof.

(P[f1sP™") = I, = P([f]s — In)P~".
Now use the fact that determinants of matrices with coefficients in a com-
mutative ring are product preserving (see [17]). O

So the following is well-defined.

Definition 1.8.16. Let f : V — V be linear with V finite-dimensional.
Then the characteristic polynomial chy(z) is defined to be chs, () for any
basis B of V.

As above, we define an eigenvalue ¢ of f to be a real number for which
there exists a nonzero v € V with f(v) = cv. For an eigenvalue ¢ of f,
the eigenspace of (f,c) is the subspace consisting of all vectors v € V' with
f(v) = cv. Such vectors are called eigenvectors of (f,c).

Proposition 1.8.17. Let f : V — V be linear with V finite-dimensional.
Let B be a basis of V and let ¢ € R. Then

foy=cv < [flsvs = cv]s.
Thus, the eigenvalues of f are the eigenvalues of [f]p, which, in turn are

the roots of ch¢(x). Moreover, ®5 maps the eigenspace of ([f]s,c) isomor-
phically onto the eigenspace of (f,c).
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Proof. [f(v)]s = [f]s[v]s- O

A very important topic in base change is invariant subspaces. Recall that
if f:V — V is linear, then a subspace W is f-invariant, or an invariant
subspace of f, if f(W)=W.

Lemma 1.8.18. Let B = v1,...,v, be a basis of V and let f : V — V be
linear. Let W = span(vy,...,v;). Then W is f-invariant if and only if [f]5
has the following form:

(1.8.3) fls = [%F} |

where A is k x k, X is k x (n—k), 0 is the (n — k) x k zero-matrixz and B
is (n — k) x (n — k). This simply means that the ijth entry of [f|s is 0 if
1>k and j <k, and we identify the remaining entries in matriz blocks.

In this case, A = [flw]g with B' =v1,...,v; and flw : W — W s the
restriction of f to have both domain and codomain W .

Proof. [f|p has the stated form if and only if f(v;) € span(vi,...,vg)
whenever j < k. ([

Recall the expansion of the determinant by the jth column. See [17,
Corollary 10.2.12] for a proof.

Lemma 1.8.19. Let A = (ai;) be n x n and let j € {1,...,n}. Then
det A = Z(_UH—]’GU det Aij
i=1

where A;j; is the (n — 1) x (n — 1) matriz obtained by deleting the ith row
and jth column of A.

Corollary 1.8.20. Let C = [ 61 )‘5 ] as in (1.8.3). Then

det C' = det A det B.

Proof. We argue by induction on k and take the decomposition with re-
spect to the first column. Then the only nonzero entries ¢;; are for ¢ < k.
Moreover, when ¢ < k, we have ¢;; = a;1. Thus,

k
det C' = (=1)"*a; det Cyy.
=1

When k = 1, this is just a1 det B = det A det B and we are done. For k > 1
we get

k
detC = Z(—l)”lail det { ft)“ )él ] ,
i=1
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where X; is obtained from X by deleting the ith row. Now A;; is £ x £ for
¢ =k — 1, and inductively we may assume

Ain | X;

det[ 0B

] = det A;1 det B.

We obtain that

k

det C = (Z(—Ui“aﬂ det Aﬂ) det B = det A det B,
i=1

by the expansion of det A by its first column. O

In line with our discussion of conjugacy in a group, we make the following
definition.

Definition 1.8.21. The n x n matrices A and B are conjugate if there is
an invertible n x n matrix P with B = PAP~!

In particular, the matrices of f : V. — V with respect to two different
bases are conjugate by Corollary 1.8.10. We also have a converse:

Corollary 1.8.22. Let f : V — V be linear and let B = v1,...,v, be a
basis of V. Let A = [f]p and let B be an n x n matriz conjugate to A. Then
there is a basis B' of V with B = [f]g .

Proof. It suffices to show that P = [I]g g for a basis B’ of V. By Corol-
lary 1.3.7, the columns of P form a basis B” = z1,...,2,. of R". Let
g : R™ — V be the composite

g

R" —— R" . V.

p—1 B

Then, ¢ is an isomorphism, so B = g(e1),...,g(e,) is a basis of V. In
particular, then g = ®p/. So <I>l§,1 = T;}lfbgl = Tp@él, hence

[vilp = g/ (v:)
=Tp(®5' (v:))
= Tp(ei)
=z |

1.9. Exercises.

1. LetA:{a b} andletB:[d _b].
c d —c a
ad — be 0
(a) Show that AB = BA = 0 ad — bel”

(b) Deduce that A is invertible if and only if ad — bc # 0 and that
if ad — bc # 0, then A~ = adlch.
2. Prove Proposition 1.7.2.
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3. Prove Proposition 1.7.3.
4. Prove Proposition 1.7.4.

33
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2. Basic Euclidean geometry
2.1. Lines in R™.

Definition 2.1.1. A line through the origin in R" is a one-dimensional
subspace:

¢ =span(v) = {tv : t € R}
for some nonzero vector v € R". (Note that a singleton v is linearly inde-
pendent if and only if v # 0, as then tv = 0 = ¢ = 0.) In general, a line in
R™ has the form

¢ =z+span(v) = {x +tv:t € R}
for z,v € R"™ with v # 0.
Of course, y =x +tv < y—x =tv € span(v). Thus:
Lemma 2.1.2. z + span(v) = {y € R" : y — x € span(v)}.
We may think of = + span(v) as the translation of span(v) by z:

Definition 2.1.3. Let z € R™. Then the translation by z, 7, : R® — R" is
given by

m(y) =x+y
for all y € R”.

So translation by x is just vector addition with z. This is our first example
of an isometry of R” (Lemma 2.4.2, below). It enters the picture here, as

x + span(v) = 7;(span(v)).
Some basic properties of translations are:

Lemma 2.1.4.

(1) 73 0 7y = Tyyy for all z,y € R™. Here, o denotes composition of
functions. Thus, T, 0T, = Ty 0 Ty.

(2) 10 =id, where id is the identity function and 0 is the origin.

(3) 7— is the inverse function for T;, i.e., T, 0 T—y = T_p 0T, = id. In
particular, T, 1s one-to-one and onto.

In any case, any line is a translation of a line through the origin. But
what if we translate span(v) to a different point in x + span(v)? Do we get
the same line?

Lemma 2.1.5. Let y € x + span(v). Then x + span(v) = y + span(v).
Proof. Write y = x + cv. Then y + tv = = + (t + ¢)v, giving

y + span(v) C x + span(v),
while x + tv = y + (t — ¢)v, giving

x 4 span(v) C y + span(v). O

We next characterize lines through the origin. This is basic linear algebra.



A COURSE IN LOW-DIMENSIONAL GEOMETRY 35

Lemma 2.1.6. Let v and w be nonzero elements of R™. Then the following
conditions are equivalent.

(1) span(v) = span(w).

(2) w=tv for somet # 0.

(3) v,w is a linearly dependent set.

Proof. Since v and w are nonzero, (1) < (2) is immediate. If w = tv with
t # 0, then tv —w = 0, so (2) = (3). If av + bw = 0 with a,b not both 0,
then b # 0, as v # 0. So w = —F v, so (3) = (2). O

We obtain the following.
Proposition 2.1.7. Let v and w be nonzero. Then
(2.1.1) =z +span(v) =y +span(w) < y—x € span(v) = span(w).
In particular, if © # y, this gives span(y — x) = span(v) = span(w).

Proof. Clearly, we may assume x # .

Suppose z+span(v) = y+span(w). Since y € y+span(w), y—x € span(v)
by Lemma 2.1.2. By similar reasoning, x — y € span(w). Since = # vy, this
forces span(y — ) = span(v) = span(w) by Lemma 2.1.6.

Conversely, suppose y—x € span(v) = span(w). Since span(v) = span(w),
we may, without loss of generality, assume v = w (recall our discussion of
translation). y — z € span(v), so y € x + span(v) by Lemma 2.1.2. Now
apply Lemma 2.1.5. O

‘We now recover one of Euclid’s axioms:

Corollary 2.1.8. Let z # y € R™. Then there is a unique line containing
both points:

T =z+span(y —xz)={z+tly—=z):te Ry ={(1 —t)z+ty:t € R}.

Proof. Since z # y, z+span(y—x) is a line, and it certainly contains both x
and y. Conversely, any line containing x must have the form x + span(v) for
some v, and similarly for y. Now apply Proposition 2.1.7 to see span(v) =
span(y — x). O

We wish now to prove Euclid’s parallel postulate. But a word of caution
is in order first: there are two different notions of being parallel, which
coincide in R? but are different in R™ for n > 2.

Definition 2.1.9.

(1) The lines ¢ = = + span(v) and m = y + span(w) in R" are parallel,
written £||m, if span(v) = span(w) (i.e., if they are translates of each
other).

(2) Lines ¢ and m in R? are two-dimensionally parallel if either £ = m
or {Nm=40.
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Note that we allow a line to be parallel to itself. Two-dimensional par-
allelism is the notion used by Euclid and also in classical non-Euclidean
geometry, which is realized by hyperbolic geometry, to be studied below.

.. . . . 1 0
But it is the wrong notion to use in R3: the lines {8} + span ({(I)D and

0 1 . . .
[ (1)} + span ({8}) do not intersect, but one is a translate of the z-axis and

the other of the z-axis. (Lines in R™ that are not parallel but do not intersect
are called skew lines.)
The definition of parallel makes the parallel postulate immediate.

Theorem 2.1.10 (Parallel postulate). Let £ = x + span(v) be a line in R™
and let y € R™. Then there is a unique line through y parallel to £: the line

y + span(v).
Proof. Lemma 2.1.5. O

But what is really meant by the parallel postulate in Euclidean geometry
is that there is a unique line through y two-dimensionally parallel to £. So
it’s important that the two notions of parallelism coincide in R?:

Proposition 2.1.11. Lines { = x + span(v) and m = y + span(w) in R?
are two-dimensionally parallel if and only if they are parallel. Nonparallel
lines in R? intesect in exactly one point.

Proof. If span(v) = span(w) and ¢ and m have a point of intersection, then
¢ =m by Lemma 2.1.5.

If £ and m have two points of intersection, they must be equal by Corol-
lary 2.1.8. Thus, it suffices to show that if span(v) # span(w), then £ N'm
is nonempty. Thus, suppose span(v) # span(w). We wish to find z € £N'm,
ie.,, z=x+ sv=y+ tw, i.e.,

(2.1.2) sv+ (—tHhw =y — .

Because span(v) # span(w), v, w are linearly independent by Lemma 2.1.6.
Since R? has dimension 2, they form a basis of R?, so we can solve (2.1.2)
for s and t.

Less abstractly, write v, w, x and y as column vectors, with v = [1] and
w = [ws]- Let A=[y}w]. Then (2.1.2) is equivalent to saying that

(2.1.3) A [_St] =y—u

Since the columns of A are linearly independent, A is invertible, and we
may solve (2.1.3) either by Gauss elimination or by multiplying through by
AL O

Note that all we have used is that R? is 2-dimensional. So the above
argument also holds in a plane through the origin in R3.
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Remark 2.1.12. We can extend these same ideas to affine planes in R3.
(An affine plane in R™ is a translate of a plane through the origin, i.e., a
translate of a two-dimensional linear subspace.) Two affine planes in R™ are
defined to be parallel if they are translates of one another. One may then
show that two distinct affine planes in R? are parallel if and only if they do
not intersect.

There are higher dimensional analogues as well.

We next wish to address the question of which translations preserve a
particular line. The following definition is useful.

Definition 2.1.13. Given a vector 0 # w € R™ and a line ¢ = x + span(v)
in R™ we say that w is parallel to ¢ (w||¢) if w € span(v).

Proposition 2.1.14. Let ¢ = z+span(v) be a line in R™ and let 0 # w € R™.
Then 1, (£) = £ if and only if w || £.

Proof. 7,(¢) = (x + w) + span(v). By Proposition 2.1.7, this is equal to ¢
if and only if w = (x + w) — = € span(v). O

We can recover more of Euclid’s standard results.

Definition 2.1.15. Let £ and ¢ be lines in R?. A transversal to £ and ¢ is
a line m that intersects both. In the following diagram, o and « are called

corresponding angles, while o and § are called alternate interior angles.
and § are vertical angles.

(2.1.4)

We shall not discuss angle measure until Section 5.4 below. But all we
shall need about it here is that a straight angle has measure m and that
translations preserve angle measure (see Proposition 5.4.9). We use the
unsigned notion of angle measure here.

Proposition 2.1.16. Let { and ¢ be parallel lines in R? and let m be
transversal to them. Then corresponding angles have equal measure, as do
alternate interior angles.

Proof. Alternate interior angles clearly have the same measure, as, in (2.1.4),
the measures of v and S add up to 7, as do the measures of § and 5. Thus,
it suffices to show that the measures of corresponding angles are equal.

Let 2 = mnN{ and let y = mN¢. Then 7,_,(¢) is the unique line through
y parallel to ¢, and hence is equal to ¢'. But (y—=x) || m, so 7y_z(m) = m. In
particular, 7,_, carries o onto 7. Since translations preserve angle measure,
the result follows. O
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Corollary 2.1.17. The measures of the three interior angles of a triangle
in R? add up to .

Proof. Let A, B and C be the vertices of the triangle and let «;, 8 and ~
be the interior angles at A, B and C, respectively. Let ¢ = 7(g_4y(£). Then
we obtain the following diagram.

(2.1.5) d

AN
fe] iai
l

By Proposition 2.1.16, « and § have the same measure, as do v and e. But
the measures of 4, 8 and € add up to m, as their angle sum forms a straight
line. (]

Just as the parallel postulate is false in hyperbolic space, so is the angle
sum theorem.

2.2. Lines in the plane. We should discuss the relationship between our
definition of lines in R™ and the more usual definitions of lines in the plane.
We have defined lines to be tranlates of one-dimensional linear subspaces of
R™. This coincides with the notion of one-dimensional affine subspaces as
discussed in Section 2.8 below (Definition 2.8.6).

Linear algebra gives another way to construct affine subspaces: by Lem-
ma 1.3.3, the solution set of a linear system Ax = b for an m X n matrix
A is either () or an affine subspace of R™ of dimension n — rank A. With a
little work, one can show that every affine subspace can be obtained in this
way. There are obviously a lot of variables here, and this description of a
particular affine subspace is not unique.

When n = 2 and the subspace is one-dimensional, this latter description
becomes simpler, and the most common description of a line in the plane is
as the solutions of a linear system

(2.2.1) ar + by =c,
where a and b are not both 0. This is precisely the solutions of Ax = []
where A = [ab] and x = [y]. That a and b are not both zero says that

A is a nonzero matrix and hence has rank one (its single row is linearly
independent). The nullspace N(A) obviously contains [ 7] and hence also
contains its span. By (1.6.2), N(A) has dimension one. Thus,

(2.2.2) N(A) = span ([-*]).

a

(This could also be verified via Gauss elimination with a lot less theory.)
Lemma 1.3.3 then gives the following:

Proposition 2.2.1. Let v be a particular solution of (2.2.1). Then set of
all solutions is precisely the line

v+ span ([ 2]).

a
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Of course, the line [§] + span(ez) is the line x = a and if ¢ # 0, the line

: : . _d be—ad

[5] +span ([g]) may be written in slope-intercept form as y = S 4 >*%%,

In particular, the slope of the line [§] + span ([§]) is 4. The following is
immediate from the slope-intercept form.

Proposition 2.2.2. Two lines in the plane are parallel if and only if they
have the same slope.

The point-slope formula is also important. Here, the line containing [ ]
with slope m has point-slope formula
y—2>b
=m
r—a

(2.2.3)

This may be immediately converted to slope-intercept form by multiplying
both sides by x — a. We obtain

(2.2.4) y =mz + (b— ma).

This line does have slope m and contains the point [§]. Substituting for x
and y, we see it is the unique such line:

Proposition 2.2.3. y = mx + (b — ma) is the unique line through [{] with
slope m.

2.3. Inner products and distance. All the geometric properties we study
in this book are based on inner products. The inner product determines dis-
tance and angles. The simplest case is the Euclidean case, where the inner
product is the same at every point. We study that here. More complicated
geometries are obtained by allowing the inner product to vary from point
to point, providing what’s called a Riemannian metric on the space one is
studying. Distance and angle are then obtained by applying this metric to
pairs of tangent vectors at the point in question. That is the defining prop-
erty of the geometry of hyperbolic space, for instance. We shall expand on
this later.

The standard inner product on R” is called the dot product: for vectors

T Y1
T = [ : } and y = | :
xn y'n

As the reader may easily verify, the dot product satisfies the following prop-
erties:

in R™, the dot product (z,y) is given by

(x,y) = 2191+ + TpYn.

Lemma 2.3.1. The dot product is:
(1) Bilinear: for x,y,z € R™ and a € R,

(2.3.1) (z,y+2) = (z,y) + (2, 2) (,ay) = alz,y),
(2.3.2) (x+y,z)=(z,2) + (y,2) (az,y) = alx,y).
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(2) Symmetric: for x,y € R™,

(2.3.3) (z,y) = (y, 7).

(3) Positive-definite:

(2.3.4) (x,z) >0 forallz e R",

(2.3.5) (x,z) =0 if and only if x = 0.
z1

Property (3) follows because if x = [ : ], then (z,z) = Y I, z7. Since

Tn

w

each x? is nonnegative,
n
2=0 2 =0 for all 4
Ty = &z =0foralls
i=1

& x; =0 for all ¢
& z=0.
Note that (2.3.1) says that if x € R™ then the function f, : R” — R given
by
fe(y) = (z,y)

is linear. (2.3.2) shows the same for g, (y) = (y, x).
The positive-definite property allows us to define distance in R™. First
we define the norm.

Definition 2.3.2. The norm function on R" is given by
2]l = v/ (z, z).
For x,y € R™ we define the distance from x to y to be
d(z,y) = lly — ||

We wish to show that distance is well-behaved. The next theorem will
help show this.

Theorem 2.3.3 (Cauchy—Schwarz Inequality). Let z,y € R™. Then
(2.3.6)  [(z,v)] < |lzllllyll with equality < x,y are linearly dependent.

Removing the absolute value, (x,y) = ||z||||y|| if and only if either x =0 or
y = sx for some s > 0.

Proof. If either = or y is 0, both sides of the inequality are 0, and the result
follows, so assume z,y # 0. Consider the inner product
(2.3.7) (tw +y, tw +y) = t*(x, x) + 2t(z,y) + (v, 9).

as a quadratic in ¢. By positive-definiteness, the quadratic has a root if and
only if tx 4+ y = 0 for some ¢, which may occur if and only if x, y is linearly
dependent. If (2.3.7) has no roots, then the discriminant

(2.3.8) Az, y)? — 4z, z)(y,y) <0,
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hence

(@, = V{2, 9)? < Ve, 2)(y,y) = llz] lly].-
If (2.3.7) does have a root it has only one root: the value of ¢ for which
tx = —y. There is only one such ¢ since x # 0. For a quadratic with only
one root, the discriminant is 0, and (2.3.6) follows.

In particular for  # 0, we have equality in (2.3.6) if and only if y = sz
for some s. In this case, (z,y) = (z,sz) = s(z,x), in which case (z,y) is
nonnegative if and only if s > 0. Thus, (x,y) = ||z|||ly|| if and only if either
x=0ory=sx for s >0. O

Proposition 2.3.4. The Euclidean norm ||z|| = \/(z, x) satisfies:
(1) |lz|| > 0 for all x, with equality if and only if x = 0.
(2) |lez|| = |c|||z|| for x € R™, ¢ € R.
(3) The triangle inequality holds: ||z + y|| < ||lz|| + ||y|| with equality if
and only if either x =0 or y = sx for some s > 0.

Proof. (1) and (2) follow from the positive-definiteness and bilinearity of
the inner product, respectively. (3) follows from the Cauchy—Schwarz in-
equality:
(z+y,z+y) = (z,2) +2(z,y) +(y,9)
(,2) +2[(z, )| + (¥, )
(,z) + 2|||l[lyll + (v, v)
= (=]l + llwl?,

with equality if and only if (x,y) = ||z||||y]|- O

<
<

Recall from Corollary 2.1.8 that if © # y, the unique line containing x
and y is
9 ={0 -tz +ty:teR}.
As t goes from 0 to 1, this traces out the line segment from x to y:
Definition 2.3.5. For = # y € R", the line segment from x and vy is
(2.3.9) m={(1—t)z+ty:0<t<1}.
We shall also record the following here.

Definition 2.3.6. Let x # y € R™. The ray emanating at x and containing

y is
(2.3.10) T ={(1—t)x +ty:t >0}
The following measure of distance is important. Recall d(x,y) = ||y — z||.

Lemma 2.3.7. Let z = (1 —t)z +ty fort € R.
(1) If t > 0, then d(z,z) = td(x,y).
(2) Ift <1, then d(z,y) = (1 — t)d(z,y).
(3) If 0 <t <1 then d(z, z) + d(z,y) = d(z,y).
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Proof. (1) is a direct calculation:
d(a,z) = |(L=t)x +ty — x| = [| =tz + tyl| = |[t(y — )| = [tllly — =]

The result follows, as we’ve assumed ¢ > 0. The proof of (2) is similar, or
we could deduce it by exchanging x with y and 1 — ¢ with ¢. (3) follows by
adding (1) and (2). O
Proposition 2.3.8. The Euclidean distance function satisfies the following,
for all x,y,z € R"™:

(1) d(z,y) > 0 with equality if and only if x = y.

(2) d(z,y) = d(y,z).

(3) d(z,y) < d(x,z)+d(z,y) with equality if and only if z is on the line

segment TY.

Proof. These follow from the analogous properties in Proposition 2.3.4,
with (3) being the only one requiring a proof. Note that (3) is trivial if
x =y, where the line segment degenerates to the point x. Thus, we assume
x # y. Now,

d(z,y) = lly — 2l = (y = 2) + (z = 2)|
<y =zl + Iz = 2l = d(z,y) + d(=, 2)

with equality if and only if either y — 2z = 0 or 2 — z = s(y — z) for some
5 > 0. In the former case, z = y. in the latter, we solve for z, getting

2+ sz=x+ sy
(1+s)z=z+sy

= 1+ sx + 1+ sy
= (1—t)z+ty
for t = 1—_“;8 Since s > 0, both t and 1 — ¢ are nonnegative, and hence
t € [0,1]. O

Our goal in this part of the book is to study the geometry of R, and in
doing so it will be valuable to study its linear subspaces. A subspace inherits
the inner product from R", and it will be useful in this context to study it
using abstract tools for studying a vector space with an inner product.

Definition 2.3.9. An inner product space is a vector space over R together
with a function

VxV =R
(v, w) = (v, w),

satisfying the properties of bilinearity, symmetry and positive-definiteness
given in Lemma 2.3.1 for the dot product.

As was the case for the standard inner product on R”, we may make the
following definitions.
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Definition 2.3.10. Let V be an inner product space. Then the induced
norm on V' is given by setting ||v|| = /(v,v). The distance function induced
by this norm is given by setting d(v,w) = |Jw — v|| for v,w € V.

The reader should verify the following.

Theorem 2.3.11. Let V be an inner product space. Then the Cauchy—
Schwarz inequality holds for the inner product and its induced norm, pre-
cisely as stated in Theorem 2.3.3. The norm then satisfies the properties
listed in Proposition 2.3.4. In consequence, the induced distance function
satisfies the three properties listed in Proposition 2.3.8.

Norms are important in analysis, and do not always come from inner
products, so we give a general definition:

Definition 2.3.12. A norm on a vector space V is a function || || : V — R
such that:
(1) || || is positive definite: |[v]| > 0 for all v € V, with equality if and
only if v = 0.

(2) |lev]] = |¢|||lv]| for c€e R and v € V.
(3) || || satisfies the following triangle inequality: ||v + w]|| < ||v| + ||w]|
for all v,w € V.

The distance function induced by this norm is given by setting
d(v,w) = [Jw -
for v,w e V.

Note that the triangle inequality in Definition 2.3.12 is weaker than that
in Proposition 2.3.4. Thus, the following example shows that not every norm
comes from an inner product.

Lemma 2.3.13. There is a norm on R? given by setting ||[¢]|| = |a| + |b].
Since ||le1 + e1]] = ||e1]| + ||e2|| this norm is not induced by an inner product
on R2.

Proof. All three properties in Definition 2.3.12 are immediate from the
properties of the absolute value function on R, which is the norm coming
from the standard inner product on R = R'. ([l

From now on we will only consider norms induced by inner products.

Remark 2.3.14. There are a number of different inner products we could

1
put on R™. For instance, if cq, ..., ¢, are positive constants and if z = [ : ]
Tn
Y1
and y = | : |, then
Yn

(2.3.11) (z,y) = c1z1y1 + -+ + CrTnyn
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gives an inner product satisfying the properties in Lemma 2.3.1, and in-
ducing a different notion of distance from the usual one. The set of points
of norm one in this new norm is an ellipsoid. (Ellipsoids are important in
studying multinormal distributions in probability and statistics, and this
new inner product could be a useful tool in such a study.)

We shall see using Gram—Schmidt orthogonalization that any two inner
products on R"™ differ by a linear change of variables.

2.4. Euclidean isometries are affine. We will make heavy use of isome-
tries in studying Euclidean, spherical and hyperbolic geometry. Isometries
provide the congruences studied by Euclid.

Definition 2.4.1. An isometry of R" is a function « : R™ — R"™ such that
(2.4.1) da(z),a(y)) = d(xz,y) for all x,y € R",

where d is the standard Euclidean distance function on R™: d(z,y) = ||[y—z||,
defined using the standard norm. We write Z,, for the set of all isometries
of R™.

The subsets X, Y C R" are said to be congruent if there is an isometry
a € T, with a(X) =Y. We then say that a provides a congruence from X
to Y.

Note that (2.4.1) implies an isometry is one-to-one, as if a(z) = a(y),
then d(a(x),a(y)) = 0. It is customary to also require that o be onto, as
that then shows that Z,, is a group (as discussed below). But we shall see
that (2.4.1) implies that « is onto, and that is one of the goals of this section.

We’ve seen one infinite family of isometries already: the translations.
Recall that for x € R”, the translation 7, : R™ — R" is defined by

m(y) = (z+y).
Lemma 2.4.2. For x € R", the translation 7, is an isometry.
Proof. For y,z € R",
d(72(y), 72(2)) = [I72(y) — 72(2)]]
=l@+y) —(@+2)l = lly — 2l = d(y, 2). O

We shall see that all isometries of R™ are composites of translations and
linear isometries. They following lemma is key.

Lemma 2.4.3. Let o € Z,, and let x,y in R™. Then
(2.4.2) a((l=t)x+ty) = (1 —t)a(x) +taly) for0<t<1.
Proof. We may and shall assume x # y. Write z = (1 — t)x 4 ty. We have
d(a(z),a(z)) + d(a(z),a(y)) =d(x,z) + d(z,y) («is an isometry)
=d(z,y) (Lemma 2.3.7)
= d(a(z), (y)).

<
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By Proposition 2.3.8(3), a(z) is on the line segment from a(x) to a(y), say
a(z) = (1= s)a(z) + saly)
for s € [0,1]. By Lemma 2.3.7(1),
d(a(r), a(z)) = sd(a(z), aly)) = sd(z,y),
but since « is an isometry,
d(a(z),a(z)) = d(z, z) = td(z,y).
Since = # y, s =t and the result follows. O
The following is immediate.

Corollary 2.4.4. Isometries of R™ preserve line segments: if o € Z,, and
x,y € R™, then

a(Ty) = a(r)a(y).

We wish to remove the condition that 0 < ¢t < 1 in Lemma 2.4.3. Some
definitions may be helpful. Note that Lemma 2.4.3 says that an isometry
a : R™ — R" is an affine function as defined in the following:

Definition 2.4.5.

(1) A subset C' C R™ is convex if Ty C C for all z,y € C.
(2) Let C C R™ be convex. A function f: C' — R™ is affine if

f(l=te+ty) =1 —-t)f(z)+tf(y) forall z,y € C and t € [0,1].
Lemma 2.4.3 may now be restated as follows.
Lemma 2.4.6. Isometries of R™ are affine.
We currently have only one family of isometries:
Corollary 2.4.7. Translations of R™ are affine.
For some examples of convex sets, we have the following.

Lemma 2.4.8. Let —0co < a < b < oco. Then the interval (a,b) is convex.
So are [a,b], [a,b) and (a,b] whenever they are defined.

Proof. We treat the case [a,b]. The others are similar. Let 7, s € [a, b], and
t €[0,1]. Then a < r,s <b. Since t and 1 — ¢t are nonnegative, we obtain

a=1-ta+ta<(1—-t)r+ts<(1—t)b+th=0b. O
And more examples come as follows:

Example 2.4.9. A linear subspace V C R" is convex, as convexity is ex-
pressed in terms of the vector operations. Indeed,

(2.4.3) (1-tlx+tyeV forallz,y €V andteR.
Thus, forx £y eV, Yy)CV.
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Affine functions are very important in piecewise linear topology, or, on a
more basic level, in studying simplicial complexes. In that context, they are
important in developing modern algebraic topology. Lemma 2.4.3 says that
isometries of R™ are affine maps. We wish to show they automatically satisfy

a seemingly stronger property, based on the algebraic closure properties of
R™:

Proposition 2.4.10. Let f : R® — R™ be affine. Then
(2.4.4) f(A=tx+ty) =1 —-t)f(z)+tf(y) forallteR.
Indeed, if C is convex and if f: C — R™ is affine, then
(245) f(— 1z + 1) = (- 0)f() +1f()
whenever z,y, (1 —t)x +ty € C.

Proof. Let z,y € C, and again we may assume x # y. Let t € R, and
suppose z = (1 —t)x +ty € C. We wish to show f(z) = (1 —t)f(x) +tf(y).

We already know this for ¢ € [0, 1]. Assume ¢ > 1. Then we can solve for
y as an element of Tz:

t—1 +1
= T+ -2
YT t
=(1—u)z+uz,

for u = % Since t > 1, u € (0,1). Since f is affine,
fy) =1 —u)f(z) +uf(z).
Now solve for f(z):

u—1

Fe) =" @)+ 2 )
= (1= /(@) + 1 (»),

ast =1,

Thusu, the desired result holds for ¢ > 1, and it suffices to consider ¢ < 0.
Let z=(1—t)x+ty and let s=1—¢ Then s >1and z = (1 — s)y + sz.
Thus, exchanging the roles of x and y, the preceding case gives

f(z) =0 =s)f(y) +sf(z)
=tf(y) + A —1)f(z),
as desired. ([l

The following is immediate from (2.4.4).

Corollary 2.4.11. Isometries preserve lines: if a : R™ — R™ is an isometry
and x #y € R", then

(2.4.6) o(TY) = a(w)aly).
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Indeed, if f: R™ — R™ is affine and f(x) # f(y), then
(2.4.7) F(&9) = F(2)f(y).

2.5. Affine functions and linearity. Not every affine map from R" to
itself is an isometry, but the affine property will help us understand the
isometries.

Proposition 2.5.1. Let f : R" — R™ be affine with f(0) = 0. Then f is
linear. More generally, if C C R™ is conver with 0 € C and if f : C — R™
is affine with f(0) =0, then

(1) f(z+y) = f(z)+ f(y) whenever z, y and x +y lie in C.
(2) flax) = af(x) whenever x and az lie in C, a € R.

In particular, if V C R™ is a linear subspace and f:V — R™ is affine with
f(0) =0, then f is linear.

Proof. We first show (2). Here az = (1 — a)0 + ax, so

flaz) = (1 —a)f(0) + af(x)
by (2.4.5). (2) follows, as f(0) = 0.

T +vy

FiGure 2.5.1. The parallelogram law

For (1), we use (2) with a = %, noting that the average,

r+y 1 1
2 _( 2>x+2y’

of x and y lies in C.

f
—(1-3) f@)+ 310) by (2.4.5)
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1

= SU@) + W)

Now multiply through by 2. O

Corollary 2.5.2. Let f : R™ — R™ be an affine map. Then f = 1, 0g,
where g : R™ — R™ is linear and 7, is the translation of R™ by x = f(0).
Thus,

for all v € R™.

Proof. Let g = 7_, o f with x = f(0). Since translations are isometries,
they are affine. The composite of affine maps is clearly affine. And

9(0) = 7—4(f(0)) = f(0) —x = 0.
So g is linear. Now 7,09 =7,07 50 f = f. N
We obtain the following.

Theorem 2.5.3. Let o : R™ — R” be an isometry. Then o = 1, 0 B, where
B :R™ — R"™ is a linear isometry and x = «(0). Thus,

Bv) = av) — a(0)
for allv € R™.

Proof. Just apply the preceding proof and note that 7_, o« is the composite
of two isometries, and hence an isometry. O

This allows a nice refinement of Corollary 2.4.11.

Corollary 2.5.4. Let a : R" — R"™ be an isometry. Write a = 7, 0 3, with
B a linear isometry. Then the effect of a on lines is given by

(2.5.1) a(z + span(v)) = a(z) + span(B(v)).
Ezpressed purely in terms of a this gives
a(x + span(v)) = a(z) + span(a(v) — a(0)).
Proof. Let ¢ = = + span(v). We have 8(x + tv) = (z) + t5(v), so
B(6) = B(x) + span(A(v)).
Translating this by y, we get
a(0) = (B(x) + ) + span(B(v)) = a(z) + span(5(v)). O
Linear algebra now gives us the missing piece in showing isometries of R"

are onto and invertible.

Lemma 2.5.5. Let A be an n X n matriz such that the induced linear func-
tion T4 : R™ — R"™ is an isometry. Then A is invertible and Tgl =Ty4-1 1is
a linear isometry.

Thus if B : R™ = R™ is a linear isometry, it is bijective and its inverse
function is a linear isometry.
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Proof. By (2.4.1), isometries are one-to-one. So the columns of A are lin-
early independent. Since there are n of them, they form a basis of R™, hence
A is invertible. Thus T4 is onto. But if f : R® — R” is an onto isometry,
then its inverse function is clearly an isometry. Tgl = T4-1 so the inverse
is a linear isometry. ]

For a linear isometry 3, the inverse function of 7, o 8 is 71 o 7_, the
composite of two isometries. We obtain:

Corollary 2.5.6. Fvery isometry o : R™ — R"™ is bijective and its inverse
function is an isometry.

The above argument depended on the fact that isometries are one-to-one.
But linear functions, and hence affine functions, are neither one-to-one nor
onto in general.

We also have the following.

Corollary 2.5.7. The decomposition of Theorem 2.5.3 is unique: if
w03 = Ty Oy
with B,y linear isometries, then x =y and 5 = 7.
Proof. By Lemma 2.5.5, the inverse function 8~! of 3 is a linear isometry.
Ty_lomoﬁoﬁ_l :Ty_IOTyO’yOﬂ_l
Tp—y =Y O gL

The right-hand side is a linear isometry, so 7, is linear, and hence preserves
0. But that forces ¢ —y = 0, so x = y, and hence

id:T():fYo/Bila
so v = f. O

2.6. Affine automorphisms of R™. There is an useful generalization Eu-
clidean isometries.

Definition 2.6.1. A one-to-one, onto affine map f : R™ — R" is called an
affine automorphism. We write A, for the collection of all affine automor-
phisms of R™.

Since isometries a : R™ — R"™ are bijective (Corollary 2.5.6) and are affine,
we have:

Lemma 2.6.2. Isometries of R" are affine automorphisms: I, C A,.

In general, an automorphism of a given mathematical object is a bijec-
tive function f from that object to itself, such that both f and its inverse
function, f~! preserve the mathematical structure we are studying. This
idea occurs in many areas of mathematics, e.g., in differential topology,
an automorphism is called a diffeomorphism. We shall study these in the
context of smooth manifolds, below. The simplest instance of this is the
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following: a diffeomorphism f : R™ — R" is a differentiable bijection whose
inverse function is also differentiable. Thus, the function f : R — R given
by f(z) = 23, while bijective, is not a diffeomorphism, because its inverse
function, f~!(z) = ¢z is not differentiable at 0.

Since linear isomorphisms have linear inverses, the following is justified.

Definition 2.6.3. A linear automorphism of a vector space V is a linear
isomorphism g : V — V.

We shall now show that our definition of “affine automorphism” is also
justified, i.e., that the inverse function of a bijective affine map is affine.

Proposition 2.6.4. Let f be an affine automorphism of R™. Then f can
be written uniquely in the form

(2.6.1) f=mo0g

with g a linear automorphism of R™ (and hence x = f(0)). The inverse

function =1 is also an affine automorphism.

Proof. The decomposition (2.6.1) comes from Corollary 2.5.2. Since f is
one-to-one, so is g. So ¢ is a linear isomorphism by the first part of the ar-
gument for Lemma 2.5.5. Uniqueness follows precisely as in Corollary 2.5.7.

The collection of affine automorphisms is closed under composition and

contains both the isometries and the linear isomorphisms. So f~! = g tor_,

is an affine automorphism. O

2.7. Similarities. Similarities are important in Euclidean geometry.

Definition 2.7.1. A function f : R™ — R" is a similarity with scaling factor
s> 0if

(2.7.1) d(f(z), f(y)) = s-d(z,y)
for all z,y € R™. We write S,, for the set of all similarities of R"™.

Note that an isometry is a similarity with scaling factor 1. Another family
of examples is as follows.

Example 2.7.2. Let 0 # s € R. Define us : R™ — R"™ by ps(x) = sz. Then
for s > 0, ps is a similarity with scaling factor s, as
(2.7.2) d(ps(x), ps(y)) = llsy — szl| = slly — z|| = sd(z,y).

Similarly, for s < 0, ps is a similarity with scaling factor |s|.
Since the functions s, s # 0, are linear, they are affine. They are auto-
morphisms with inverse functions g1 .

The following is immediate.

Lemma 2.7.3. Let f and g be similarities of R™ with scaling factors s and
t, respectively. Then f o g is a similarity with scaling factor st.
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Corollary 2.7.4. Let f : R® — R" be a similarity with scaling factor s.
Then f = us o «a for a an isometry of R™. Thus, f is a bijection, and
f ' =a"tous is a similarity with scaling factor % In particular, f is an
affine automor}ohism of R™. We have inclusions

(2.7.3) Z,CS, CA,.

Finally, if f = ps o a, then f is linear if and only if « is linear.

Proof. Let f: R™ — R" be a similarity with scaling factor s. Then
= p1o f

is a similarity with scaling factor 1, and hence is an isometry. And f = psoa.
The rest follows, as y; is linear and hence affine for all ¢t > 0. (]

Corollary 2.7.5. Let f : R® — R™ be a similarity with scaling factor s.
Then f may be written uniquely in the form

(2.7.4) f=mopsop
With 8 a linear isometry of R™. Here x = f(0).

Proof. Since f is an affine automorphism, we may apply Proposition 2.6.4
to obtain

f=Tz0g9
with z = f(0) and ¢ a linear automorphism of R™. Since translations are
similarities with scaling factor 1, g is a similarity with scaling factor s. Now
apply Corollary 2.7.4 to g. O

Another consequence of Corollary 2.7.4 is the following.

Corollary 2.7.6. Let f : R™ — R" be a similarity and let o : R™ — R™ be
an isometry. Then foao f~1 is an isometry.

Proof. foao f~!is a similarity with scaling factor s -1 - % =1, hence an

isometry. ([
Note the same proof shows the following.

Corollary 2.7.7. Let f,g: R — R" be similarities. Then fogo f~!isa
similarity whose scaling factor is the same as that of g.

2.8. Convex and affine hulls; affine subspaces and maps. Since we
are studying convex sets in a very general manner we should dispose of the
following immediately. We shall use it without discussion

Lemma 2.8.1. The intersection of an arbitrary family of convex sets is
convex.

Note that the empty set is convex, and may occur as such an intersection.
We regard this as a pathological example, and wish to study nonempty
convex sets.
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2.8.1. Convex and affine hulls.
Definition 2.8.2. An affine combination of x1,...,z; € R™ is a sum
aixry+ -+ QAT

with Zle a; = 1. A convex combination of x1,...,2; € R™ is an affine
combination aix1+- - -+agx in which the coefficients a; are all nonnegative.
The affine hull (or affine span) Aff(x1,...,x%) of x1,..., 2 is the set of

all affine combinations of x1,...,z. The convex hull Conv(zy,...,x) of
T1,...,T) is the set of all convex combinations of z1,...,x.
Note that the order of x1, ...,z is irrelevant to the definitions of affine

and convex hulls. A convenient alternative notation is given as follows: if
X = {z1,...,zx} we may write Aff(X) and Conv(X) for the affine and
convex hulls of z1, ..., x, respectively.

This permits the following definition:

Definition 2.8.3. A polytope is the convex hull of some finite set of points
in R™ for some n.!

Polytopes are important in several areas of topology and geometry, in-
cluding applied topics such as linear programming.

Note that for a single point, Aff(x) = Conv(z) = {z}. We have also seen
the affine and convex hulls of two points:

Example 2.8.4. Let x1 # 22 € R™ and let a; + as = 1. Then a1 =1 — as,
S0

a1x1 + asxs = (1 — ag)l'l + a2x0 = (]_ — t)xl + txo
for t = ay. Moreover, a; and ay are both nonnegative if and only if ¢ € [0, 1].
Thus, Conv(z1,z2) is the line segment z173 and Aff(z1, z2) is the line ¥173.

In particular, for a < b € R, Conv(a,b) = ab is just the closed interval
[a,b], and Aff(a,b) =R.

In particular, we have a solid understanding of the convex and affine
hulls of any two distinct points in R”. We also have some important explicit
examples of convex and affine hulls of multiple points:

Example 2.8.5. The convex and affine hulls of the canonical basis vectors
of R™ play important roles in multiple mathematical contexts. Since
a1
aier + -+ apey = 5

Gn

1Some authors would call this a (compact) convex polyhedron. There are numerous
variations in naming, with the same name being used for different concepts in some cases.
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we obtain
aq n
(281)  Aff(er,....en) =4[ 1| ai=1
a,| =1
={aeR": (a,§) =1}, E=e1+ - +epn.
Equivalently, one can view Aff(ej,...,e,) as solution space of the matrix
equation

ez =11
Here, the transpose, {7, of ¢ is the 1 x n matrix [1---1], i.e., each entry of
the matrix is 1.

The convex hull of ey, ..., e, is known as the standard (n — 1)-simplex
AL
aj n
(2.8.2) AL = : :ZaizlandaiZOforizl,...,n ,
an| =1

the set of all & € R™ whose coordinates are all nonnegative with (a, &) = 1.
Such a are sometimes called probability vectors and figure prominently in
the study of Markov chains and other phenomena in probability theory.

The indexing comes from the fact that the topological dimension of A?~!
is n — 1. Al is the line segment €7é3, and hence has dimension 1. A2 is the
triangle (including its interior) in R3 with vertices e, ez and e3 and therefore
is 2-dimensional. A3 is a solid (i.e., including its interior) tetrahedron in
R*, and for k > 3, AF is a k-dimensional analogue of a tetrahedron. One
can show that topologically, AF is homeomorphic to the closed unit disk
D* = {z e RF : ||z| < 1}.

Note that the line segment A' has two vertices, the triangle A? has three
1-dimensional edges, and the tetrahedron A® has four 2-dimensional faces.
There is much to study and generalize here.

For z # y € R, Aff(z,y) = %7 is a line in R”, and hence is a translate
of a one-dimensional linear subspace of R™. To study affine combinations of
more than two vectors, it is useful to generalize the notion of lines in R™.

Definition 2.8.6. An affine subspace of R™ is a translate
(V)={v+z:veV}

of a linear subspace V' of R". The dimension of 7,(V') is defined to be the
dimension of V. We shall refer to V' as the linear base of H = (V).

Examples 2.8.7. 0 is the only linear subpace of R™ of dimension 0, so the
affine subspaces of dimension 0 are those of the form 7,(0) = {z} for € R™.

Note that our definition of a line is precisely that of an affine subspace of
dimension 1. A line has the form 7,(span(v)), where z,v € R" with v # 0.
But every one-dimensional linear subspace of R" has the form span(v) for
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some v # 0, as every one-dimensional vector space has a basis with one
element.

We shall refer to the two-dimensional affine subspaces of R" as affine
planes.

The following is a direct generalization of Proposition 2.1.7.

Proposition 2.8.8. The affine subspaces 7,,(V') and 17,(W) are equal if and
only if V=W andy —x €V (ie.,y € 1,(V)). In particular, 7,(V) is a
linear subspace if and only if x € V.. Moreover, if H = 17,(V), then its linear
base V is equal to 7_y(H) for ally € H.

Proof. 7,(V) = 1,(W) if and only if 7,_,(V) = W. Since 0 € V, This
implies * —y € W. Similarly, y — x € V. Since these are subspaces,
r—yeVnNW,sor_y(V)=Vand 7y (W) =W. O

Corollary 2.8.9. Let H C K be affine subspaces of R™. Then dim H <
dim K, and if dim H = dim K, then H = K.

Proof. Let © € H, then the linear bases of H and K are 7_,(H) and
T_z(K), respectively. The result now follows from standard properties of
linear subspaces. U

There is a nice characterization of affine subspaces coming from linear
algebra. We borrow from Chapter 4 for a clean proof.

Proposition 2.8.10. A subset H C R" is an affine subspace if and only if
there is a linear map f : R™ — R™ for some m and an element y € R™ such

that H = f~(y).

Proof. Let f : R® — R™ be linear and suppose f~!(y) is nonempty. Let
zo € f~1(y). Then zq is a “particular solution” of the equation f(z) = .
The general solution is then given by all the elements of the affine subspace
(ker f) + zg = Ty, (ker f).

Conversely, let H be an affine subspace of R™ and let V its linear base.
Say H = 7,(V). Corollary 4.3.7 constructs a linear map 7wy : R” — R”
whose kernel is V. But then H = 77;1 (myL(z)). In fact, since Im . = V-,
we may replace w1 : R" — R" with the composite

Ty L =
R® Y5 Vi S R™,

where m = n — dim V and the isomorphism V= =N maybe be induced
by an orthonormal basis of V1 (making it an isometry). O

We may identify Aff(xq,...,2,) as an affine subspace.
Proposition 2.8.11. Let x1,...,x, € R™. Then

(2.8.3) Aff(zq,...,x,) = 75, (span(ze — z1, ...,z — 21)).
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Aff(xq,...,zy) is the smallest affine subspace containing x1,. .., xg: if H
is any affine subspace of R"™ containing x1,...,xy, then
Aff(ml, e ,:L'k) C H.
In particular, affine subspaces are closed under taking affine combinations of
their elements (but not linear combinations, unless they are actually linear

subspaces).
In consequence, if t #y € H, then ¥ = {(1 —t)z +ty:t € R} C H.

Proof. Let H be an affine subspace containing x1,...,xr € H. Then the

linear subspace V' = 7_,, (H) contains x9 — 1, ...,z — 1, and hence con-
tains their span. It suffices to verify (2.8.3)
Now,

7oy (a2(w2 — 1) + - + ag(zg — 1))

k
=71+ (agz2 + -+ + apzy) — (Z ai> )

=2
k
= (1 _Z‘“) 1+ agxe + -+ apxy.
i=2

Since the coefficients now add up to 1, this shows

Tz, (span(zy — x1, ...,z — x1)) C Aff(zy, ..., zk).
Conversely, if Zle a1 = 1, then

T_g(arxy + -+ agzy) = (a121 + -+ - + agx) — (@121 + -+ - + apxy)
= ag(xy — @1) + -+ - + ag(z), — 21),
80 T_g, (Aff(z1,...,2,)) Cspan(ze — x1,..., 2 — 21). O
Convex hulls have an analogous property:

Proposition 2.8.12. Let x1,...,z; € R™. Then Conv(zy,...,xx) is the

smallest convex subset of R" containing x1,...,Tk.
Proof. We first show Conv(xy,...,zx) is convex. Let x = Zle a;z; and
Y= Zle biz; be convex combinations of z1,...,x; and let ¢ € [0,1]. Then

(I—=t)zx+ty=[1-1t)ay +tbi]zy + -+ [(1 — t)ar + tbg]xg.

Since a;, b; € [0, 00), each coefficient (1 —t)a; +tb; € [0,00) by Lemma 2.4.8.
These coefficients add up to 1 because

k

I —ta; +thi] = (1 - 1) <Zal>+t<2b> (1-t)14t-1=1.
i=1

Now let C' be a convex subset of R™ containing x1,...,x;. We show by

induction on k that Conv(xi,...,z;) C C. When k = 2, this is just the
definition of convexity. Assume now that z = a1x1 + - - - + apxg is a convex
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combination of x1,...,x; and that the result is true for fewer than k points.
We wish to show « € C. If ap = 1, x = x1, and x € C by hypothesis.
Otherwise,

(2.8.4) r=(1-ag) <1

By the case k = 2, it suffices to show that —2—oq + --- + &=Ly | € C.

1—ap 1—ay

But this follows from the induction hypothesis as Zf;ll a; =1—a. O

a1 ag—1
4+
— ag l—ak

.,”Uk_1> + apxk.

The following is now immediate from Proposition 2.4.10.

Corollary 2.8.13. Affine subspaces are convex. Moreover, if H is an affine
subspace of R™ and if f: H — R™ is affine, then

(2.85) f(A1—t)z+ty) =1 —t)f(x)+tf(y) forallz,y € H andt e R.

2.8.2. Joins. The proof of Proposition 2.8.12 motivates a useful notion we
will call the linear join. In some contexts this is simply called the join, but
there is a related, but different, notion we shall call the topological (or exter-
nal) join that coincides with this one in special circumstances. Topological
joins are important in both homotopy theory and geometry.

Definition 2.8.14. Let X and Y be subsets of R". The linear join, X - Y,
of X and Y is the union of the line segments from points in X to points in
Y

(2.8.6) X-Y={0-tix+ty:zeX, yey, te|0,1]}
= U z7.
(z,y)eX XY
If Y = {y}, a single point, we refer to X - {y} as the linear cone on X, with
cone point y.

Note that the line segments in a join can intersect. For instance, for any
distinct points z,y € R™, the point %(m + y) lies on both of the segments Ty

and 0(z +y) of {0,z} - {y,z + y}:
T +y

This ambiguity is the primary distinction between linear joins and topolog-
ical joins of compact subsets.
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In the displayed example, the reader familiar with graph theory should
note that this point of intersection at %(aﬁ + y) marks the only distinc-
tion between the join {0,z} - {y,z + y} and the complete bipartite graph
K({0,2},{y,z + y}) with vertex sets {0,z} and {y,x + y}.

A first application of joins to geometry is the following.

Proposition 2.8.15. Letx1,...,x, € R™. Then the convex hull of 1, ..., xy

is the linear join of Conv(x1,...,z,_1) with {zy}:

(2.8.7) Conv(zy,...,zx) = Conv(xy,...,xp—1) - {zk}
More generally, if X ={x1,...,z1} and if X = SUT, then
(2.8.8) Conv(X) = Conv(S) - Conv(T).

Note we are not assuming that SNT = ().

Proof. (2.8.7) follows from (2.8.8), so we prove the latter. Note that we
may make the following identification:

(2.8.9)  Conv(S) ={aix1+ - +agzr:a;, =0if z; € S} C Conv(X),

with an analogous statement for Conv(7"). (Implicitly, here and below, we
assume this is a convex combination, i.e., Zle s; = 1 and z; > 0 for all
i.) By Proposition 2.8.12, Conv(X) is convex, so Conv(S) - Conv(T) C
Conv(X).

To show the opposite inclusion, let y = ajz1 + - - - + apz, € Conv(X). Let

b a; ifz; €8 a; ifz;,e XS
_ i —
! 0 otherwise, ' 0 otherwise.

Let t = Zle ¢i. Ift =1, then y € Conv(T") C Conv(S)-Conv(T"), and we're
done. If ¢ = 0, then y € Conv(S), and we're done. Otherwise t € (0,1), and
we set

b1

p— DY k
z= 1_ta:1—|— +1_t$k€Conv(S),
w = Ct—lxl +-- 4 Ct—kxk € Conv(T),
and we have y = (1 — t)z + tw € Conv(S) - Conv(T). O

Corollary 2.8.16. Let C' and D be nonempty convex subsets of R™. Then
their linear join C - D 1is convez.

Proof. Let a,b € C'- D. Then a € Ty = Conv(z,y) for x € C and y € D,
and b € Conv z,w for z € C'and w € D.
Then any convex combination of a and b lies in
Conv(z,y) - Conv(z,w) = Conv(x,y, z,w)
= Conv(z, z) - Conv(y,w) C C - D. O
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2.8.3. Affine maps. Up until now, affine maps have been considered as
taking value in R™. It is valuable to allow their codomain to be an affine
subspace of R™ .2

Definition 2.8.17. Let C' C R™ be convex and let K C R™ be an affine
subspace. A map f : C' — K is affine if the composite C ENY C R™ is
affine. This simply means f((1—t)z+ty) = (1—1t)f(x)+tf(y) for z,y € C
and ¢ € [0, 1].

If H is an affine subspace of R™, then an affine isomorphism f: H — K
is a bijective affine map. An affine isomorphism f : H — H is called an
affine automorphism of H.

The following makes it easy to study affine maps.

Lemma 2.8.18. Let H C R"™ and K C R™ be affine subspaces and let
x € H. Let V and W be the linear bases of H and K, respectively. Then a
map f: H — K is affine if and only if the composite

v gLk T w
is linear. In particular, we get a commutative diagram

(2.8.10) H—' .k

Tx]g Tf(z)]%

v—2 w,

where g = T_(z) © f o 7. Here, the vertical maps are bijective translations,
and the map g is linear if and only if f is affine.

Proof. Translations are isometries and therefore are affine (a direct proof
that translations are affine is easy). Composites of affine maps are affine.
Linear maps are obviously affine. By Proposition 2.5.1, an affine map be-
tween vector spaces that takes 0 to 0 is linear. So the result follows. O

Thus, we can deduce the properties of affine functions from those of trans-
lations and linear maps. Since the vertical maps in (2.8.10) are bijective, we
obtain the following.

Corollary 2.8.19. Let f : H — K be an affine isomorphism. Then the
linear map g : V. — W between their linear bases in (2.8.10) is a linear

isomorphism. Thus, H and K have the same dimension and the inverse
map f~1: K — H is affine.

The following very simple consequence of Lemma 2.8.18 bears mention.
2If we write f:X — Y, then Y is the codomain of f. If Z C Y and if the image of

f is contained in Z, we may regard f as being a map from X to Z. Writing f: X — Z
amounts to restricting the codomain of f to Z.
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Corollary 2.8.20. Let H C R"™ and K C R™ be affine subspaces and let
f:H — K be affine. Then f(H) is an affine subspace of R™ (and hence of

Proof. For x € H, f(H) = 74 (9(V)). O
Affine functions are very useful for studying convex and affine hulls:

Proposition 2.8.21. Let f : H — K be an affine function between affine
subspaces of R™ and R™, respectively. Then f respects affine combinations
of points in H, i.e., ifx1,...,x € H and Y ;- a; = 1, then

(2.8.11) flagzy + -+ apzr) = arf(x1) + - + apf(xg)-
Thus,

f(Aff(l‘h ce ,xk)) = Aff(f(xl), v ,f((L'k)),
f(Conv(zy,...,x)) = Conv(f(z1),..., f(xr)).

Proof. (2.8.11) is certainly true if f is linear, so by Lemma 2.8.18, it suffices
to assume f is a translation, say f = 7,. Since Zle a; =1,
Tr(a1x1 + - -+ apxg) = (a121 + - - + agxg) + (a1 + -+ - + agx)
=ai(x1 + )+ + ap(zg + )
=a7p(z1) + -+ apTa(x)). O

We immediately obtain the following useful tool for analyzing convex and
affine hulls of finite sets.

Corollary 2.8.22. Let f : RF — R™ be the linear map with f(e;) = x; for
i1=1,...,k. Then

f(Aff(eq,...,ex)) = Aff(zq,...,zx),
f(AFY) = Conv(zy,...,z1).

In particular, the convex hull of k points in R™ is the image of the standard
(k — 1)-simplex under a linear (hence affine) map from R* to R™.

We also obtain the following.

Corollary 2.8.23. Let X = {x1,..., 25} C R" and let H = Aff(X). Let
K be an affine subspace of R™. Then the affine maps from H to K are

determined by their restriction to X, i.e., if f and g are affine maps from
H to K that agree on X, then f = g.

Proof. The elements of H all have the form Z§:1 a;r; with Zle a; = 1.
By (2.8.11), if f : H — K is affine, then f(Zle a;r;) is determined by
f(xl)vvf(xk‘) U

Proposition 2.8.21 allows us to analyze products of convex sets.
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Definition 2.8.24. We identify R"** with R" x R¥, writing [§] for the
generic element of R"™* with z € R” and y € R¥. With this convention,
given C C R™ and D C R*, we write

(2.8.12) CxD={[}]:x€C, yc D} CcR".
The reader may easily check that if C' and D are convex, so is C' x D.
The follwing is useful.

Proposition 2.8.25. Let X = {z1,...,2¢} CR" and Y = {y1,...,ym} C
R*. Then

(2.8.13)  Conv(X) x Conv(Y) = Conv(X xY)
:Conv([fj] 1< <Y, 1§j§m).

Proof. We claim that given convex combinations Zle a;z; € Conv(X) and
> ity bjy; € Conv(Y),

l
Z':l @i i
(2.8.14) S = a5
>im1 b5y =1,
Note that this claim is sufficient to prove the proposition, as

{ m

¢ m ¢
ZZaibj:Zai ij :Zaizl,
7=1 =1

i=1 j=1 =1

so the claim implies Conv(X) x Conv(Y) C Conv(X x Y). The opposite
inclusion is immediate from Proposition 2.8.12, as Conv(X) x Conv(Y') is
convex.

To prove the claim, note that for z € R¥,

S g ¢ ¢ ¢
o <y (B 51 = S (50 = Bt
i=1 i=1 i=1
by Proposition 2.8.21. Similarly, for w € R",
] = b 5]
Z;’nzl iYj - J LYl
j=1
The result follows. U

A useful special case of this is for Y = {a,b} C R with a < b so that
Conv(Y) = [a,b]. E.g.,if Y = {0,1}, Conv(Y) is the unit interval I = [0, 1].

Corollary 2.8.26. Let X = {x1,...,25} CR" and let a < b€ R. Then
(2.8.15) Conv(X) x [a,b] = Conv ([4],..., [% ], [%].-- . [F]).
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We may iterate this to study Conv(X) x I? = Conv(X) x I x [ C R"*2,
or more generally Conv(X) x I k c R*** where I* is the product of k copies
of the unit interval I = [0, 1]. Or, starting with X = {0,1}, we may study
the convex subset I™ C R™. These polytopes are important enough to merit
a name.

Definition 2.8.27. The standard n-cube I™ C R” is
[0,1]" = {are1 + -+ anep : a1, ..., a, € [0,1]}.
We obtain the following from Corollary 2.8.26 by induction on n.

Corollary 2.8.28. Let S C R™ be the set of vectors whose coordinates are
all either 0 or 1:
(2.8.16) S:{elel—f—---—l—enen:61,...,6n€{0,1}}.

Then I™ = Conv(S).

Moreover, every element of S is a sum of canonical basis vectors: for v €
S, the coordinates of v are all either 0 or 1. Let i;...,i be the coordinates
of v that are nonzero, with iy < --- < iy. Then v =e; +---+ e;, (if none
of the coordinates of v are nonzero, then k =0 and v is the origin). Thus,

(28.17)  S={ey+-+ep:1<ig<---<ix<nand0<k<n}.

An induction argument like that given in Proposition 2.8.12 allows us to
strengthen Proposition 2.8.21.

Proposition 2.8.29. Let C C R be conver and let f : C — R™ be affine.

Then f respects conver combinations of points in C': if x1,...,x € C and
Zle a; =1 with a; > 0 for all i, then
(2.8.18) f(alxl + -+ akmk) = alf(a:l) + -+ akf(a:k)

Thus, f(Conv(zy,...,zr)) = Conv(f(x1),..., f(xg)).

Proof. We argue by induction on k, with the case £ = 2 being immediate
from the definition of convex functions. For the inductive step we apply f
to (2.8.4). O

It is easy to extend affine mappings on A*~! to affine mappings on
Aff(e,. .., ex).

Lemma 2.8.30. Let f : AF=1 = R” be an affine map. Then f extends to
a unique affine map

fiAfi(er,. .. en) — AfF(f(er),. .., fler))

and to a unique linear map f : RF — R". Indeed, these extensions are
specified by

(2.8.19) flarer + -+ agex) = arfer) + -+ apf(eg).
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Proof. (2.8.19) specifies the unique linear map from R* to R™ that agrees
with f on the vertices of A¥~1. It extends f by Proposition 2.8.29. Its

restriction to Aff(ey,...,ex) is affine because the inclusion of Aff(eq,...,ex)
is affine and the composite of affine maps is affine. This is the unique affine
mapping on Aff(ey,...,ex) extending f by Proposition 2.8.21. O

2.8.4. Affine and convex hulls of infinite sets. Not every convex set
is the convex hull of a finite set of points. For instance, the closed unit disk

D" ={zx eR": |z|| <1}
is convex, but cannot be expressed as the convex hull of a finite set because
of the curvature of its boundary. The convex hull of a finite set always has
vertices, edges, faces, etc., and there are no such phenomena for the disk.
For this and similar examples, it is useful to generalize the notion of
convex hull. We shall see that D" is the convex hull of the infinite set S*~1,
the unit sphere in R":

Sl = {z e R": ||z|| = 1}.

Definition 2.8.31. Let ) # X C R™. The convex hull Conv(X) is the
union of the convex hulls of the finite subsets of X. The affine hull Aff(X)
is the union of the affine hulls of the finite subsets of X.3

Proposition 2.8.32.

(1) Conv(X) is the smallest convez set containing X .

(2) For any x € X,

Aff(X) = p(span({y —z : y € X}))
1s the smallest affine subspace containing X .

Proof. By Proposition 2.8.12, Conv(X) is contained in any convex subset
containing X, so (1) follows if we show Conv(X) to be convex. Let z,y €
Conv(X). Then there are finite subsets S and T of X such that z € Conv(S5)
and y € Conv(T). But then 7y C Conv(S UT) C Conv(X) by Proposi-
tion 2.8.12.

(2) follows from Proposition 2.8.11 and the behavior of spans. Note that
since R" is finite-dimensional there is a finite set {y1,...,yx} C X such that

span({y —z:y € X}) =span(y1 — z,...,yx — T). O

The minimality conditions in Proposition 2.8.32 give us the following.
Note that Conv(X) C Aff(X) by (1), as affine subspaces are convex.

Corollary 2.8.33. If ) # X C Y C Conv(X), then Conv(X) = Conv(Y).
In particular, Conv(Conv(X)) = Conv(X).
If X CY C Aff(X), then Aff(X) = AE(Y). In particular,

AfE(AF(X)) = Aff(Conv(X)) = Aff(X).

3While it makes sense to define Conv(() to be @, Aff()) makes no sense, and ) does
not have a well-defined dimension.
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These notions allow us to define the dimension of an arbitrary convex set.

Definition 2.8.34. Let () # C' C R™ be convex. We define the dimension
of C to be the dimension (as an affine subspace) of its affine hull.

Remark 2.8.35. Note that if the convex set C' contains at least two points,
say « and y, then Aff(C) contains the affine line ¥ = Aff(x,y), and hence
dim C > 1. So a convex set is zero-dimensional if and only if it consists of a
single point.

2.8.5. Convex subsets of lines.

Examples 2.8.36. There are some obvious examples of convex subsets of
R:

) closed intervals [a, b] for a < b € R;

) half-open intervals (a, b] or [a,b) with a,b € R;

) open intervals (a,b) with a,b € R;

) open intervals (—oo, a) or (a,00) for a € R;

) half-open intervals (—o0, a] or [a, 00) for € R;

) R

) single points {a};

w0

=
=

The reader should check that these types, as listed, are preserved by the
affine automorphisms of R.

Proposition 2.8.37. The convex subsets of R are exactly the ones listed in
Examples 2.8.36.

Proof. Disposing of the trivial cases, we assume C' C R is a convex subset
with at least two points and unequal to all of R.

Suppose C' bounded above and let b = sup(C).

Case 1. b € C. Then for any a € C, the line segment [a,b] C C. If C
is not bounded below, C' must equal (—oo,b]. If C is bounded below, let
a =inf(C). If a € C, then C = [a,b]. If a & C, then if 0 < € < b — a, there
isace C with a < ¢ < a+e Since [¢,b] C C and € may be arbitrarily
small, C' = (a, b].
Case 2. b ¢ C. For € > 0, there exists ¢ € C with b — e < ¢ < b. By the
argument just given, C' N (—oo, ¢] must have the form (a, ¢] for a € [—o0, ¢)
or the form [a, c] for a € (—o0, | Since this is true for any €, C' must have
the form (a,b) for a € [—o0,b) or the form [a,b) for a € (—o0,b).

If C is not bounded above, then for any ¢ € C, [¢,00) C C. Since C # R,
it is bounded below, and is covered by a reversal of the above arguments. [

Since affine maps carry convex sets to convex sets and since every line in
R™ is affinely isomorphic to R this allows us to classify all the convex subsets
of an arbitrary line in R™. We start with some notation.
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Notation 2.8.38. Let z,y € R™. We shall use [z, y| as an alternate notation
for the line segment Ty. When x # y we shall also write

(2.8.20) [z,y) ={(1—t)z+ty:t€[0,1)} =7y~ {y}.
We call this a half-open segment. We shall also write
(2.8.21) (2,9) = {1~ t)a+ 1y € (0,1)} = 77 ~ {2y},

and call it an open segment.

Corollary 2.8.39. Let ¢ be a line in R™. Then any convex subset of £ has
one of the following forms:

) a line segment Ty = [x,y| forx #y € L;
a half-open segment [x,y) for x #y € ¢;
an open segment (x,y) forx #y € l;
“open ray” T ~ {x} for x #y e l;
amy@fm’w#yeé
l;

-

(1
(2)
(3)
(4) a
(5)
(6)
(7) a single point x € £;

(8) 0.

2.9. Affine independence, interiors and faces.

2.9.1. Affine independence.

Definition 2.9.1. x1,...,z; € R" are affinely independent if
k
a1r1 + - +apxr, =0 with Zai =0 = a;=0 foralli.
i=1
The following is immediate from the definitions.

Lemma 2.9.2. Ifxq,...,x are linearly independent, then they are affinely
independent. In particular, e1,...,e, are affinely independent.

The converse to Lemma 2.9.2 is false. Indeed, 0,1 € R are affinely inde-
pendent in R, but are not linearly independent.

Affine independence is important in understanding convex hulls of finite
sets.

Proposition 2.9.3. Let x1,...,x; € R” and let f : R¥ — R™ be the linear
map with f(e;) = x; fori=1,... k. Then the diagram (2.8.10) becomes

(2.9.1) Aff(er, ..., ex) ! Aff(z1, ..., 23)
TSIT% Tzl,{%J
span(eg — e1,...,e, —e1) —— span(ry — 1,..., Tk — T1),

We deduce that the following conditions are equivalent:
(1) z1,...,zx are affinely independent.



A COURSE IN LOW-DIMENSIONAL GEOMETRY 65

(2) f restricts to a bijection from Aff(eq, ..., ex) onto Aff(xq,...,xx).
(3) xo — x1,...,x, — x1 are linearly independent.
(4) Aff(x1,...,2zx) has dimension k — 1 as an affine subspace.

Proof. The horizontal maps in (2.8.10) are both f because f : R¥ — R is
linear: for7e, =Tpepyof.

W=2). It 3K az; = S8 bz with 8 a5 = 5% b = 1, then
S (a; — bi)z; =0, 50 a; — by = 0 for all i by (1).

(2)=-(3). The assumption (2) is that the upper horizontal map in (2.9.1)
is a bijection. Since the vertcal maps are also bijective, the lower horizontal
map is not only bijective but also linear, and hence a linear isomorphism.

Since eg — ey, ..., e — ey are linearly independent and f(e; — e1) = x; — x1,
(3) follows.
(3)<(4). span(zg —x1,...,2 — 1) has dimension k — 1 if and only if the
k — 1 generators xo — x1,...,xr — x1 are linearly independent.
(3)=(1). If a1 + - - - + agay, = 0 with 37 a; = 0, then 3%, a; = —ay,
SO
k k k k
Zai(a:i — xl) = Zaixi — <Z ai> Ir = Zaixi = 0,
i=2 i=2 i=2 i=1
so a; = 0 for ¢ > 2 by linear independence, which then forces a; = 0. U

Example 2.9.4. Any two distinct points x,y € R™ are affinely independent
as Aff(z,y) is a line (Example 2.8.4), and hence is 1-dimensional.

Definition 2.9.5. A set of points in R"™ is collinear if there is a line con-
taining all of them.

Proposition 2.9.6. Three distinct points x,y,z € R™ are affinely indepen-
dent if and only if they are not collinear.

Proof. If z, y and z are contained in the line ¢, then Aff(z,y.2) C ¢, so
dim Aff(z,y,2) < 1. So they cannot be affinely independent.
Conversely, if they are affinely dependent, we can find a, b, c € R, not all
0, with ax + by 4+ cz =0 and a + b+ ¢ = 0. Suppose ¢ # 0. then —c =a + b,
and
ax +by = —cz = (a+b)z,

SO

a b
= — vy e . a
e S

Example 2.9.7. 0,eq,...,e, € R" are affinely independent: if
ag-04+aje;1 +---+ane, =0

with > ja; = 0, then a1 = --- = a, = 0 by the linear independence of
e1,...,en, and hence ap = — > | a; is 0 as well. Note that

Aff(0,e1,...,e,) =R"™
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Example 2.9.8. Let I? be the unit square in R?. By Corollary 2.8.28,
I* = Conv (0,[9],[4],[1]) = Conv (0, e1, €2, €1 + €2) :

(7] [1]

(]
As shown in Example 2.9.7,
Aﬂ(07[9]7[é]7[%]) =R?

is 2-dimensional (and hence I? is 2-dimensional), so these vertices cannot
be affinely independent. By Proposition 2.9.6, any three of the vertices are
affinely independent.

The same reasoning shows the following.

Example 2.9.9. By Corollary 2.8.28, the n-cube I"" C R is the convex hull
of the 2" points whose coordinates are all equal to either 0 or 1. As these
points include the affinely independent set 0, eq,...,e,, their affine span is
R™, and hence the n-cube in n-dimensional. But for n > 1, 2" > n + 1, so
the 2™ points in question cannot be affinely independent.

Proposition 2.9.3 gives us a useful calculating tool. Recall that the di-
mension of a convex set C is set equal to the dimension of its affine hull (as
an affine subspace).

Corollary 2.9.10. Let () # C C R™ be convex. Then the dimension of C is
the largest integer k such that C' contains an affinely independent set with
k + 1 points. Moreover, if C = Conv(zy,...,Ty), we may take those k + 1
points to be in {x1,...,Tm}.

Proof. Let H = Aff(C) and let V' be its linear base. Let z € C. By
Proposition 2.8.32, V' = span({y —z : y € C}), so if k = dimV, then a
maximal linear independent subset of V' has the form y; — x, ...,y — x for
Y1, ---,Yx € C. By Proposition 2.9.3, x,y1, ...,y are affinely independent.
Conversely, if z,y1, ...,y € C are affinely independent, then

Aff(x,y1,...,yx) C AfF(C)

has dimension k, so dim C > k.
Finally, if C = Conv(zy,...,Zy ), then take z = x1. We have

V =span(zy — x1,...,Tm — T1).
Apply the previous argument. [l

Indeed, since affine subspaces are convex, we obtain the following.
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Corollary 2.9.11. Let H be an affine subspace of R™. Then the dimension
of H is the largest k for which there exists an affinely independent subset of
H with k+ 1 elements. Moreover, if x1,...,xx11 € H are affinely indepen-
dent, then H = Aff(x1,...,2541).

Proof. For the last statement, note that if xq,..., 2,41 € H are affinely
independent, then Aff(xy,...,z541) is a k-dimensional affine subspace of
H, and therefore must be all of H by Corollary 2.8.9. O

The results above assemble to something useful:

Proposition 2.9.12. Let H be an affine subspace of R™ with dim H = k.
Let x1,...,xpy1 € H be affinely independent. Then:

(1) H = Aff(a;l, ce ,l‘k+1>.

(2) If K is an affine subspace of R™, then the affine maps from H to K

are determined by their restriction to {x1,...,Tk41}
(3) Any function f : {x1,...,2x41} — K extends to an affine map
f+H—-K.

(4) If K also has dimension k, then f is an affine isomorphism if and
only if f(x1),..., f(zky1) are affinely independent.
Thus, there is a one-to-one correspondence between the affine maps from H
to K and the functions from {x1,..., x5 1} to K.*

Proof. (1) is just Corollary 2.9.11, and (2) follows from (1) by Corol-
lary 2.8.23.

To prove (3), let g : RF*! — R” with g(e;) = x; fori =1,...,k+ 1. By
Proposition 2.9.3, g restricts to an affine isomorphism

gi: Aﬁ(@l, ey €k+1) i Aff(:l)l, ‘e ,xk+1).
Let h : R¥1 — R™ be the linear map with h(e;) = f(z;) fori =1,... k+1.
Since Aff(f(x1),..., f(zr+1)) C K, h restricts to an affine map
hy: Aff(el, cey €k+1) — K.

We have a diagram
Aff(:L’l, ey CEk+1) (ng Aff(el, RN €k+1) L) K

Since g1 is an affine isomorphism, its inverse function g; Lis affine. We
obtain an affine map

f=hiogit : Aff(zy,... . 2p41) = K
that agrees with f on each w;.
For (4), note that f is an affine isomorphism if and only if h; is. But if

dim K = k, this is equivalent to f(z1),..., f(zr4+1) being affinely indepen-
dent. ([

“In the language of category theory this says H is the free affine space on {z1, ..., Tr41}.
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Since isometries are affine maps, we obtain the following.

Corollary 2.9.13. Let z, y and z be noncollinear points in R? then any
two isometries of R? that agree on x, y and z must be equall.

Proof. z,y,z are affinely independent by Proposition 2.9.6. Now apply
Proposition 2.9.12 with H = K = R?. O

Of course, not every affine isomorphism from R? to R? is an isometry, so
not every function f : {x,y,2} — R? with f(z), f(y), f(2) noncollinear ex-
tends to an isometry. Indeed, at minimum, f : {z,y, 2z} — {f(z), f(y), f(2)}
must be distance-preserving.

2.9.2. Interiors. We can now use Proposition 2.9.3 to show that dimC
gives a reasonable notion for the topological dimension of C'. We first need
to develop a little elementary topology.

Definition 2.9.14. Let ) # C be a convex subset of R". Let H = Aff(C)
and let V' be its linear base. For € > 0, let B¢(0,V) be the open ball of
radius epsilon in V:

B (0,V)={veV:|v| <e}.

We say that x is an interior point of C, written x € Int(C), if there exists
€ > 0 such that

(2.9.2) x4 B.(0,V) C C.
Here,
(2.9.3) x4+ B(0,V) = 1,(B(0,V)) ={x +v:v € B(0,V)}.

We define the boundary of C' by 0C = C' \.Int(C). This is mainly of interest
when C' is what’s known as a closed subspace of Aff(C).

Example 2.9.15. If C' = {2z}, then Aff(C) = {z}, and its linear base is the
trivial subspace 0. B¢(0,0) = {0} for all € > 0, so Int({z}) = {x}.

The following elementary observation shows that Int(C') coincides with
what’s known as the topological interior of C' when viewed as a subspace of

Aff(CO).

Lemma 2.9.16. Let () # C be a convex subset of R"™. Let H = Aff(C) and
let V' be its linear base. Then for x € H,

(2.9.4) T2(Be(0,V)) = Be(x, H) = {y € H : d(z,y) < €}.

Thus, = € Int(C) if and only if Be(x,H) C C for some € > 0.

Proof. 7, : V. — Aff(C) is a bijective isometry. O

In some cases, every point of C'is an interior point. For instance, B.(0,V)
is convex and is equal to its own interior (by the triangle inequality). Here,
Aff(B(0,V)) = V. Similarly, a linear or affine subspace is its own interior.

Another important example is the standard simplex A”~1.
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Lemma 2.9.17. Let n > 1. The linear base of Aff(eq,...,ey) is

n
(29.5) V= {alel +o o anen: Y ;= 0} ={z eR": (z,&) =0},
i=1
where € = e1 +---+e,. AsV is the nullspace of the 1 x n matriz £, it has
dimension n — 1, as does A" L.
The interior of A"~ ! is the set of points in A"~ whose coordinates are
all positive:

(2.9.6)
n
Int(A™™ 1) {alel 4+t apen: Zai =1 and a; > 0 for all z} .
i=1
Proof. Aff(ey,...,e,) = {x € R" : (z,£) = 1}. By the bilinearity of the
inner product, if <x ) = 1, then (y,&) = 1 if and only if y = = 4+ v with
veV, e, Aff(er,...,e,) = 7(V). So V is the linear base, as claimed.
Let

U:{alel—k---—i—anen:Zai:landai>0foralli}

i=1
and let © = x1e; + -+ + zpe, € U. Let € = min(zy,...,2,) and let v =
ajer + -+ + anen, € B(0,V). Then |a;| < e for all i, so the coordinates of
x+wv are all positive. Since z+v € Aff(eq, ..., e,), it must liein U C A?7L.

Thus, U C Int(A"1).

Conversely, if © = zje1 + -+ + zpe, € A" ! with z; = 0, let j # 4. Let
vy = —o0e; + de; € Aff(er,...,e,). Then . +v5 € R* N A" ! for all § > 0.
Since

lvs]| = blle; — eill = 6v/2

may be made arbitrarily small, x € A1, O
The same reasoning gives us the following.

Lemma 2.9.18. The interior of the unit n-cube I" = [0,1]" C R™ is (0,1)",

e., the set of points in R™ whose coordinates are all positive and less than
1.

As shown in Example 2.9.9, Aff(I™) = R"™, so its linear base is R™ as well.

Proof. Let x = aje; + -+ + ape, € (0,1)™. Let
e =min(ay,...,an, 1 —ay,...,1 —ay).
Then as in Lemma 2.9.17 we see z + B((0,R™) C I". The remainder of the

argument is analogous to that in Lemma 2.9.17. ([

Let f : R¥ — R"™ be the linear map with f(e;) = z; for i = 1,... k.
Proposition 2.9.3 shows that if x1,...,x; are affinely independent, then
f: A1 — Conv(xy,...,x,) is bijective. Lemma 2.9.17 allows us to prove
the converse.
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Proposition 2.9.19. Let f : R¥ — R" be the linear map with f(e;) = x;
fori=1,....k. Then x1,...,xp are affinely independent if and only if
[ AL Conv(xy, ..., x,) is bijective.

Proof. The maps

(297) f : Aff(el,...,ek) —>Aff(:):1,...,xk)

(2.9.8) f:Conv(ey,...,ex) = Conv(zy,..., L)

are always onto, essentially by definition of the affine and convex hulls. Thus,
Proposition 2.9.3 shows that x1,...,x; are affinely independent if and only

if (2.9.7) is injective. Since A*¥=! c Aff(ey,...,ex), injectivity of (2.9.7)
implies injectivity of (2.9.8), so it suffices to show the converse.

So suppose (2.9.7) is not injective. The diagram (2.9.1) in the proof of
Proposition 2.9.3 then shows that the linear the map

(2.9.9) f :span(ez —ey,...,ex —e1) — span(zg — 1,...,2 — T1)
of linear bases is not injective. In particular, we can find a nonzero vector
v in the linear base, V, of Aff(ey,...,ex) with f(v) = 0. By Lemma 2.9.17,
x = 9t ¢ Ing(A)F~1, and hence x + tv € AF! for ¢ sufficiently small.
But f(x +tv) = f(z) +tf(v) = f(z), so (2.9.8) is not injective. O
We can use Lemma 2.9.17 to characterize the interior of an arbitrary
polytope. The following lemma is equivalent to the statement that linear
maps are continuous. We include it for simplicity.

Lemma 2.9.20. Let f : R® — R™ be linear. Then for each ¢ > 0, there
exists § > 0 such that || f(z)|| < € whenever ||z|| < J.

Proof. Let ¢ = min(||f(e1)|l,.-.,|[f(en)]|) and let x = x1e1 + -+ + xpen.
Then

[F@)l = llz1f(er) + -+ zaf(en)| < lzalllfle)ll + -+ [zalll f(en)]]

< c(lza] + - A+ faal) < enflxl],
as ||lz]| = /a1 4+ +22 > y/a? = |z;|. Take 6 = =. O

A key step in the above is that ||x1e1+- - +xpe,| = Vo + -+ +22. We
shall apply the above lemma with R" replaced by a linear subspace of R¥ for
some k. We can do so by borrowing ideas from Chapter 4, which introduces

the idea of an orthonomal basis. Here, vy, ..., v, is an orthonormal basis of
V C R if

1 ifi=j
2.9.10 Vi, Vj) =
( ) (vi, v3) { 0 ifidt]
and span(vy,...,v,) = V. By Corollary 4.2.3, every subspace of RF has
such a basis. By Corollary 4.1.6, if vy, ..., v, is orthonormal, then

|lz1v1 + - + T || = \ /22 + -+ + 22,
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We obtain the following.

Corollary 2.9.21. Let V be a linear subspace of R™ and let f : V — R™
be linear. Then for each € > 0, there exists 6 > 0 such that || f(x)| < €
whenever ||z|| < 6.

And this, in turn, implies that affine maps satisfy a property called uni-
form continuity:

Corollary 2.9.22. Let f : H — K be an affine map between affine subspaces
of R™ and R™, respectively. Then f is uniformly continuous, meaning that
for each € > 0, there ezists § > 0 such that f(Bs(xz,H)) C B(f(z), K) for
allz € H (i.e., 6 does not depend on x).

Proof. This is a direct consequence of Corollary 2.9.21 and (2.8.10). O

As an easy corollary, we have the following.

Corollary 2.9.23. Let C = Conv(zy,...,x) be a polytope in R™ and let
r € Int(C). Let f : R¥ — R" be the linear map with f(e;) = x; for i =
1,...,k. Then for eachi=1,...,k, there exists

Yi = arey + - -+ apep, € AFL
such that f(y;) = = and a; > 0.

Proof. Let H = Aff(xy,...,z;). Choose ¢ > 0 such that B.(z,H) C C.
Define v : R — R™ by «(t) = (1 — t)x + ta;. Then ~ is affine. Since
x,x; € H, the image of v lies H. By uniform continuity, there exists ¢ such
that y(Bs(0,R)) C Be(z, H). So for 0 < §’ < ¢, v(—0") lies in the convex set
C. Moreover, z is easily seen to lie in the interior of the line segment from
v(=0") to x;, e, x = (1 — s)y(—0") + sz; for s € (0,1). Write v(—9d’) as a
convex combination

y(=0') = bizy + - + by,

ie., v(=d") = f(z) for z = bies + - - - + bgeg. But then x is the image under
f of (1 —s)z + se;, whose i-th coordinate, (1 — s)b; + s, is positive. O

We can now prove the following.

Proposition 2.9.24. Let C' = Conv(xy,...,zx) be a polytope in R™. Let
f : R¥ — R" be the linear map with f(e;) = x; for i = 1,.... k. Then
f(Int(A*=1)) = Int(O).

Proof. We first show f(Int(A*~1)) C Int(C). Let H = Aff(z1,...,x;) and
let W be its linear base.

W = span(zg — z1,...,Tk — X1).
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V = span(ez — e1,...,e; — e1) is the linear base for Aff(ey,...,e;) C R¥.
Let € Int(A¥~1). Since f is linear, we obtain the following as in (2.9.1)

Aff(eq,...,ex) L>Aﬂ"(:/cl, cey Tk

TxT% Tf(z)T%

1% ! W

Since z € Int(A¥1), there exists ¢ > 0 such that 7,(B.(0,V)) C A*1
and hence 77, (f(Be(0,V))) C C. It suffices to show there exists ¢ > 0 such
that Bs(0,W) C f(Be(0,V)).

By Corollary 1.5.8, since x9 — x1,...,x; — 1 generate W, we can find a
subset, x;, — z1,...,2; — x1 that is a basis of W. Let

Vi =span(e;;, —eq,...,e,. —e;) C V.
Then f|y, : Vi — W is an isomorphism. Write g : W — V for the composite

(flvy) ™t
W—VicV.

Then f o g is the identity map on W. Since g is linear, Corollary 2.9.21
provides a ¢ > 0 with g(Bs(0,W)) C B(0,V). But then

B(S(O’ W) =f 09(35(()’ W)) - f(Be(Oa V))

We now show f : Int(A*¥=1) — Int(C) is onto. Let 2 € Int(C). By
Corollary 2.9.23, we can choose y; € AF~1 i =1,...,k, such that f(y;) =
and the i-th coordinate of y; is positive. But then z = f(y) for y = w,
a convex combination of yi,...,yx, and hence an element of A¥~1. Since
the coordinates of y are all positive, the result follows. [l

Corollary 2.9.25. Let C = Conv(zy,...,x;) C R™. Then z € Int(C) if
and only if it can be written as a convex combination T = a1x1 + -+ + apxk
with a; > 0 for all .

Corollary 2.9.26. Let C = Conv(zy,...,x;) be a polytope in R™. Let K
be an affine subspace of R™ and let f : C — K be affine. Then

f(Int(C)) = Int(f(C)).

Proof. Let g : R¥ — R” be the linear map taking e; to x; for all i. Let
h : R¥ — R™ be the linear map taking e; to f(x;) for all i. Then f o g[x-1
agrees with h|ax—1 on vertices, so the two are equal. The result follows from
Proposition 2.9.24. O

Corollary 2.9.27. Let ) # C C R™ be convex. Then Int(C) is nonempty.
Indeed, if dim C' = k and if x1,...,211 € C are algebraically independent,
then Int(Conv(z1,...,zx+1)) C Int(C).
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Proof. First note that by Corollary 2.9.10, we can find an affinely inde-

pendent subset x1,...,z541 € C. By construction, Aff(zq,...,2541) =
Aff(C), and the two have the same linear base, W. We have shown that
Int(Conv(zy,...,zky1)) is nonempty, and for x € Int(Conv(zy,...,2g41)),
we have

Tz(Be(0,W)) C Conv(zy,...,x541) C C
for some € > 0, so x € Int(C). O

We now have the tools we need to prove the following.

Theorem 2.9.28. Let () # C C R™ be convexr and let K be an affine subspace
of R™. Let f: C — K be affine. Then f extends to a unique affine map
f:Aff(C) = K.
Proof. Let £ = dim C and let z1,...,25+1 € C be affinely independent.
Then Aff(C) = Aff(x1,...,74,1), so any affine map f : Aff(C) — K is
determined by its restriction to {z1,...,zE11}, and hence by its restriction
to C. Thus, it suffices to show that f extends to an affine map on Aff(C).
Let x € Int(C) and let V be the linear base of Aff(C). Then D = 7, 1(C)
is a convex subset of V' containing 0 = 7,—1(x) in its interior. Let g be the

composite

D= ol k O w

where W is the linear base of K. Then g is affine. Since g(0) = 0, any
extension of g to an affine map g : V — W is linear. If g is such an
extension, then f = Tf(z) © § © Tz is the desired extension of f to Aff(C).

Thus, we may assume that Aff(C) =V, K =W, 0 € Int(C) and f(0) = 0.
We shall show that f then extends to a linear map f : V — W. By
assumption, there exists € > 0 such that B.(0,V) C C. Making e slightly
smaller, we may assume that the closed ball B.(0,V) C C, where

B(0,V)={z eV : x| <€}

We shall again use the fact that any linear subspace of R admits an
orthonormal basis. Let v1,...,v; be an orthonormal basis of V', so that

0 fori#j,
<’Ui,Uj>=(5ij:{1 f .
or v = J.

larvy + - - + apve|| = \/M~

In particular, if |a;] < 6 for all i, then |ajvy + --- + agvp]| < 0VE. Let
w; = ﬁvi. Then B = w1,...,w; is a basis of V. Let

Then

Ip = {aqwi + - -+ + apwy, : |a;| <1 for all 4.}
Note that we have inclusions

(2.9.11) Bﬁwwqc%céﬂqua
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In particular, f is defined and affine on the convex set Iz, with f(0) = 0.
By Proposition 2.5.1 and induction on k,

(2.9.12)  flajwy + -+ apwy) = arf(wy) + - - -+ ag.f(wy)

whenever |a;| <1 for all i.

In other words, f agrees on Iz with the unique linear map f:V-w
agreeing with f on the basis B. It suffices to show that f agrees with f on
an arbitrary point y € C.

= = € B € f =
Let yg = sy for s = iV Then vy € Bﬁ (0,V) C Ig, so f(yo) = f(yo)-

By Proposition 2.5.1,
1 1 1 -1 -
s =1 (3m) = s = S =7 (Sw) =Fo). O
S S S S
Remark 2.9.29. In discussing affine maps whose domain is an affine sub-
space, Equation (2.4.4) would actually be the definition of choice for an
affine map. It is the property one uses.

One would be tempted to use that definition for an affine map on an affine
subspace, and then give a different name to maps whose domain is a convex
set that satisfy f((1 —t)z +ty) = (1 —t)f(z) + ¢tf(y) for t € [0,1]. The
name “convex map” has a certain appeal, but that is commonly used for a
different concept.

Thanks to Theorem 2.9.28, there is no need for a different name, though
we had to work to develop the tools to show it.

2.9.3. Faces. Points not in the interior of Conv(zy,...,x) lie in faces.
The following notion will help use develop their theory.

Definition 2.9.30. Let X = {z1,...,zx} C R™ and let x € Conv(X).
Define the support S(z) C X of x in X to be the set of all x; € X for which
there exists a convex combination z = a1x1 + - - - + agpx with a; > 0.

The following lemma, is useful.

Lemma 2.9.31. Let X = {x1,...,25} C R" and let x € Conv(X). Let
y # z € Conv(X) and suppose x lies in the interior, (y,z) of the line
segment yz. Then the supports of these elements behave as follows:

(2.9.13) S(y)US(z) C S(x).

Proof. z = (1 — t)y + tz for some t € (0,1), so if
y=airy + -+ aplg,
z2=byxy + -+ by,

Then

r=(1-=t)ar +tbr)r1 + -+ ((1 — t)ag + tby)xy.

If at least one of a; and b; is positive, so is ((1 — t)a; + tb;), and the result
follows. O
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The following generalizes some of the arguments above and is useful in
understanding the points in

0 Conv(X) = Conv(X) ~\ Int(Conv(X)).
Lemma 2.9.32.

(1) Let X ={x1,...,2p} CR"™ and let x € Conv(X). Then z lies in the
interior of the convex hull of its support in X :

(2.9.14) x € Int(Conv(S(z))).
(2) Let y € Conv(X) N Aff(S(x)). Then S(y) C S(x), so by (1),
(2.9.15) y € Int(Conv(S(y))) C Conv(S(y)) C Conv(S(x)).
Thus,
(2.9.16) Conv(S(z)) = Conv(X) NAff(S(z)).

Proof. (1) Let f: R¥ — R™ be the linear map taking e; to x; for all i. Let
S(z) = {x4,..., 7 }. Note that for z € AP with f(2) = z, 2 must lie
in Conv(e;,, ..., e€;,). By hypothesis, we may choose z; € Conv(e;,,...,e€;,),
for j =1,...,r, such that

Zj = Cj1€4 + -+ Cjre,

with f(z;) = @ and ¢j; > 0. then z = 2F*2 ¢ Int(Conv(e;,, .. ., €;,))
with f(z) =z, so z € Int(Conv(S(z))), as claimed.
(2) By (1) if H = Aff(S(z)), there exists € > 0 such that

B (z,H) C Conv(S(x)).

Let y € Conv(X)NAff(S(x)). Since z,y € H = Aff(S(x)), we have an affine
map v : R — H via

y(t) = (1 —t)x + ty.
By Corollary 2.9.22, there exists § > 0 such that

v(=9) € Be(x,H) C Conv(S(z)).
Then z is in the interior of the line segment joining y to y(—d), i.e.,
z=(1-s)y+sy(=9d) forse(0,1).

By Lemma 2.9.31, S(y) C S(x). O

Corollary 2.9.33. Let X = {z1,...,2x} C R" and let x € Conv(X). Then
x € Int(Conv(X)) if and only if its support S(z) is equal to X.

Proof. If S(z) = X, then z € Int(Conv(X)) by Lemma 2.9.32. The con-
verse follows from Corollary 2.9.25. (]

We shall see that the subsets Conv(S(z)) comprise the faces of Conv(X),
but it is useful to have a definition of faces that doesn’t depend on X:

Definition 2.9.34. Let X = {z1,...,2x} C R". A face of Conv(X) is a
nonempty subset £ C Conv(X) such that
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(1) F = HnNConv(X) for some affine subspace H C R™.
(2) Conv(X) ~\ F' is convex.

A face of dimension zero is called a vertex. A face of dimension 1 is called
an edge. We write V(Conv (X)) for the set of vertices of X and £(Conv (X))
for the set of edges.

Remarks 2.9.35. Note that Conv(xy,...,x) is itself a face. The other
faces are called proper faces. Since both H and Conv(X) are convex, F' is
the intersection of two convex subsets of R™, and hence is convex. So it has
a dimension.

Note that if F' is a face, then (1) is satisfied by taking H = Aff(F'). That
could have been built into the definition, but it can be easier to verify that a
given subset is a face without having to determine its affine hull in advance.

A vertex consists of a single point v € Conv(X), as any convex set con-
taining two distinct points has dimension at least 1. Any point v € Conv(X)
automatically staisfies (1) with H = Aff(v) = {v}, so the sole criterion for
v to be a vertex is that Conv(X) \ {v} is convex.

Note that for X = {z1,...,x,} it is not necessarily true that every ele-
ment of X is a vertex. For instance, if X = {0,1,2} C R, then Conv(X)~{1}
is not convex, so 1 is not a vertex.

The following is basic, but useful.

Lemma 2.9.36. Let F| C Fy be faces of the polytope C' = Conv(X) with
Fy # Fy. Then dim Fy < dim F.

Proof. We have F; = Aff(F;) N C, and Aff(Fy) C Aff(Fy). If these two
affine subspaces are equal, then F} = F5. Otherwise,

dim Aff(F7) < dim Aff(F3). O

Lemma 2.9.37. Let X = {z1,...,xx} C R™ and let Fy and F5 be faces of
Conv(X) with Fy N Fy # (. Then Fy N Fy is a face as well.

Proof. If H; and H are affine subspaces and x € H; N Hs, then
T_o(H1 N Hy) = 7_;(H1) N7_(H2)
is a linear subspace, so H; N Hs is affine. It is easy to see that
(Aff(F1) N Aff(Fy)) N Conv(X) = F1 N F.

Thus, it suffices to show Conv (X )~ (F1NF,) is convex. The most compli-
cated verification is showing that if z € F; \ F, and y € F5 \ Fi, then Ty =
[x,y] is disjoint from F; N Fy. We argue by contradiction. Suppose z € (z,y)
lies in Fy N Fy. Since z,y, z are collinear and distinct, Aff(z, z) = Aff(z,y).
But Aff(z, z) lines in Aff(F}) and hence y € Aff(F;)NConv(X) = F1, giving
the desired contradition. O

Lemma 2.9.38. X = {z1,...,z;} CR" and let x € Conv(X). Then there
is at most one face of Conv(X) containing x in its interior.
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Proof. Suppose x lies in the interior of both F; and F5. Let ¢ > 0 be
small enough that both B(z, Aff(F})) and B(z, Aff(F,)) are contained in
Conv(X). But then

Be(z, Aff(Fy N Fy)) C Be(w, Aff(F})) N Be(w, AfE(F3)) C Conv(X),

so x lies in the interior of F; NFy, i.e., we may as well assume F} is contained
in Fy and that Be(z, Aff(Fy)) C Conv(X).

Let V; be the linear base for Aff(F;) for ¢ = 1,2. Then Vj is a proper
subspace of V5 and there exists a vector v € Vo . V7 of norm less than e.
but then z — v and x + v lie in Conv(X) \ F}, but the line segment between
them does not. O

We obtain the following.

Proposition 2.9.39. Let X = {z1,...,zx} CR" and let x € Conv(X). Let
S(z) be its support in X. Then Conv(S(z)) is the unique face of Conv(X)
containing x in its interior. Since every face of Conv(X) has nonempty
interior, the subsets Conv(S(z)) with x € X are the only faces of Conv(X).

Proof. Lemma 2.9.32 shows that
Aff(S(z)) N Conv(X) = Conv(S(x)).

To show Conv(S(x)) is a face, it suffices to show that Conv(X )~ Conv(S(z))
is convex. So let y,z € Conv(X) \ Conv(S(z)), and suppose w € Fz lies in
Conv(S(z)). By Lemma 2.9.31, S(y) U S(z) C S(w). But S(w) C S(z) by
Lemma 2.9.32, so y,z € Conv(S(z)), contradicting the existence of such a
w.

By Lemma 2.9.32, z is in the interior of Conv(S(z)), and the result follows
from Lemma 2.9.38. O

Corollary 2.9.40. Let X = {z1,...,zr} C R™. Then any vertex of Conv(X)
lies in X. Moreover, v € X is a vertex if and only if v does not lie in

Conv(X \ {v}), i.e., there is no subset S C X not containing v such that
v € Conv(S).

Proof. A vertex is a 0-dimensional face. By Proposition 2.9.39. every face
of Conv(X) has the form Conv(S) for some S C X. If S has more than one
element, then Conv(S) has dimension at least one. Moreover, Conv(z) =
{z}, so v must lie in X, and S(v) = {v}. But for v € X, S(v) # {v} if and
only if v is a convex combination of the points in X ~\ {v}. O

We obtain a unique and unabiguous way to describe a polytope.

Proposition 2.9.41. Let X = {x1,...,z} C R" and let C = Conv(X).
Write V = V(C), the set of vertices of C. (Recall from Corollary 2.9.40 that
V C X.) Then

(2.9.17) C = Conv(V).

Since vertices depend only on C and not on the choice of a convexr generating
set X for C, this gives a unique description of a polytope.
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Proof. If x € X \ V, then z € Conv(X \ {z}) by Corollary 2.9.40, so
X C Conv(X ~ {z}).
Since Conv(X) is the smallest convex set containing X,
Conv(X) C Conv(X \ {z}),

hence Conv(X) = Conv(X ~ {z}). The result follows by induction on
| X V). O

Notation 2.9.42. We shall feel free to discuss a polytope P without prior
reference to a set of convex generators X (i.e., a finite set X with P =
Conv(X)). In particular, our preferred set of convex generators will be its
set of vertices V = V(P).

Let x € P. The support of z, S(x), is taken to be its support in V: if
V = {v1,...,v;}, then S(z) C V is the set of all v; such that x may be
written as a convex combination x = ajv1 + - - - + arv, with a; > 0.

By Proposition 2.9.39, Conv(S(z)) is the unique face of P containing x
in its interior. We call Conv(S(x)) the carrier of z (in P).

Recall the boundary of P is 0P = P ~ Int(P). Proposition 2.9.39 gives
us the following:

Corollary 2.9.43. Let P be a polytope. Then the boundary of P is the
union of its proper faces. In particular, every element of OP lies in a proper
face of P.

Proof. A point = is in the interior of P if and only if its carrier is P.
Otherwise, it is in the boundary and its carrier is a proper face of P. O

Another consequence of Proposition 2.9.39 is the following.

Corollary 2.9.44. Let P be a polytope with vertex set V. Then any face F
of P is the convex hull of the vertices that lie in it:

(2.9.18) F = Conv(FNYV).
Proof. F is the convex hull of some subset S C V, all of whose elements

must lie in F, i.e., S C FNY. But we claim S must be equal to FF N V.
Suppose to the contrary that there exists v € F NV~ S. Then

v € F = Conv(S) C Conv(V \ {v}),
contradicting that v is a vertex. O
The following is valuable in identifying carriers.

Proposition 2.9.45. Let P be a polytope and let v,w € P. Let x and y be
interior points of the segment [v,w]. Then x and y have the same carrier.
The carriers of v and w are contained in it.

Proof. Carriers are determined by supports. We may as well assume that
xz € (v,y) and y € (z,w). By Lemma 2.9.31, S(y) C S(x) and vice versa,
and both supports contain S(v) and S(w). O
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The following addresses the situation where one polytope is contained
in another as a subset of R"™, with no known relationship between their
structure. One application we will find for it is in showing which subsets
T C V(P) are vertex sets for faces of P. We shall use it in our analysis of
the Platonic solids.

Corollary 2.9.46. Let T be a finite subset of the polytope P and let Q =
Conv(T). Then every element of Int(Q) has the same carrier, F C P in P
(i.e., F is a face of P and Int(Q) C Int(F')). Moreover, Q C F. (We shall
hereby refer to F' as the carrier of Q in P.)

Proof. Let z # y € Int(Q) and define v : R — Aff(Q) C Aff(P) by
v(t) = (1 — t)z + ty. Since = and y are in the interior of Q, we can find
d > 0, such that v([—0,1+ 0]) C Q C P. Since z and y are in the interior
of [v(—9),v(1 4 ¢)], they have the same carrier, F, in P.

It suffices to show that 0Q C F. But if x € 0Q and y € Int(Q), let
v(t) = (1 — t)z + ty for t € R. Because y € Int(Q), there exists § > 0 such
that v([0,1 4 d]) € Q C P. Since y is in the interior of [x,v(1 + )], the
support of x is contained in S(y). So x € Conv(S(y)) = F. O

A convenient source of faces is the following. In fact, one can show that all
faces arise in this manner. We go back to considering convex generating sets
that could include nonvertices, as this result is commonly used to identify
which of the convex generators are actually vertices.

Proposition 2.9.47. Let X = {x1,...,z} C R" and let C = Conv(X).
Let f : R™ — R be affine. Let f(C) = [a,b]. Then:
(1) f7Y(b)NC is a face of C.
(2) Let S = f~Y(b)N X. Then f~1(b) N C = Conv(S). Moreover, b is
the mazimum value of the restriction, f|x, of f to X, while a is the
manimum value.

In particular, every affine function f : R®™ — R that is not constant on X
may be used to identify two proper faces of C: f=1(b) and f~1(a).

Proof. (1) f~!(b) is an affine subspace, so it suffices to show C . f~1(b) is
convex. Let z,y € C . f~1(b). Then

F((L=t)e+ty) = (1 =) f(z) + tf(y) < max(f(2), f(y)) <
(2) First note that f(Conv(S)) = Conv(f(S)) = Conv({b}) = {b}
Now let T'= X \S. Then f(Conv(T)) = Conv(f(T)) C [a,b), as f(T) C
[a,b).
Now C' is the linear join Conv(T") - Conv(S), so any element of C' has the
form z = (1 — t)z + ty with € Conv(7T') and y € Conv(S), t € I. But then

f(z) = A =t)f(x) +f(y).
By the observations above, f(z) < b and f(y) = b. so if t < 1, then
f(z) <b. O
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2.9.4. Examples. We first describe the faces of the standard simplex.

Example 2.9.48. The faces of A"~! correspond to the nonempty subsets
of {1,...,n}. Let 1 < i3 <--- < i <n, and set

(2.9.19)
F,. i, = Conv(e;,...,ei)
= {a161 4 Fape, € A" a; =0 for j & {z’l,...,ik}}.
Since this is the standard simplex in the Euclidean space span(e;,, ..., e;, ),

it has dimension k — 1 by Lemma 2.9.17. Moreover,
Fi . = A" N0 span(e;,, ..., €, ),
so Fj, i, satisfies (1) in the definition of face. Moreover,
(2.9.20)  Int(Fi, . ) ={are, +---+age;, :a; >0for j=1,... k}.
Finally,

k
AN Fil,...,ik =qaie]+---+ane, € AL Zaij <1
j=1
This condition demonstrates the complement is convex. Therefore, Fj, ;.
is a face of A"~!. In particular, we have constructed (}) different (k — 1)-
dimensional faces of A”~!. Since every nonempty subset of {1,...,n} is the
vertex set of a face, we have constructed all possible faces of A"~1.

Remark 2.9.49. The 0-dimensional faces (vertices) are given by F; = {e;},
the i-th basis element. We of course just write e; for this set.

The 1-dimensional faces (edges) are the line segments F; ; = €;€; for i < j.
There are (}) of them.

There are n different (n — 2)-dimensional faces, each of which is ob-
tained by omitting one of the vertices. We write 9;(A"~!) for the (n — 2)-
dimensional face opposite the vertex e;:

(2.9.21) KA =F i vit1m
= Conv(e; : j # 1)
= {are1 + - +ane, € AL g = 0},
We have

(2.9.22) A" = Jaam,
=1

and every element of x € QA" ! lies in the interior of exactly one face,
specified by the nonzero coordinates of x: we can write x uniquely as

(2.9.23) T = aj ey + -+ aje;, witha;; #0forj=1,...,k.

So Fj, .., is the unique face containing x in its interior. Here, the interior
of a vertex is the vertex itself.
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Example 2.9.50. We now consider the faces of the n-cube I". Let f; :
R™ — R be the projection onto the i-th coordinate:

filarer + -+ - + aneyn) = a;.

Then f; is linear, so that f; '(0) = ker f; is a linear subspace, in this case
span(e; : j # i), and f; '(1) is an affine subspace, in this case 7.,(f; (0)).
These linear and affine subspaces have dimension n — 1.

We write 99(I") = I" N f;71(0) and 9} (I") = I" N f;1(1). Then

(2.9.24) NI = {arer + -+ ane, € I" : a; = 0},

of(I") = {arer + - +ane, € I" :a; = 1}.
This gives
(2.9.25) I" (I = {arey + -+ -+ ane, € I™ 2 a; > 0},

I~ 8}([”) ={aie1 + - +ane, € I":a; < 1}.

These complements are convex, so 99 (I™) and 9} (I") are faces of I"™. Note
that 99(I™) is the unit cube in the (n — 1)-dimensional Euclidean space
span(e; : j # i), and hence has dimension n — 1 as a convex set. Moreover,
OF(I™) = 7,(09(I"™)), and hence is (n — 1)-dimensional also. We shall refer

to 02(I™) and 9} (I") as opposite faces of I™.
Recall from Corollary 2.8.28 that I™ = Conv(S) for

(2.9.26) S:{€1€1+"'—|—6n€n161,...,€n6{0,1}}.

By Corollary 2.9.40, the vertices of I" must lie in S, and hence its vertices
are the elements of S whose complement is convex. In fact, every element of

S is a vertex, as it is an intersection of faces: if ¢; € {0,1} for i =1,...,n,
then
(2.9.27) €1€1 + -+ epen = 07 (In) N --- N O (1),

an intersection of faces, and hence a face.
Note that every element of I"™ not in Int(I™) lies in at least one (n — 1)-
dimensional face, so that

(2.9.28) oI = O(@?(I“) ua(Im)).

i=1

Remark 2.9.51. Recall that an edge of a polytope is a 1-dimensional face,
and hence is the convex hull of two vertices. We call it the edge determined
by these two vertices. Note that each vertex of I? lies on exactly two edges.
For instance, 0 lies on Conv(0,e;) and Conv(0, e2), but Conv(0, e; + e3) is
not an edge, as it intersects the interior of I2.
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2.10. Exercises.

1.

10.
11.

12.

13.

14.

15.
16.

17.
18.
19.

20.

Prove that the line [§] 4 span ([3]) coincides with the set of points
(5] with y = 4z + be=ad,
Put the line y = ma + b in the form v + span(w).

. Show that any two distinct affine planes in R? are parallel (i.e., are

translates of one another) if and only if they do not intersect.

. Generalize the preceding problem to appropriate affine subspaces of

R™.

. Show that any distance-preserving function f : R” — R™ is affine

and one-to-one.

. Show that if f : R® — R™ is affine and one-to-one, then n < m.

Show that the range of f is an affine subspace of dimension m.
Show that not every linear isomorphism 74 : R — R" is an isome-
try.

. We say X C R" is an affine set if (1 —t)z +ty € X for all x,y € X

and t € R.

(a) Show that if X C R" is an affine set containing 0, then X is a
linear subspace.

(b) Deduce that every affine set in R™ is an affine subspace.

. Let C C R™ be convex and let f : C' — R™ be affine. Show that

f(C) is a convex subset of R™.

Let C' C R™ be convex. Show that Int(C) is also convex.

Let C C R™ be convex. Let x € Int(C) and y € 9C. Show that
[z,y) C Int(C).

Show that the closed unit disk

D" = {z € R" : ||z|| < 1}

is convex.
Show that the open unit disk

Int(D") = {z € R" : ||z]| < 1}

is convex.
Show that the unit sphere

Sl ={z eR": ||z| =1}
is not convex.
Show that D" is the convex hull of S*~1,
Show that every face of I™ is the intersection of some collection of
(n — 1)-dimensional faces.
For a given x € 9I"™, describe the face containing x in its interior.
What are the edges of I"™? How many of them are there?
What are the edges of I"™ containing 0?7 Does each of the other
vertices lie in the same number of edges?
How many (n — 1)-dimensional faces of I" contain 07 Do you get
the same number for any other vertex?
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3. Groups

Group theory is valuable in understanding isometry, as Z,, the set if
isometries of R™, forms a group under composition. Other geometric ques-
tions may be solved by group theory as well.

3.1. Definition and examples.

Definition 3.1.1. A group, G, is a set together with a binary operation,
which we think of as multiplication. IL.e., for g,h € G the prduct gh € G.
The operation has the following properties.

(1) Multiplication is associative: (gh)k = g(hk) for all g, h,k € G.
(2) There is an identity element e for the multiplication: ge = eg = g
for all g € G.
(3) Each element g € G is invertible: there is an element h € G with
gh = hg =e.
If G is finite (i.e., if it has finitely many elements), we refer to the number
of elements in it, |G|, as its order.

Note that the multiplication is not assumed to be commutative, and it
will not be commutative in most of the groups of interest here. Note that the
definition of invertibility above is exactly the definition used for invertibility
of matrices.

Examples 3.1.2.

(1) Let X be a set. The permutation group 3(X) of X is the set of
all bijections, ¢ : X — X. It is a group under composition, as the
inverse function of a bijection is a bijection. The n-symmetric group
¥, is defined to be £({1,...,n}).

(2) The set Z,, of isometries of R™ is a group under composition. It is
immediate that the composition of isometries is an isometry. The
identity element is the identity map, id, of R™. Inverses exist by
Corollary 2.5.6.

(3) The set A, of affine automorphisms of R™ is also a group under
composition by Proposition 2.6.4. It contains Z,, as a subgroup (see
below).

(4) The set S, of all similarities of R™ is a group under composition by
Lemma 2.7.3 and Corollary 2.7.4.

(5) The set of n x n invertible matrices forms a group, denoted GL,,(R),
under matrix multiplication. The identity element is the identity
matrix I,,. That the product of invertible matrices is invertible is
shown by the proof of Lemma 3.1.3(2) below.

(6) Note that GL;(R) is the set of 1 x 1 matrices [s] with s a nonzero real
number. The product [s] - [t] = [st]. Thus, we may identify GL;(R)
with the group R* of nonzero real numbers under multiplication.

(7) R™ is a group under addition. So is any other vector space. Vec-
tor spaces are groups with additional structure, with the additional
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structure given by the scalar multiplication. We call the group struc-
ture here the “additive group” of the vector space.
(8) The integers, Z, form a group under addition.

From now on we will suppress the composition symbol and simply write
af for the composition of «a, 5 € Z,,.

Lemma 3.1.3. Let G be a group.
(1) Let g,h,k € G with hg = gk = e. Then h = k. Thus, inverses are
uﬁque, and we may write g~' for the unique element with gg~' =
(2) %orgh, k:eé G, (hk)™t =k~ 1hL.
Proof. For (1), if hg = gk = e, then
k = ek = (hg)k = h(gk) = he = h.
For (2), we simply multiply:
Eh bk =k"Y(h )k =ktek=k"k=e
hk -k 'ht =h(kk DAt =heh ' =hh7l =¢ O

We can now define higher powers of elements of G inductively: ¢" =
g-g" ! for n > 1, and define negative powers by ¢g~" = (¢")~! for n > 0.
Of course, ¢° = e and g' = ¢g. The following is tedious to prove, but true
(see [17]).

Lemma 3.1.4. Let G be a group and let g € G. Then for all m,n € Z,

(1) g™-g" =g,
(2) (g™)" =gm".

Remark 3.1.5. In a group such as R or Z whose group operation is written
additively, the k-th “power” of an element ¢ is

—_—
k times
when £ > 0. The Oth “power” is, of course, 0, while, if & < 0, the kth
“power” of g is the (additve) inverse of (—k)g, as defined above. Note that
if G = R or Z this notion of kg coincides with multiplication by the integer
k by the definition of multiplication in R.

The power laws of Lemma 3.1.4 then look like distributivity and associa-
tivity, respectively.

We will be very interested in studying subgroups of GL,(R) and Z,.
Definition 3.1.6. Let G be a group. A subgroup H C G is a nonempty

subset such that:

(1) H is closed under multiplication: for h,k € H, the product hk is in
H.
(2) H is closed under inverses: for h € H, h™' € H.
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A subgroup H C G is easily seen to be a group under the operation of G.

Examples 3.1.7. (1) Z, is a subgroup of the group S, of similarities
of R™, which is in turn a subgroup of A,.
(2) The set RP of positive real numbers under multiplication, is a sub-
group of the group R* of nonzero real numbers under multiplication.
(3) Write LZ,, for the linear isometries from R™ to R™ and write £,, for
the linear automorphisms of R™ (i.e., the isomorphisms from R” to
R™). Then we have inclusions of subgroups

LT, C 1,
(3.1.1) N N
L, C A,.

(4) The translations of R™ form a subgroup, 7,, C Z,:
Tn={m:xeR"}.

(5) The set of n x n invertible matrices with integer coefficients is not

a subgroup of GL,(R). For instance, if A = (1) ; , then A has

integer coefficients and is invertible, but the reader may easily verify

that
a1 =3
4 —{o ;]’

which does not have integer coefficients.

Thus, to obtain a subgroup, we define GL,(Z) to be the set of
matrices A € GL,(R) such that both A and A~! have integer coef-
ficients.

(6) Let G be a group and let ¢ € G. By Lemma 3.1.4, the set of all
powers of g form a subgroup (g) of G, called the cyclic subgroup
generated by g:

(9) ={9" :n e Z}.
Clearly, any subgroup H containing g must contain (g), so (g) is the
smallest subgroup containing g.

(7) For g1,...,gr € G, we write (g1,. .., gr) for the smallest subgroup of
G containing g1, ..., gx. This subgroup can be difficult to describe,
and we must be careful not to confuse this notation for that of the
inner product. We shall use a similar notation for “generators and
relations” below.

(8) For n > 0 in Z, (n) = {kn : k € Z} is the set of all multiples of n.
In particular, when n = 2, (2) is the set of all even integers.

Regarding Example (5) above, the following is an easy consequence of [17,
Corollary 10.3.6].

Proposition 3.1.8. A matriz A € GL,,(R) with integer coefficients lies in
GL,(Z) if and only if det A = +1.
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Since this is important in 2-dimensional geometry, we include a proof for
n = 2.

Proof of Proposition 3.1.8 for n = 2. Let A = [Z 2} € GLy(R). Then
1 d —b

3.1.2 Al =

( ) det A [—c a} ’

e.g., by Excercise 1 in Chapter 1. Thus, if det A = 41, then A~! has integer
coefficients.

Conversely, if A~! has integer coefficients, then det A~! is an integer (as
is det A). We have

1 = det(I3) = det(AA™1) = det Adet AL,
Thus, det A has a multiplicative inverse in Z, so det A = +1. ([

The case of n > 2 just replaces (3.1.2) with the formula A™! = 2424,
where A4 the adjoint matrix of A, is an integer matrix by determinant
theory.

Definition 3.1.9. A group G is cyclic if g = (g) for some g € G.

3.2. Orders of elements. Cyclic subgroups give important information
about the elements in a group. Some of that information is encoded in the
concept of order.

Definition 3.2.1. An integer k is called an exponent for an element g € G
if g = e. Of course, 0 is an exponent for every group element. We say g has
finite order if it has a positive exponent. In this case, we define the order
of g, written |g|, to be the smallest positive exponent of g, i.e., the smallest
positive integer g for which ¢~ = e.

If g does not have a positive exponent, we write |g| = oo.

Knowing the order of an element allows us to determine the structure of
the cyclic subgroup it generates.
Proposition 3.2.2. Let g € G have finite order, say |g| = n. Then:
(1) ¢* = ¢* if and only if k — £ = ng for some q € Z.°
(2) (g) has exactly n elements: e = ¢°, g',..., g" 1. Thus, |g| = |(g)|.
If |g| = oo, then the elements {gF : k € Z} are all distinct.

Proof. Let |g| =n. If k — ¢ = ngq, then k = ¢ + ng, so

9" =g =g (g") ! = g'e? = ¢,
as g" = e. Conversely, if ¢* = ¢* with k > ¢, then e = ¢g¥¢~¢ = ¢* . By
the standard division properties of integers, we may write k — £ = nqg + r

5In the language of number theory, this says k is congruent to £ mod n, written k =
£ mod n.
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with 0 < r < n (i.e., r is the remainder if we divide &k — ¢ by n). Then
e = gh=t = gnatr = (¢")9g" = e9g” = ¢". So r is an exponent of g. But n
is the smallest positive exponent of g and r < n. So r is not positive. Thus
r =0, and hence k — £ = nq.

(2) now follows from (1): if m € Z and if r is the remainder when we
divide m by n, then ¢ = ¢" by the argument given above (and yes, we can
do divisions with remainder even when m is negative), so

gme{gd":0<k<n}.

Moreover, these n elements are all distict, as if 0 < ¢ < k < n and if ¢¥ = ¢¢,

this would force n to divide k — ¢, which is impossible, as 0 < k — £ < n.
Finally, if |g| = oo and g* = ¢* with k& > £, then e = g*~*. Since g has no

positive exponents, k — £ is not positive, so k = £. O

Examples 3.2.3.
(1) Let 0 # x € R™. Then 7% = 74, # id, as kx # 0, so |7,| = oo in Z,.
(2) Let A= [{ '] € GLo(R). Then A% = —I5, A*> = —A and A* = I,
so A has order 4.

3.3. Conjugation and normality. The subgroup of translations intro-
duces a useful concept called normality. Translations do not commute with
general isometries, but we can compute their deviation from commuting in
an important sense. The key observation is the following.

Lemma 3.3.1. Let A be an invertible n x n matrixz and let x € R™. Then
(3.3.1) Tar, Ty = Tas.
Proof. For y € R",
Tar:Ti (y) = Tate(A™ y) = Ta(A ™y + )
= AA Y+ Az =y + Az = 74,(y). O
Thus, if B is a linear isometry of R and x € R, then
BreBt = T

But this extends immediately to the following:

Corollary 3.3.2. Let a € Z,, and x € R™. Write o = 7,8 with 8 a linear
isometry (and hence z = a(0)) Then

(3.3.2) aral = TB(x)
Phrased entirely in terms of «, this says
ara”t =1, forw=a(z) — a(0).
Proof. Since a~! = f717_,, we have
atyal = 1,887,

= TaTh(a) Tz
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= T24-B(x)—2

The same argument shows the following.

Corollary 3.3.3. Let f € A, and x € R". Write f = 1, 0 g with g a linear
isomorphism from R™ to itself (and hence z = f(0)). Then

(333) mefil = Ty(x)-

The operation we are looking at is called conjugation and detects devia-
tion from commuting.

Definition 3.3.4. Let z,g9 € G, where G is a group. The conjugate of g by

x is zgx~t.

Conjugation computes the deviation from commuting in the following
way. If xgz~! = h, then g = hz, so “pulling = past ¢’ replaces g by
h. Corollary 3.3.2 says every conjugate of a translation is a translation.
So if we pull an isometry past a translation, our translation is replaced by
a different, and computable translation. This is a very nice property and
can be used to describe the multiplication in Z, in full generality. Recall
from Theorem 2.5.3 that every isometry is a composite 7,5 with 3 a linear
isometry.

Proposition 3.3.5. Let x,y € R™ and let B, be linear isometries of R™.
Then

(3.3.4) T+ TyY = Tuyp(y)B7-
Here, B, as the composite of two linear isometries, is a linear isometry.
Proof. 7,53 -7,y = 7:(67,67")BY = TaTp() BY = Tats(5)57- g

Of course, exactly the same calculation holds for affine automorphisms,
and by the same proof. It is convenient here to use the fact that a linear
automorphism of R™ can be written uniquely in the form 7’4 for A € GL,(R).

Proposition 3.3.6. Let A, B € GL,(R) and z,y € R". Then
(3.3.5) ToTa - 7yTB = Tot ayTaB.
Definition 3.3.7. Let H be a subgroup of G.

(1) The conjugate of H by = € G is

cHr ' = {zha™' :h e H}
(2) We say H is normal in G, written H < G, if tHz~! = H for all
x € G.

Lemma 3.3.8.

(1) For H a subgroup of G and x € G, xHx™' is a subgroup of G.
(2) H <G if and only if xtha™ € H for allx € G and h € H.
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Proof. For (1), for h,k € H, we have
chr™t - zkx™! = zh(z " a)ke ™! = zhka ™!,
so xHx ™! is closed under multiplication. And
(zke™H ™= (@ H e = zh a7t
so tHxz ™! is closed under inverses.
For (2), suppose rhz~! € H for all z € G and h € H. Then
(3.3.6) cHr ' c H forall z €G.
But then
H=x(z 'Hx)a ™' c aHz™!
since 27! Hx C H by substituting ! for x in (3.3.6). SozHz~' = H. O
By Lemma 3.3.8(2) and Lemma 3.3.2, we obtain:
Proposition 3.3.9. 7, <Z,.

But in fact, Lemma 3.3.2 is stronger than this as it says exactly how 7T,
is normal.

3.4. Homomorphsims. In this book, our primary interest in groups is in
studying groups of symmetries of geometric figures. This fits into a frame-
work called “group actions,” meaning that the way the group acts on the
geometry and the figure is the primary focus of interest. In group theory
proper, one is often more interested in the relationships between different
groups. These relationships are often captured by the functions between
groups that preserve the group structure:

Definition 3.4.1. Let G and H be groups. A homomorphism f: G — H
is a function with the property that
flwy) = f(2)f(y) forallw,yecG.
The kernel, ker f, of f is
ker f = {x € G: f(z) = e},
the set of elements carried by f to the identity element of H.
Example 3.4.2. The determinant function gives rise to a homomorphism
det : GL,(R) — R*,
det(A) = det A. The point here is that a matrix A is invertible if and only
if its determinant is nonzero, i.e., det A is an element of the group R* of
nonzero real numbers under multiplication. This map is a homomorphism

because det(AB) = det A - det B for any two n X n matrices A and B.
The kernel of the determinant map is the group

(3.4.1) SL,(R) = {A € GL,(R) : det A = 1}.

It is called the n-th special linear group of R. We shall see that SLa(R) is
important in understanding the isometries of hyperbolic space.
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Recall that ¥,, = X({1,...,n}), the permutation group of {1,...,n}. The
following gives a very important example of a homomorphism.

Lemma 3.4.3. There is a homomorphism v, : ¥,, — GL(R) obtained by
setting

(3.4.2) () = [eo)l - - leom)];
the matriz whose i-th column is e, (;), where ey, ..., e, are the canonical basis

vectors of R™.
This homomorphism is one-to-one.

Proof. This is certainly one-to-one, as if 1,(0) = 1,(7), then e, = ey
for all ¢, hence (i) = 7(i) for all i and o = 7.
To see it is a homomorphism, we have

i (0)tn(T) = tn(0)[er)] - - - lerm)]
= [[,n(O') ' 6.,.(1)‘ s |Ln(0) : 6‘l'(n)]
= [eory)|- - - lea(r(n))];

where the last equality follows as, for any matrix A, Ae; is the j-th column
of A. The result follows as o7 is the composition of ¢ and 7. O

We shall study ¢, in greater detail later. But now is a good time to make
the following definition.

Definition 3.4.4. The n-th alternating group A, is the kernel of the com-
posite

S 4% GL, (R) 2% RX
ie., A, is the group of permutations o with the property that ¢,(o) has
determinant 1.°

We now develop some elementary theory about homomorphisms.

Lemma 3.4.5. Let f : G — H be a homomorphism of groups and let x € G.
Then f(x*) = (f(z))* for all k € Z.

Proof. For k = 0 this follows from z° = e and e - e = e. so that
fle) = fle-e)= f(e) fle).
Multiplying both sides by f(e)~! we get f(e) = e.

6There is a different definition of A,, intrinsic to studying permutation groups (see, e.g.,
[17, 11]). One shows that every permutation is a composite of transpositions: permutations
that interchange two indices and fix the rest. One then shows there is a homomorphism
sgn : X, — {£1} whose value on every transposition is —1 and defines A, to be the
kernel of sgn. That sgn is well-defined is an essential component in the development of
the determinant function, though there are approaches that work in the other direction.

We are not giving rigorous treatments of either determinant theory or permutation
groups in this text. We strongly encourage the reader to consult an upper level algebra
text such as [17] or [11] to learn the details.
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For k > 0, this follows by induction on k from the inductive definition of
powers and the homomorphism property. For k < 0 it follows from the fact
that zFz~% = e. and hence

e = f@@*a™") = f@M) F@™h) = F) (F@) 7
as —k > 0. Now multiply both sides by (f(x))* = ((f(z))~%)~! and the

result follows. O

Corollary 3.4.6. Let f : G — H be a homomorphism of groups. Then
ker f < G.

Proof. ker f is obviously closed under multiplication, and is closed under
inverses by Lemma 3.4.5, so ker f is a subgroup of G. For h € ker f and
x €@,

Flha) = F@)F(R) Y = f2) f()f ()™t = fe)ef () ) =e.
So xha™! € ker f. O

Example 3.4.7. A linear function f : V — W between vector spaces gives
a homomorphism between their additive groups.

A more interesting example comes from Theorem 2.5.3, shich shows that
each a € Z,, may be written uniquely as a composite a = 7,8 with 8 € L7,
(i.e., B : R™ — R" is a linear isometry).

Proposition 3.4.8. Define
w1, — LI,
as follows: if o = 7,8 with 5 € LI, set () = . Then 7 is a homomor-
phism whose kernel is T,,. Moreover, if j : LI, C I, is the inclusion, then
moj =1idgz, , the identity map of LL,, (i.e., for f € LIL,, w(5) = (). Thus,
T 18 onto.
In the language of group theory, this says that

1 T ——T, —— LT, —— 1
is a split extension, where i is the natural inclusion.
Proof. Let ay,as € Z,, with

a1 =Ty f1, Qo = Ty P2,
with 81,8y € LZ,,. Then
(3.4.3) oo = Ty, B17a, B2
= Ty 181 (2) 5152
by Proposition 3.3.5. Thus

(o) = B1fe = m(ar)m(a2),

so 7 is a homomorphism.
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Now, kerm = {7,0 : 8 = id} = T,. Finally, if 5 is a linear isometry, then
B = 108, and hence 7(5) = 3. O

Another useful example is the following. Recall that S,, the group of
similarities of R™ is defined to be the set of functions f : R™ — R™ such that
there exists 0 < s € R, such that

d(f(z), fly)) =s-d(z,y) forall x,y € R".

The real number s is called the scaling factor, scale(f), of f. Recall also
that the positive real numbers RP° form a group under multiplication (with
identity element 1). Finally, for s € RP°| we have a linear similarity

fs 2 R™ — R
given by ps(z) = sz for all x € R™, by (2.7.2).
Proposition 3.4.9. The scaling factor

scale : S,, — RP®®

is a surjective homomorphism with kernel I". Thus, T, < S,. Moreover,
there is a homomorphism o : RP*® — S, given by o(s) = ps. Since
scale(us) = s, scale o 0 = idgpes. In the language of group theory this says
that

] 1
157,58, 225 RPos 5 1

is a split extension, where © is the inclusion of I, in Sy,.

Proof. That scale is a homomorphism is immediate from Lemma 2.7.3.
Since isometries are similarities of scaling factor 1, Z,, is the kernel of scale.
Moreover, scale is surjective because scale o ¢ = idgpos. U

We have already studied the kernel of a linear function. Kernels of general
group homomorphisms are useful for the same reasons.

Lemma 3.4.10. Let f : G — H be a homomorphism and let z,y € G.
Then f(x) = f(y) if and only if 'y € ker f. Thus, f is one-to-one if and
only if ker f = {e}.

Proof.

f@)=fly) < e=fla) " fly)=fly)
& zlyekerf

Thus ker f = {e} implies f is one-to-one. But f(e) = e, so if f is one-to-one,
then no other element may be carried by f to e, and hence ker f = {e}. O

Two groups may be identified with one another if they are isomorphic:

Definition 3.4.11. An ismomorphism f : G — H of groups is a homomor-
phism that is one-to-one and onto. The inverse function f~' : H — G is
then easily seen to be a group homomorphism, and hence an isomorphism.
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We say that G and H are isomorphic if there is an isomorphism between
them. We write N
f:G—H
to indicate that f is an isomorphism from G to H.
A one-to-one homomorphism ¢ : G — K is called an embedding of groups.

The homomorphism ¢, : 3, — GL,(R) is an embedding. We also have
an interesting example of an isomorphism of groups.

Proposition 3.4.12. There is an isomorphism v : R™ — T, from the addi-
tive group R™ to the translation subgroup of Z,,, given by v(x) = 7.

Proof. 7,7, = 7pyy. O
We also have the following:

Example 3.4.13. There is an isomorphism 7' : GL,(R) — L, given by
T(A) = T4, the transformation induced by A. We will see below that this
restricts to an isomorphism 1" : O,, — LZ,, where O,, is the nth orthogonal
group, defined below.

The group RP° of positive real numbers under multiplication, is an old
friend.

Lemma 3.4.14. There is an isomorphsim exp : R — RP given by
exp(z) = e”.
Here R is the group of real numbers under addition.

Proof. exp is a homomorphism as e**¥ = e - ¢¥. It is a bijection whose
inverse function is the natural logarithm. O

Isomorphic groups have the same group structure. Every group theo-
retic property is preserved by an isomorphism. An important example of
isomorphism is the following.

Proposition 3.4.15. Let G be a group and let x € G. Define the conjuga-
tion by x, ¢y : G — G, by

cz(y) = xyxz L
Then ¢, is an isomorphism from G to itself. Moreover, if H is a subgroup
of G, then cy(H) = xHx ™", the conjugate subgroup of H by z. In fact,

¢t H—= xHz™ '

Thus, conjugate subgroups are isomorphic.

Proof. c,(y)c.(2) = vyrlzza~! = zyza~! = c,(y2), so ¢, is a homomor-

phism. But ¢,-1 is easily seen to provide an inverse function for ¢, so ¢, is
bijective.

Now zHz~! = ¢, (H) by definition, and the rest follows by restriction of
the properties above. [l

1
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In fact, two subgroups being conjugate is stronger than being isomorphic.
A very important example of homomorphisms is the following.

Proposition 3.4.16. Let G be a group and let ¢ € G. Then there is a
unique homomorphism

fg:Z—G
with fy(1) = g. Explicitly, f,(k) = g* for all k € Z.

The image of fg is (g9). If |g| = n < oo, then ker f; = (n), the cyclic
subgroup of Z generated by |g| = n. Otherwise ker f, = {0}, the identity
subgroup of Z, and hence f, is one-to-one. In consequence, if |g| = oo, fq
induces an isomorphsim

fa:Z S (g).

Proof. k € Z is the kth power of 1 in the (additve) group structure of Z,
so if f, : Z — G is a homomorphism with f,(1) = g, then f,(k) = g* by
Lemma 3.4.5. Conversely, if we define f, : Z — G by fq(k) = g*, then fgis
a homomorphism by the rules of exponents. By construction, the image of
g 1s {g).

The kernel of f; is the set of exponents of g, which, by Proposition 3.2.2(1)
is the set of multiples of |g| if |g| is finite. But if |g| is infinite, g has no
exponents other than 0, hence ker f; = {0}, then. O

3.5. A matrix model for isometries and affine maps. Much of this
material could have been presented in Chapter 2, but is easier to understand
with a little group theory.

Definition 3.5.1. Let A € GL,,(R) (i.e., A is an invertible n xn matrix with
coefficients in R) and let z € R™. We write M (A, x) for the (n+1) x (n+1)
block matrix

Alzx
(3.5.1) M(A,z) = [ BE ]
These assemble into an useful collection of matrics
A
(3.5.2) mn:{[ . ”13] :AEGLn(R),xeR"}.

Indeed, 2, is a subgroup of GL,1(R):

Lemma 3.5.2. The product of two elements of 2, is given as follows:
Alx Bly]l [AB|xz+Ay
o] e - e
The inverse of M(A,x) is given by
[A x]l_ 'A—l—A—la;}
011 ’

and hence 2, is closed under inverses.

(3.5.3)

(3.5.4)
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Proof. (3.5.3) is immediate from (1.4.6). (3.5.4) then follows by an easy
calculation. (]

This now allows us to establish an isomorphism between 2,, and the group
A, of affine automorphsims of R".

Proposition 3.5.3. There is an isomorphism ¢ : A, — A, given by
(3.5.5) O(M(A,x)) = 1,T4.

Proof. By Proposition 3.3.6 and (3.5.3), ¢ is a homomorphism. Since every
affine automorphism of R™ can be written uniquely in the form 7,74, ¢ is
bijective. O

Block multiplication also gives a nice model for the way an affine auto-
morphism acts on a vector in R”.

Lemma 3.5.4. Let A € M,(R) and v € R". Then for y € R", we have

o [ -

Thus, the action of the affine automorphism 1,74 on R™ can be read off
from the action of the block matriz M (A, x) on the affine subspace

Tenss (R™) C R
Here, we are identifying R™ with span(ey, ..., e,) C R,
Proof. This follows from Proposition 1.4.4. O

Let us consider this correspondence in the context of isometries. The
subgroup Z,, C A, consists of the composites 7,14 such that T4 is a linear
isometry. The n x n matrices A such that T4 is an isometry are called the
orthogonal matrices and form a subgroup O,, C GL,,(R). We will study O,,
in Chapter 4.

Definition 3.5.5. Define J,, C 2, by

A
(3.5.7) 3”:{[0 T]:Aeon,xeR"}.

Since O, is a subgroup of GL,(R), Lemma 3.5.2 shows J,, to be a subgroup
of 2,. Indeed, since (M (A,x)) is an isometry if and only if T4 is an
isometry, we have:

Proposition 3.5.6. J,, = ¢~ 1(Z,), and hence ¢ : 3, — T, is an isomor-
phism of groups. As before,

(3.5.8) @ <[ ‘(;1 916 D = 1214,

where A € O,, and x € R™.
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3.6. G-sets. We are concerned here on the ways that groups of symmetries
act on geometric objects. For instance, we wish to study how Z,, acts on R"
and how subgroups of Z,, act on subsets of R™. It is useful to develop some
language and basic results that cover a variety of cases.

Definition 3.6.1. Let GG be a group. A G-set X is a set together with a
function

(3.6.1) GxX — X
(3.6.2) (g,2) — gz
called the action of G on X, that satisfies:
(1) g(hz) = (gh)x for all g,h € G and z € X.
(2) ex =z for all z € X.

We will write g -z at times for gz to avoid ambiguity. We will write “G acts
on X via (3.6.2)” to say that X is a G-set with the specified action.

If X and Y are G-sets, a G-map (or G-equivariant map) f: X — Y is a
function f such that f(gz) = gf(x) for all g € G and =z € X.

In most cases of interest, we will want X to have a topology and want
the action to preserve the topology. This will be implicit in most of our
examples, but is discussed in detail in Section A.4. For the most part we
will work implicitly with regard to the topology.

Examples 3.6.2.
(1) Z,, acts on R™ via
(o, z) = a(x).

(2) If G acts on X and H is a subgroup of G, then the restriction of the
action map to H x X specifies an action of H on X: h-z = hz. In
particular, every subgroup of Z,, acts in this way on R™.

(3) If G acts on X and f: K — G is a group homomorphism, then K
acts on X via (k,z) — f(k)x.

There are two important concepts regarding G-actions: orbit and isotropy.

Definition 3.6.3. Let X be a G-set and let x € X. The isotropy subgroup
G, of X is

(3.6.3) Gy ={g9€G:gx =z},

the set of all elements of G that fix x. It is easily seen to be a subgroup of
G by properties (1) and (2) of Definition 3.6.1.
The orbit G - x is

(3.6.4) G-xz={gr:9€ G}

The isotropy subgroup expresses the redundancy in expressing the ele-
ments in the orbit:

(3.6.5) g1T = oxr & gglglm =z < g;lgl € G,.
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Different elements in an orbit can have different isotropy subgroups, but
they are conjugate.

Lemma 3.6.4. Let X be a G-set and let x € X and g € G. Then

(3.6.6) Gy = 9Grg™ .

Proof. Asin (3.6.5), gigz = gx if and only if g"'g1g € G.. Now conjugate

by g. O
A major theme here is the following:

Definition 3.6.5. Let X be a G-set and let Y C X. We say that g € G
preserves Y if g(Y) =Y, where ¢g(Y') is the image of Y under g¢:

9(Y)={g(y) 1y €Y}
We define the symmetries of Y under this action to be the subgroup
(3.6.7) 8¢(Y)={9€G:9(Y)=Y},
consisting of the elements of G that preserve Y.

Indeed, 8¢(Y) is the isotropy subgroup of Y under the obvious action of
G on the set of all subsets of X: the action in which g-Y = g(Y"). Given that
observation, the following is an immediate consequence of Lemma 3.6.4.

Corollary 3.6.6. Let X be a G-set and let Y C X. Then for any g € G,
we have

(3.6.8) 8a(g(Y)) = g8a(Y)g .
Another important concept regarding G-sets is that of fixed-points.

Definition 3.6.7. Let X be a G-set and let g € G. The fixed-point set of
X under g is

(3.6.9) X9={r e X :gx=uzx}.
For a subgroup H C G, the H-fixed-point set is
(3.6.10) XH ={reX:hx==xforall he H}.

Since the elements fixing a given = form a subgroup, we obtain:
(3.6.11) X9 =X,
A useful observation is the following.

Lemma 3.6.8. Let X be a G-set, H a subgroup of G, and g € G. Then

(3.6.12) g(XTy = x9H9™"
1

Similarly, g(X") = X9

Proof. The inclusion g(X#) c X9H97" is obvious. Conversely, ghg™ 'y =y
if and only if hg~ly = ¢ 1v. O
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3.7. Direct products. Let G1,...,G be groups. Then the Cartesian
product G7 X --- X GG} has a group structure given by coordinatewise mul-
tiplication:
(155 m) (Y1, Yk) = (T1Y15 -+, TRYE)-

We call this group structure the direct product of G, ..., Gy and denote it
simply by G X - -+ X G. As the reader may verify, it has the property that
a function f: H — G X --- X G is a group homomorphism if and only if
each of its coordinate functions f; : H — Gj is a group homomorphism.
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4. Linear isometries

We study the linear isometries from R™ to itself (i.e., the group of linear
automorphisms of R™.

4.1. Orthonormal bases and orthogonal matrices.

Definition 4.1.1.

(1) A unit vector u € R™ is a vector of norm 1: [jul| = 1.
(2) The set of all unit vectors in R” is the (n — 1)-sphere S*~!:

Sl = {u e R : |Jul = 1}.

(3) The vectors z,y € R™ are orthogonal if (x,y) = 0. In this case we

write ¢ 1 y.

(4) The vectors z1,...,z; € R™ form an orthogonal set if (z;,z;) =0
for all i # j and if z; # 0 for all 4.

(5) The vectors z1,...,z; € R form an orthonormal set if (x;,2;) =0

for all ¢ # j and each x; is a unit vector.
(6) The Kronecker delta, ¢;; is defined by the formula

0 ifi#j
dij = e
1 ifi=j.
Thus, z1,...,x; € R™ is an orthonormal set if and only if
(wi, ) = bij
for all 4, j.

The Kronecker delta is a very useful notation. For instance, the n x n
identity matrix I,, has 7jth coordinate d;;, hence

Lemma 4.1.2. Letx1,...,x, € R™ form an orthogonal set. Then x1,...,xy
are linearly independent.

Proof. Suppose ajz1 + - 4+ arzy = 0. Then
0= <xi,a1$1 R akxk) = a1<xi,m1> + -+ ak<xi,xk>
= a;{z;, 1),
as (xj, xj) = 0 for i # j. Since x; # 0, (x;, z;) # 0, hence a; = 0 for all . O
Thus, if x1, ..., x, is an orthonormal set in R™, it is a basis of R™. In gen-
eral, if V' C R" is a subspace, an orthonormal basis of V' is an orthonormal
set that spans V, and hence forms a basis for V. Orthonormal bases have a

number of applications. They are very easy to work with if we can calculate
the inner products of the vectors involved:
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Lemma 4.1.3. Let B = vy,...,v; be an orthonormal basis for a subspace
V CR"™ and let v e V. Then
(4.1.1) v = (v,v1)v1 + - + (U, V) V.
In particular,

(v,v1)
(4.1.2) wlp=|

(v, k)
Proof. Since v1,...,v; is a basis for V and v € V, we can find coefficients
ai,...,ar with v = ajv1 + - -+ + agvg. It suffices to show a; = (v, v;) for all
1. But

(v,v;) = (a1v1 + - - + apVE, Vi) = a1{vy, vi) + -+ + ag vk, v;)
= a;(vi, vi) = a;,
as (vj,v;) = 0;; for all j. O
We wish to find the matrices A that induce linear isometries. Orthogo-
nality is the key idea. We first investigate the relationship between orthog-

onality and the Pythagorean formula. The following is a special case of the
cosine law to be proven below.

Lemma 4.1.4. Let z,y € R™. Then
lz +yl* = <l + llylI* & =Ly
Proof.
lz +ylI* = @ +y, 2 +y) = (@, 2) + 2z, y) + (y,9).
The right-hand side is ||z|> + ||y||? if and only if (x,y) = 0. O

We may now characterize not only the linear isometries of R™, but more
generally the linear isometric embeddings of R™ into R™, i.e., the linear
functions T4 : R™ — R™ with d(Ta(z),Ta(y)) = d(z,y) for all z,y € R".
Here, A is an m X n matrix.

Theorem 4.1.5. Let A = [v1]...|vy] be m X n and let Ty be the linear
function induced by A. Then the following conditions are equivalent.

(1) Ta is an isometric embedding.

(2) ||Az|| = ||z|| for all x € R™.

(3) The columns, v1,...,v,, of A are an orthonormal set.
(4) (Ax, Ay) = (x,y) for all x,y € R™.

Proof. (1) = (2):
[Az]| = d(Az,0) = d(Ta(z), Ta(0)) = d(z,0) = [|].
(2) = (3): ||vi]| = ||Ae;|| = 1, so each v; is a unit vector. For i # j,
lv + vlI* = [|Ale + e)1* = llei + 1 = leall* + lle; 1 = loill* + [lug 1.
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The third equality is by Lemma 4.1.4, as e; and e; are orthogonal. (The
others are by (2) and linearity.) So v; and v; are orthogonal by Lemma 4.1.4.
(3) = (4): Let v = z1e1 + -+ zpne, and y = y1e1 + - - - + ypen. Then

(Az, Ay) = (A(z1e1 + - + Tnen), A(yre1 + - - + Ynen))
= Z -Tiyj <A€Z',A€j>

ij=1

n
= Z ;Y 0;j

ij=1

n
=1

(4) = (1):
d(Ta(x),Taly)) = Ay — Az| = [|A(y — z)|
= V(A(y — ), A(y — v))
=V ({y—z,y—x)=d(z,vy). O
Corollary 4.1.6. Let vy, ..., v, be an orthonormal set in R™ and a1, ..., a, €
R. Then,
(4.1.3) lar1vr + -+ + apvn|| = y/a2 + -+ + a2.
ai
Proof. Let A = [v1]...|vy]. Then ajv; + -+ +apv, = A | ¢ |. Now apply
Qn

the equivalence of (2) and (3) above.

Of course, the columns being orthonormal, and hence linearly indepen-
dent, implies n < m. We obtain a nice characterization of linear isometric
embeddings via transposes.

Definition 4.1.7. Let A = (a;;) be an m x n matrix. We write A” for the

transpose of A: the n x m matrix whose ¢jth entry is aj;. Thus, if v; is the

i-th column of A, then the ith row of AT is viT.
The following elementary result is useful.

Lemma 4.1.8. Let A be m xn and let B be n x k. Then (AB)T = BT AT

Proof. The ijth coordinate of (AB)” is the jith coordinate of AB:

n n
> ajebei = Y briajn.
k=1 k=1

This is dot product of the ith column of B with the transpose of the jth
row of A, and that’s exactly what we get from the ijth coordinate of BT AT
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(As the displayed equation hints, this lemma holds for matrices over any
commutative ring.) O

Transposes are useful in uncovering the relationship between the matrix
product and the dot product.

Lemma 4.1.9. Let A be m xn and let x € R™ and y € R™. Then
(4.1.4) (Az,y) = (x, ATy) = yT Az = 2T ATy,

In particular, if x,y € R™ and A = I,, we obtain the dot product of x and y
as the matriz product of the row matriz x* with y:

(4.1.5) (x,y) = zTy.

Proof. Each term in (4.1.4) expands to

Corollary 4.1.10. Let A be the m x n matrix whose ith row is the row

matriz w; fori=1,...,m and let B be the n X k whose jth column is the
column matriz vj for j =1,...,k. Then the ijth coordinate of AB is given
by

(AB)ij = (w]',vj).
Proof. By definition, (AB);; is the matrix product w;v;. Apply (4.1.5). O

Corollary 4.1.11. Let A = [v1]...|v,] be m x n. Then the ijth coordinate
of AT A is (vi,vj). Thus Ta is a linear isometric embedding if and only if
ATA=1,.

Proof. Since the transpose of the ith row of AT is just v;, the ijth entry of
AT Ais (v;, vj) by Corollary 4.1.10. So AT A = I, if and only if (v;, vj) = 0ij
for all 4, 5. O

Of course, if m = n, the columns form an orthonormal set if and only
if they form an orthonormal basis of R™. In this case, A is invertible, so
ATA =1, = AT = A~'. Of course, a linear isometric embedding from R"
to R™ is by definition a linear isometry. Summarizing the above information,
we obtain a characterization of the linear isometries of R”.

Theorem 4.1.12. Let A be n x n. Then the following conditions are equiv-

alent.
(1) Ty : R™ — R" is a linear isometry.
(2) The columns of A form an orthonormal basis of R™.
(3) (Az, Ay) = (z,y) for all z,y € R™.
(4) A is invertible with inverse AT.
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Definition 4.1.13. An n X n matrix A such that T4 is a linear isometric
embedding is called an orthogonal matrix. It is characterized by its columns
being an orthonormal basis of R™. We write O(n) for the set of n x n
orthogonal matrices.

Proposition 4.1.14. O(n) is a subgroup of GL,(R).
Proof. For A, B € O(n),
(AB)T =B"AT =B'A™' = (AB)™!,

so O(n) is closed under multiplication. Also, since AT = A=! AAT = I,.
But AAT = (AT)T AT so AT satisfies Theorem 4.1.12, and hence lies in
O(n). So O(n) is closed under inverses. O

That last observation gives:

Corollary 4.1.15. Let A € O(n). Then AT € O(n), hence the rows of A
form an orthonormal basis of R™.

Theorem 4.1.12 now gives:
Corollary 4.1.16. There is a group isomorphism
T:0(n) = LI,
from the orthogonal group to the group of linear isometries of R™, given by
T(A) =Ty.
For any n x n matrix A, det(A) = det(AT). We obtain the following.

Corollary 4.1.17. Let A € O(n) then det A = +1. We obtain a group
homomorphism

det : O(n) — {£1}.
Its kernel is
SO(n) ={A € O(n) : det A = 1},
a subgroup of O(n) called the n-th special orthogonal group.
Proof. Since I,, = AT A,
1 = det I,, = det(AT) det(A) = det(A)?,
so det A = +1. Kernels of homomorphisms are always subgroups. O

Recall the embedding ¢y, : 3, — GL,(R) of Lemma 3.4.3 given by
(416) Ln(O') = [60(1)| s |€o(n)]a

the matrix whose i-th column is e,(;). In particular, the columns of ¢, (o)
are obtained by permuting the columns of I,, and hence form an orthonor-
mal basis of R™. Thus, ¢,(0) is an orthogonal matrix, and we obtain the
following.
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Corollary 4.1.18. The embedding v, takes value in Oy, i.e., (4.1.6) gives
an embedding

Ly 2 Yp — Op.
In particular, det(t,(0)) = £1 for all o € %,,.

Definition 4.1.19. We write sgn : ¥,, — {£1} for the composite

S 4% O(n) 2% {+1},
Recall that a transposition is a permutation that interchanges two indices
and leaves all the others fixed.

Lemma 4.1.20. Let 7 € ¥, be a transposition. Then sgn(t) = —1. Thus
sgn : X, — {1} is onto. Its kernel is the alternating group A, defined in
Definition 3.4.4.

Proof. .,,(7) is obtained from the identity matrix by exchanging two columns.
So its determinant is —det I, = —1. O

Remark 4.1.21. Using group theoretic analysis, one can show there is a
unique homomorphism s : ¥, — {£1} taking each transposition to —1.
(See, e.g., [17, Proposition 3.5.8] for existence. Uniqueness follows becuase
the transpositions generate ¥, [17, Corollary 3.5.6]). By Lemma 4.1.20, that
unique homomorphism coincides with the definition we’ve given of sgn.

However, the existence and uniqueness of s are often used in the proof that
det(AB) = det Adet B. So care is needed to avoid circular arguments. The
reader is encouraged to read a careful development of the group theory and
determinant theory used here. The treatment of determinants, in particular,
is generally nonrigorous in elementary linear algebra courses.

Recall:

Definition 4.1.22. ¢ € R is an eigenvalue for the n x n matrix A if there
is a nonzero vector v with Av = cv. If ¢ is an eigenvalue, the eigenspace of
(A, c) is the set of all vectors v with Av = cv. The eigenspace is a subspace
of R™. Its elements are called eigenvectors of (A, c).

Lemma 4.1.23. Let ¢ be a real eigenvalue for the orthogonal matrix A.
Then ¢ = %1.

Proof. Let v be a nonzero eigenvector for A, c. Then
(v,v) = (Av, Av) = (cv, cv) = (v, v).
Since v # 0, (v,v) # 0, so ¢? = 1. O

Another characterization of eigenvalues is that they are the roots of the
characteristic polynomial chs(z) of A. We shall discuss this further below.
Here, we note that orthogonal matrices may have nonreal eigenvalues, i.e.,

nonreal roots of ch4(x). For instance [O ] has characteristic polynomial

1 0
22 + 1 and hence has eigenvalues =i.
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4.2. Gramm—Schmidt. Orthogonal matrices play a very important role
in both Euclidean and spherical geometry. Since the columns of an orthogo-
nal matrix form an orthonormal basis of R™ it will be worth our while to find
ways to produce orthonormal bases. One such method is called Gramm-—
Schmidt orthogonalization. It will be very useful in our study of spherical
geometry below.

Algorithm 4.2.1 (Gramm-Schmidt orthogonalization). Let vi,...,v; be
linearly independent in R™ We first give an inductive procedure to obtain

an orthogonal set wy,...,wy such that span(vy,...,v;) = span(wy,...,w;)
fori=1,...,k.

We then replace each w; with z; = ”g—j” obtaining an orthonormal set
Z1,..., 2 such that span(vy,...,v;) = span(z1,...,%) fori =1,... k. The
end result is called the Gramm—Schmidt orthogonalization of wvq,...,vg.
Note in particular that z1, . .., zx is an orthonormal basis for span(vy, . . ., vg).
In addition it respects the particular nest of subspaces span(v,...,v;) for
i=1,... .k

We give the procedure here and show in the proposition below that it
behaves as stated.

We define wy, . .., wg inductively. We first set w; = v1. Suppose now that
we have inductively found wi,...,w; for 1 <¢ < k — 1 such that:
(1) wi,...,w; is an orthogonal set.
(2) span(vi,...,v;) =span(wi,...,w;) for j =1,... 1.

We now give the procedure for finding w;41. We show in the proposition
below that (1) and (2) remain true with ¢ replaced by i + 1, and hence the
process may continue.

In particular, we set

<w1, Ui+1> <wi, Ui+1>

( ) 1+ 1+ <'LU1, w1> <’LU7;7 wl> 7

Proposition 4.2.2. The Gramm-Schmidt process works as stated: given
w1, ..., w; satisfying (1) and (2), and choosing w;+1 by the formula (4.2.1),
the resulting set wi, ..., wi+1 satisfies (1) and (2) with i replaced by i + 1.

Proof. Since wi,...,w; is an orthogonal set,
(wy,viy1)
(wj, wiv1) = (wy, vig1) — “wyiw;) (wj, wj) =0

for 1 < j < i by bilinearity and the fact that (w;,wy,) = 0 for j # m €
{1,...,i}. Tt suffices to show that span(vi,...,v;+1) = span(wi, ..., w;t1):
since v1, ..., v;+1 are linearly independent, this forces wy, ..., w;1+1 to be lin-
early independent, and hence w;4+1 # 0, making wy, ..., w;y+1 an orthogonal
set.

By the inductive assumption of (2), span(wsi,...,w;) = span(vi,...,v;).

By Lemma 1.5.5, span(ws, ..., w;, z) = span(vi,...,v;,z) for any vector .
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In particular,
(4.2.2) span(wi, ..., w;, Viy1) = span(vy, . .., Vit1).
By (4.2.1), w;11 € span(wy, . .., w;, vi+1), so Lemma 1.5.5 gives
span(wy, ..., w;+1) C span(vy, ..., V1)

But (4.2.1) also gives v;+1 € span(wy, ..., w;+1), which also includes vy, ..., v;
by induction. So

span(vy, ..., vi41) C span(wi, ..., wit1). O
Corollary 4.2.3. Every subspace W C R™ has an orthonormal basis.

Proof. Start with a basis v1,...,v; of W and apply the Gramm—Schmidt
process. The resulting set z1,..., 2, is orthonormal, and hence linearly in-
dependent. Its span is span(vy,...,v;) = W. [l

Remark 4.2.4. There is nothing sacred about restricting attention to R"
in the above. The Gramm-—Schmidt process works precisely as stated for
linearly independent vectors vq,...,v in any inner product space V' (Def-
inition 2.3.9). In particular, every finite-dimensional inner product space
admits an orthonormal basis.

4.3. Orthogonal complements. Lemma 4.1.3 has important applications
to both theoretical and practical questions. We shall use it repeatedly. We
shall now use it to study orthogonal complements, which are also important
for both theoretical and practical questions.

Definition 4.3.1. Let S C R™ be any subset. We write ST for the set of
vectors orthogonal to every element of S:

St ={veR": (v,s) =0 forall s e S}

By the bilinearity of the inner product, S is a subspace of R". We will
be particularly interested in V-, where V is a subspace of R™.

Definition 4.3.2. Let V be a subspace of R”. Then V' is called the
orthogonal complement of V.

Lemma 4.3.3. Let S = {v1,...,vx}. Then S+ is the orthogonal comple-

ment of span(vi,...,vx). In particular, if vi,...,v; is a basis for V, then
Vi = {v1,... ,vk}L, the set of vectors orthogonal to each of vy, ..., vk.
Proof. Since {v1,...,vx} C span(vy,...,vg),

span(vi, ..., v)" C {v1, ..., 0}t
The reverse inclusion follows from the bilinearity of the inner product: if a
vector is orthogonal to each of vy, ..., v, then it must be orthogonal to any
linear combination of vy, ..., vg. ([

The following algorithm is useful both theoretically and practically.
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Lemma 4.3.4. Let V be a subspace of R™ and let vy,. .., v be an orthonor-
mal basis for V' (obtained, for instance, by applying the Gram—Schmidt pro-
cess to an arbitrary basis of V' ). Eztend it to a basis vi,. .., Uk, Wgt1, ..., Wy
of R™ (e.g., by inductive application of Lemma 1.5.6(3)). Now apply the
Gram—Schmidt process to vy, ..., Vg, Wkt1,-- ., Wy, Tespecting the stated or-
der of the basis. Note this does not change the first k vectors, vy,...,vg, as
they are already orthonormal. We obtain an orthonormal basis vi,...,v, of
R™, where vy, ..., v is the original orthonormal basis of V.

Then under this procedure, Vi1, ...,v, is a basis for VL.

Proof. Let v € R™ By Lemma 4.1.3, we may write

v = (v,v1)v1 + -+ (v, Vp)Vp.
By Lemma 4.3.3, v € V1 if and only if (v,v;) = 0 for i = 1,...,k. Thus,
v e V1 if and only if v € span(vii1,...,v,). O

Corollary 4.3.5. Let V be a subspace of R™. Then dimV + dim V' = n.
Moreover (V4)+ =V.

Proof. For the last statement,

(V)" = {vrst, o}t
= span(vy,...,v) =V
by the proof given above. O
Corollary 4.3.6. Let V be a subspace of R™ Let vy, ...,v; be an orthonor-
mal basis of V and wy, ..., w; an orthonormal basis of V-. Then
Uly vy Uy W, - ..y WY

is an orthonormal basis of R™.

Proof. By the orthogonality of V and V*, vi,..., v, wi,...,w; is an or-
thonormal set. By Corollary 4.3.5, it has n elements. ([

Corollary 4.3.7. Let V' be a subspace of R™. Then each y € R™ may be
written uniquely in the form y =v+w withv € V and w € V. Indeed, if
V1,. ..,V 18 an orthonormal basis for V and wq, ..., w,_g is an orthonormal
basis for V* there are linear functions my : R" — V and 71 : R* — V+
given by
(431) Wv(y) - <y7 ’U1>U1 +-+ (yv ’Uk>’l)k,

myL(y) = (Y, wi)wi + - -+ + (Y, Wn— ) Wn—;,
called the orthogonal projections of R™ onto V' and V-, respectively, and
(4.3.2) y=myv(y) +myi(y) forallyeR".

These projections are independent of the choices of orthonormal bases for V.
and V+ and satisfy
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(4.3.4) mylys =0 myly = 0.

In consequence, we have

(4.3.5) Imzmy =V Immy. =V+
(4.3.6) kermy = V+ kermyyr = V.
Finally,

(4.3.7) Ty Oy = Ty Ty L OTyL = TyL.

Proof. The mapsin (4.3.1) are linear by the bilinearity of the inner product.
(4.3.3) is immediate from Lemma 4.1.3, and Corollary 4.3.6 gives (4.3.2).
This gives the desired decomposition y = v +w with v € V and w € V1.

(4.3.4) follows since (v;,w;) =0 fori=1,...,kand j =1,...,n—k.
This in turn gives the uniqueness of the decomposition y = v+ w as follows:
let y = v+ w with v € V and w € V. Then

(4.3.8) v (y) = my(v) + 7y (w) =v+ 0 = v,

as my restricts to the identity on V and the zero map on V. Similarly,
my 1 (y) = w. This shows both the uniqueness of the decomposition y = v+w
and the independence of the projection maps from the choices of bases. The
remaining results follow from this, also. O

Corollary 4.3.7 can be partially restated in terms of direct sum decompo-
sition.

Corollary 4.3.8. Let V' be a subspace of R™. Then there are inverse iso-
morphisms

L:V@VLiR", t(v,w) = v+ w,
m:R" i>VEBVJ‘, m(y) = (mv(y), Ty L (y)).

Proof. Corollary 4.3.7 shows tom = idgn. And (4.3.8) and its analogue for
my L show that mo v =idy gy 1. g

In studying linear isometries, orthogonal complements are extremely im-
portant. A key idea in linear algebra is invariant subspaces.

Definition 4.3.9. Let A be an nxn matrix. An invariant subspace of A (or
of T4) is a subspace V' C R" such that Av € V forallv € V,ie., T4(V) C V.
To save words, we will simply say V' is A-invariant (or T4-invariant).

The simplest example of invariant subspaces comes from eigenvectors.

Lemma 4.3.10. A one-dimensional subspace span(v) is A-invariant if and
only if v is an eigenvector for (A, c) for some c.

Proof. span(v) is one-dimensional if and only if v # 0. Since A - av = aAv,
span(v) is A-invariant if and only if Av € span(v), i.e., if and only if Av = cv
for some ¢ € R. O
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More generally, of course, the eigenspace of (A, c) is A-invariant for any
eigenvalue ¢ of A. Lemma 4.3.10 can be used to find additional invariant
subspaces if A is orthogonal. We shall make use of this in studying O(3),
below.

Lemma 4.3.11. Let V be an invariant subspace for an orthogonal matriz
A. Then V* is A-invariant as well.

Proof. We first show that A(V) =V, i.e., that the restriction of T4 to V/
carries V onto V. To see this, let vy1,...,v; be an orthonormal basis of V.
Then Avq,..., Avy is an orthonormal set contained in V', and hence a basis
for V, as dimV = k. So the range of the restriction of Ty to V is V.
This implies that for v € V, A~lv € V, so V is A~ !-invariant as well.
Let w € V+. We wish to show Aw € V1 as well. Recall that A~! is
orthogonal. Thus, for v € V,

(v, Aw) = (A7 v, A7t Aw) = (A7 v, w) = 0,
aswe VEtand A v e V. O

4.4. Applications to rank. The notion of orthogonal complement is use-
ful in studying nonorthogonal matrices as well. Recall the following.

Definition 4.4.1. Let A be m x n. Then kerTy = {x € R" : Az = 0} is
called the null space of A, and may be denoted N(A).

Note that by Corollary 4.1.10, x € N(A) if and only if x is orthogonal to
every column of A”. We obtain the following.

Lemma 4.4.2. Let A be m x n, then N(A) is the orthogonal complement
of the span of the columns of AT. Since the columns span the range of AT
we get

(4.4.1) N(A) = AT(R™)*,
Thus, dim N(A) = n — rank(A”), and hence rank A = rank(A7T).

In particular, this gives us an algorithm for finding a basis for {vy, ..., v }*+
for vi,..., v € R™: set A = [v1]...|vx] and then use Gauss elimination to
find a basis for N(AT) = A(R*)*, since (AT)T = A.

Since the rank of A is the dimension of the span of its columns, rank A
is the maximal number of linearly independent columns of A. Let A =
[v1,...,vp] and r = rank A. Suppose that v;,,...,v;. are linearly indepen-
dent and let B = [v;,]...|v;,]. Then r = rank B = rank(B”) so BT has
r linearly independent columns, hence B has r linearly independent rows.
Let C be the r x r matrix obtained from B by restricting to those r lin-
early independent rows. Then C” has rank 7, hence so does C, hence C is
invertible. In particular det C' # 0. We obtain:
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Corollary 4.4.3. Let A be m x n with r = rank A. Then we can throw
away some of the rows and columns of A to obtain an invertible r x r matriz.
Conversely, if A has such an r X r invertible submatrixz, then rank A > r.
Thus, rank A is the largest number r such that A has an invertible r X r
submatriz obtained by throwing away some of the rows and columns of A.

Proof. We prove the converse. If A has such a submatrix, C, and if B is
obtained from A by deleting the columns but not the rows, then B is an
m X r matrix r of whose rows are linearly independent. So rank B = r, and
and the columns of B are linearly independent. So A has at least r linearly
independent columns and rank A > r. O

4.5. Invariant subspaces for linear isometries. For simplicity, we work
for the moment in R™, though the result generalizes to an arbitrary finite-
dimensional inner product space.

Proposition 4.5.1. Let f : R® — R" be a linear isometry and let V' be
an f-invariant subspace. Then V' is f-invariant by Lemma 4.3.11. Let
B' =wvy,...,v be an orthonormal basis for V and let B” = w1, ..., w,_} be
an orthonormal basis for VX, Let B = vy,..., U5, W1, ..., Wn_p, a basis of
R"™ by Corollary 4.3.6. Then

[ UWe| O
U6 = =70 Tvale

hence det[f]g = det[f|v]p det[f|yL]p".

Proof. Simply apply the proof of Lemma 1.8.18, noting in this case that
X =0, as V1 is f-invariant. O

Proposition 4.5.2. Let f : R — R" be linear and let B = vy, ...,v, be an
orthonormal basis of R™. Then f is a linear isometry if and only if [f]p is
orthogonal.

Proof. We already know f is an isometry if and only if [f] = [f]s is or-
thogonal. But if B is orthonormal, then [I]g¢g = [v1]...|vy] is orthogonal.
(£l = ]eplf]eIles. Since O(n) is a subgroup of GL(n,R), [f]¢ is orthog-
onal if and only if [f]z is orthogonal. O

We can generalize this to inner product spaces, and in process give a
different proof of Proposition 4.5.2. The point is that an inner product
space V has a norm and distance coming from the inner product in exactly
the same way the norm and distance come from the inner product in R™:
|lv]] = +/(v,v) and d(v, w) = ||[v —w]|. The properties of the Euclidean norm
and distance immediately generalize to this context, and Theorem 4.1.5
generalizes to the following.

Theorem 4.5.3. Let V and W be inner product spaces. Let vi,...,v, be
an orthonormal basis of V and let w1, ..., w, be arbitrary. Let f:V — W



A COURSE IN LOW-DIMENSIONAL GEOMETRY 111

be the unique linear function with f(v;) = w; for i = 1,...,n. Then the
following conditions are equivalent:

(1) f is an isometry, i.e., d(f(v), f(v")) = d(v,v") for allv,v' € V.

(2) lf )] = llv]l for all v e V.

(3) wi,...,wy is an orthonormal set.

(4) (f(v), f(v')) = (v, ) for all v,v" € V.
Proof. The proof of Theorem 4.1.5 generalizes word for word. (]
Corollary 4.5.4. Let B =vy,...,v, be an orthonormal basis for the inner

product space V and let f:V — V be linear. Then f is an isometry if and
only if [f]p is orthogonal.

Proof. Let &5 : R™ — V be the isomorphism induced by B. Then &3
and q)gl are isometries by Theorem 4.5.3. Thus, if f is an isometry, so is

T= @gl o f o®g, hence the matrix of 7" is orthogonal. But the matrix of T’
is [f]B-

The converse follows similarly, as if 7" is an isometry, so is
f=®g0Todg". O
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5. Isometries of R?

5.1. Reflections. Orthonormal basis is the key idea needed to understand
reflections. We may reflect across a line in R?, a plane in R3, etc. In this
section, we study reflections across lines in R2.

Let ¢ = x + span(y) be a line in R™. Then span(y) is a line through the
origin. As such, it contains exactly two unit vectors, v = ”—ZH and —v. These

may be thought of as giving orientations to span(y) = span(v), as
span(v) = {tv : t € R}

gives a parametrization of span(v) in which v appears on the positive side of
0 and —v on the negative. These positions reverse if we parametrize span(v)
as {t(—v) : t € R}. Formally:

Definition 5.1.1. An orientation for a line ¢ = z+span(y) in R" is a choice
of unit vector v € span(y), i.e., a unit vector parallel to /.

So every line has exactly two orientations. An orientation of a line may
be thought of as a choice of orthonormal basis for span(y). The same idea
may be used to orient a plane in R”, except we must then use an equivalence
class of orthonormal bases. We will discuss this later. The following trick
is useful for extending an orthonormal basis of span(y) to an orthonormal
basis of the plane.

Definition 5.1.2. For y = [J1] € R?, write y* = [ %2].
This does not conflict with the notation {y}+ = span(y)=*
certainly related:

, and they are

Lemma 5.1.3. Fory # 0, y and y* are orthogonal, and

span(y™) = span(y)*,
the orthogonal complement of span(y). Also, ||y|| = |ly*| and the slope of

span(yt) is -, the negative reciprocal of the slope of span(y).

Y2
Proof. y' is nonzero and orthogonal to y. so span(y~) is a 1-dimensional
subspace of {y}* = span(y)*t, which, by Corollary 4.3.5 is 1-dimensional.

The rest is straightforward. ([l
Note that if v = HZ—”, then vt = ﬁ gives one of the two orientations for
span(y~). In particular, we have the following.

Corollary 5.1.4. For any unit vector v € R? there are exactly two unit
vectors orthogonal to it: +v't. Thus, there are exactly two orthonormal

bases whose first vector is v: v,v’ and v, —vt.

Back to lines, we can make the following definition.

Definition 5.1.5. Let £ = z + span(y) be a line in R?. A unit normal N
for ¢ is a unit vector N with span(N) = span(y)=.
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Corollary 5.1.4 gives the following.
Corollary 5.1.6. A line { = z+span(y) in R? has exactly two unit normals:
+ot, withv = HZ—” Moreover, for either choice of unit normal N, B =v, N

is an orthonormal basis of R2.
We can use these orthonormal bases to obtain a grid based on the line /.

Theorem 5.1.7. Let { = x + span(v) be a line in R? with v a unit vector.
Let N be a unit normal for £. Then every y € R? may be written uniquely
as the sum

y=(x+sv) +tN
of a point x+sv € £ and a point tN € span(N) = span(v)*. The coordinates
s and t are affine functions R? — R:

(5.1.1) s(y) =y —z,v)
t(y) = (y — =, N).

Moreover, the value t(y) is independent of the choice of x € ¢ (but s(y) is
not).

Proof. If x = 0 this is just a restatement of Lemma 4.1.3. If z # 0, then
0 € 7_»(¢) = span(v), and we get

T—z(y) = <T—:v(y)7 U>U + <T—:v(y)7 N>N
So

Y= Tszz(y) =T+ (T,w(y),vﬁ) + <7-fa:(y)7 N>N
=1z + sv+tN,

with s = s(y) and t = t(y) as in (5.1.1), as 75(y) = y — x. Unique-
ness of s and ¢ follow from the uniqueness of coefficients after applying 7,
(Lemma 4.1.3). s and ¢ are affine as each is the composite of a linear function
and a translation.

To see that t is independent of the choice of x, note that any other point
z € £ has the form z = z + cv for some ¢ € R, and hence

<y—z,N>:<y—x—cv,N>:<y—x,N>—c<v,N>:<y—x,N>,
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as (v, N) =0. O
This allows us to define the reflection of R2 across /.

Definition 5.1.8. Let ¢ = z + span(v) be a line in R? with v a unit vector.
Let N be a unit normal for . The reflection, o, of R? across ¢ takes
y = (z+ sv) +tN to (z + sv) — tN. Thus,

(5.1.2) ou(y) =y —2t(y)N =y — 2(y — =, N)N,

with ¢(y) = (y — x, N) as studied in Theorem 5.1.7.
The formula (5.1.2) (and therefore the function oy) is independent of the
choice of unit normal: the only other choice would be —N, and

<y_$7_N>(_N):<y_x7N>N

by the bilinearity of the inner product.
We call £ the axis of oy and call o, the reflection with axis /.

(5.1.3) y

ao(y)

The following is immediate from the definition. A function whose square
is the identity is called an involution.

Lemma 5.1.9. o400, = id, so reflections are involutions.
Reflections give us a new family of isometries.
Proposition 5.1.10. Let £ be a line in R?. Then oy is an isometry.

Proof. Let { = w + span(v) with v a unit vector and and N a unit normal.
Let x,y € R?. Then,

r=w+ (x —w,v)v+ (x —w,N)N,
y=w+ (y —w,v)v+ (y —w, N)N.
So
G4  dlo@).ol) = [(w+ g —w,o)o — (g w, N)N)
— (w+ (z — w,v)v — (x — w, N)N)||
— 1 (fy = w,0) — (o — w,0))v
~ ({y—w,N) — (& — w, N))N]|
= {y = z,v)v — (y — 2, N)N||.
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Because v, N is an orthonormal basis, ||av+bN|| = va? + b? for any a,b € R
(Corollary 4.1.6). In particular, the last line of (5.1.4) is equal to

||<y - :L‘,’U)U + <y - $7N>NH7
which is just ||y — z| by Lemma 4.1.3. O

We now have two infinite families of isometries of R?: translations and
reflections. These two families differ in two important ways. First, transla-
tions preserve orientation of the plane (to be discussed below) and reflections
reverse it. Second, translations have no fixed-points and reflections do have
fixed-points.

Definition 5.1.11. Let o : X — X be a function. The fixed-point set, X<,
of a is

X*={zr e X :a(x) =1z}
We leave it to the reader to show (R™)™ = () for all 0 # z € R™.
Lemma 5.1.12. Let ¢ be a line in R%. Then
(R*)7 = ¢,
i.e., the fixed-point set of oy is precisely £.

Proof. Let ¢ = x + span(v) with v a unit vector. Let N be a unit normal
for ¢. From the definition of oy we see 0y(y) = y if and only if (y —z, N) =0,
and this holds if and only if y —z € span(v) = {N}+. But that is equivalent
to saying y € /. O

The output of Theorem 5.1.7 is useful as it shows that the complement
of ¢ in R? is the union of two convex pieces.

Corollary 5.1.13. Let £ = x +span(v) be a line in R? with v a unit vector
and N a unit normal. Let

¢ = (z,N).
Then
(5.1.5) (={yecR®: (yyN)=c}={yeR*: (y —2,N) =0}

Define the positive and negative parts with respect to N of the complement

of £ to be
(R? =0T ={yeR?: (y,N) >c} ={y € R*: (y —z,N) > 0}
R2—¢0)" ={yeR?: (y,N)<c} ={yeR?: (y —z,N) < 0}.
In particular, these depend on the orientation of span(v)t given by N.
Then each of these parts is convex, and their union is R?> — ¢, the com-
plement of £ in R?. If y and z are in different parts, the line segment from

y to z intersects L.
Finally, the reflection o, interchanges these two pieces.
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Proof. To establish (5.1.5), note that

(x +tv,N) = (x,N) +t{v,N) = (xz,N) = ¢,
as v is orthogonal to N. Moreover, if (y —x, N) = 0, then y —z is orthogonal
to N, and hence lies in span(v).

The rest is immediate from Theorem 5.1.7, as ¢t : R? — R is affine. The
last sentence follows as o, changes the sign of ¢. ([

The following will prove useful.

Lemma 5.1.14. Let ¢ be a line in R? and let m = 7,(¢) for x € R%. Then
Om = T00T—g.

Proof. This is equivalent to showing 0,7, = 7,00. Let £ = z 4 span(v)
with v a unit vector. Then m = 7,(z) + span(v), so the two lines have the
same unit normal, N = v'. Let y € R? and write

y=2z+4 sv+tN.
Then

OmTz(Y) = om(72(2) + sv + tN)
=T1.(2) + sv —tN
=z+ (z+sv—tN)
= Tz(00(y))- -

We now introduce the classical Euclidean notion of dropping a perpen-
dicular.

Definition 5.1.15. The lines { = z + span(y) and m = z + span(w) are
perpendicular (written ¢ L m) if y and w are orthogonal, i.e., if span(w) =
span(y’). We say a nonzero vector z is perpendicular to £ (z L ¢) if z is
orthogonal to y.

Corollary 5.1.16. For any line { = = + span(y) and any z € R? there is a
unique line through z perpendicular to £: the line z + span(y™’).

This allows us to define the perpendicular bisector of a line segment.

Definition 5.1.17. Let # # y € R2. The perpendicular bisector of the
segment 7y is the line z +span((y — 2)*) with 2 = X, the midpoint of the
line segment zy.

This is perpendicular to Tﬁ by Corollary 2.1.8 and bisects Ty as it passes
through the midpoint.

Proposition 5.1.18. Let ¢ be a line in R? and let y & . Then { is the
perpendicular bisector of yoy(y).

Conversely if x # y € R? and if £ is the perpendicular bisector of Ty, then
op exchanges x and y.
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Proof. Let ¢ = w + span(v) with v a unit vector. Let N be a unit normal
for £ and let y & £. Then
y:w+<y—w,v)v+<y—w,N>N,
so the midpoint, z, of yo(y) is given by

Yyt oy
T
which lies in ¢. In particular, ¢ = z + span(v). Moreover,
y—ou(y) =2{y —w, N)N,

is a multiple of v, and hence £ is the perpendicular bisector

:w+<y—w,v)v,

s0 (y — ou(y))*

of yoy(y), as claimed.

Conversely, let  # y € R?, let z = ITW and let v be a unit vector
orthogonal to y — x, so that £ = z + span(v) is the perpendicular bisector of
Ty. Say N = £==.. Then

ly—afl*
xr=2z—1tN
y=z+1tN
where ¢t = @ So gy does exchange x and y. ]

There is an important relationship between reflections and translations:
the product of two reflections through parallel lines is a translation, and
every translation can be obtained that way. Let us first define the directed
distance between two parallel lines. Recall that two lines £ and m are parallel
if they are translations of the same line through the origin.

Definition 5.1.19. Let ¢ = z + span(v) and m = y + span(v) be parallel
lines in R2. The directed distance from ¢ to m is the vector obtained as
follows: let n be any line perpendicular to ¢ (and hence also to m). Then
the directed distance from ¢ to m is nNm —n N ¥, i.e., the vector whose
initial point is n N ¢ and whose endpoint is n N m.

Proposition 5.1.20. Let ¢ || m. Then the directed distance from £ to m
is the unique vector w L ¢ such that m = 1,(¢). In particular, the directed
distance is independent of the choice of the line n perpendicular to £.

Proof. Let n L ¢ and let z =nN¥{. Since x € ¢, £ = x 4 span(v) for a unit
vector v || £. Since © € nand n L ¢, n = x + span(N), where N is a unit
normal for ¢. In particular, n "'m = x + tN for some t. So

nNm-—nNl=(x+tN)—z=tN
is perpendicular to ¢, and
v (0) = v (2 + span(v)) = (z + tN) + span(v) = m,

as ¢ +tN € m.
For the uniqueness, if w 1 ¢, then w = ulN for some u. With n and x as
above, 7,(¢) = (z4+uN)+span(v). If this is equal to m = (x+¢N)+span(v),
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then (z+tN)—(z+uN) € span(v), i.e., (t—u)N € span(v). Since (v, N) =0,
t —u = 0, and uniqueness is achieved. ([l

A perhaps simpler geometric argument for the independence part of the
above is as follows:

Second proof that the directed distance between parallel lines is
independent of the choice of the perpendicular n. Write

¢ =x+span(v) and m =y + span(v)

with v a unit vector. Let N be a unit normal for ¢ (and hence for m). Let
n L ¢ and let w =mnN¢. Then n = w + span(N).

We have an alternative perpendicular to ¢ given by n’ = x +span(N). By
the prescription above, it suffices to show that

(5.1.6) nOm—w=n"Nm-—x.

Since w € ¢, we may write w = x + sv for some s € R. We may and shall
assume s # 0. In particular, w = 74, (z). By (5.1.6), it suffices to show
nNm=n"Nm+ sv=Ts(n Nm).

Since sv || m, Tsy(m) = m by Proposition 2.1.14, so 7s,(n’ N'm) € m. So
Tsu(n Nm) = 74, (n') N m. But

Tso(n') = (z + sv) + span(N) = w + span(N) = n,
and the result follows. O

We can now compute the composition of two reflections in parallel lines.

Proposition 5.1.21. Let £ and m be parallel lines in R%. Then o,00 is
the translation by twice the directed distance from £ to m. In particular, if
v L€ and m = 7,({), then 0,00 = Toy.
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Proof. We may assume £ # m, as we already know reflections are involu-
tions. Write £ = = + span(v) with v a unit vector. Let N be a unit normal
for ¢. Let n = x + span(N) and let y = nN'm. Then m = y + span(v) and
it suffices to show

(5.1.7) Om0e = To(y—z)-
Let z € R% Then
omoe(z) = om(z —2(z —x, N)N)

=z—2(z—2,N)N —2(z —2(z — 2, N)N —y, N)N
=z—2(z—2,N)N —2(z —y, N)N +4(z —x, N)(N,N)N
— 2425 —2) — (2 —y), NN
=z+2(y—z,N)N.

Since y € n = x + span(N), y — x = ¢N for some ¢, hence

(y—x,N)N = (¢cN,N)N = c¢(N,N)N =¢cN =y —z,
so (5.1.7) follows. O

Corollary 5.1.22. Let 0 # w € R2. Let ¢ be any line perpendicular to
w, say £ = x + span(wt). Let m = Te(l) = (z+3) + span(wt) and let
n=r1_u(l)=(x-3)+ span(w'). Then

Tw — Om0Oy¢ = Op0p.

The characterization of line segments in terms of distance given in Propo-
sition 2.3.8 has been of considerable help in understanding isometries. We
have a similarly useful characterization of perpendicular bisectors in terms
of distance.

Proposition 5.1.23. Let x # y € R? and let £ be the perpendicular bisector
of Ty. Then

(5.1.8) (={zcR?*:d(z,2) =d(y,2)}.
Proof. One direction is easy: if z € £, then
d(z,z) = d(op(z),00(2)) (o is an isometry)
= d(y, ),

by Proposition 5.1.18 and Lemma 5.1.12.

Thus, suppose z € R? with d(x,z) = d(y,z). Suppose, by contradiction
that z ¢ ¢. By construction, x and y are on opposite sides of ¢ under
the decomposition of Corollary 5.1.13. Say z and z are in (R? — ¢) and
y € (R? —¢)~. By Corollary 5.1.13, the line segment Tz is contained in
(R? — ¢)*, while 7z crosses £. Say 7z N/ = w.

d(z,z) =d(y, 2) (by assumption)
=d(y,w) + d(w, z) (Proposition 2.3.8)
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ay(2)

= d(oe(y), o¢(w)) + d(w, 2) (reflections are isometries)
=d(z,w) + d(w, z),
as oy exchanges x and y, and w lies on ¢, the fixed-point set of o,. But

now Proposition 2.3.8 forces w to be on xz, contradicting that Tz doesn’t
intersect £. So z € £ as claimed. O

The following is now useful for congruence proofs such as the side-side-side
theorem.

Corollary 5.1.24. Letx # y € R? and let z # w € R? with d(x, z) = d(y, z)
and d(xz,w) = d(y,w). Let £ be the unique line containing z and w. Then ¢
is the perpendicular bisector of Tg and hence oy interchanges x and y.

And here is an illustration of its use in Euclidean geometry. We shall not
discuss angle measure until Section 5.4. All we need for the discussion here is
that unsigned angle measure is preserved by isometries (Proposition 5.4.9).

Proposition 5.1.25 (Pons asinorum). Let AABC be a triangle with two
sides of equal length. Say d(A, B) = d(A,C).

A

Then the angles opposite these two sides have equal (unsigned) measure.

Proof. Note that by Lemma 2.4.3, isometries preserve line segments, so if
« is an isometry, then a(AABC) = Aa(A)a(B)a(C). So our notion of
congruence via isometries is compatible with Euclidean geometry.

Let M be the midpoint of BC. Then

1

—d(B, ().

Jd(B,0)

So M lies on the perpendicular bisector of BC (in fact, it lies there by
definition of the perpendicular bisector). Since d(A, B) = d(A,C), A also

d(M,B) = d(M,C) =
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lies on the perpendicular bisector. So the unique line £ containing A and M
is the perpendicular bisector. So o, interchanges B and C.

Since A € ¢, o4 fixes A. Since oy is an isometry, it gives a congruence
from AABC to itself that fixes A and exchanges B and C'. So it exchanges
the angles ZABC and ZACB. We shall show in Proposition 5.4.9, that
isometries preserve angle measure. So ZABC and ZACB have the same
measure. O

5.2. Trigonometric functions. We develop the basic properties of trig
functions here as they are essential to studying the linear isometries of R2.

A key property of the trigonometric functions is the following, which is
often presented as some form of revealed truth. We shall derive it here,
along with the other important trig identities. Unless otherwise stated, all
angle measures in this book will be in radians.

Theorem 5.2.1. Let 0, € R. Then

(5.2.1) cos(0 4+ ¢) = cos 6 cos ¢ — sin O sin ¢
(5.2.2) sin( 4+ ¢) = cos 0 sin ¢ + sin 0 cos ¢.

To prove this we will exploit the relationship between the trig functions
and complex exponentials. So we shall assume some basic material on real
and complex power series. The reader is welcome to skip this section and
simply apply the above theorem at will.

First, we define the sine and cosine functions by their Taylor series. We
will then derive their other properties from this definition.

Definition 5.2.2. For z € R,

0 2k

COoS(T) = —1)k x
=2 G
o :Z:2k+1
Sln(ﬂf) = kzo(_l)k@kw

By the ratio test, the radius of convergence for these series is oo, and
therefore we can differentiate them term by term on all of R:

Lemma 5.2.3. % cosr = —sinz and % sinx = cosx.

We now make the connection to the complex exponential. Complex num-
bers have the form z = x + iy with z,y € R and may be identified with
the points (z,y) of the plane. There is an important relationship between
complex numbers and polar coordinates we will describe below. Write C for
the complex numbers. We define functions Re : C - R and Im : C — R
by Re(x + iy) = = and Im(z + iy) = y for z,y € R. Thus, Re and Im
correspond to the coordinate projections of R? onto R. We define addition
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and multiplication in the complex numbers as follows. For z = a + bi and
w = ¢+ di with a,b,¢,d € R, we set

(5.2.3) z+w=(a+c)+ (b+d)i
(5.2.4) zw = (ac — bd) + (ad + bc)i.

We identify R with the subring {a + 0i : a € R}. Note that addition in C
corresponds to vector addition in R? and that multiplication of a complex
number by a real number corresponds to scalar multiplication in R?. The
multiplication rule (5.2.4) is then forced by distributivity and the property
that 2 = —1, where i = 0 + 13.

The following is straightforward.

Proposition 5.2.4. C is a commutative ring:

(1) Addition is commutative and associative with identity element 0. Ev-
ery element has an additive inverse.

(2) Multiplication is commutative and associative with identity element
1.

(3) The distributive law holds: z(w1+wg) = zwy +zws for all z,w,wy €
C.

In fact, C is a field, meaning that in addition to being a commutative ring,
every nonzero element has a multiplicative inverse. To show this, define the
complex conjugate z of z = a + bi, a,b € R, to be Z = a — bi. The following
is easily verified.

Lemma 5.2.5. For z,w € C,

(5.2.5) ztw=z+w
(5.2.6) ZW = ZWw
For z=a+bi, a,b € R,

(5.2.7) 2z =a® + V7,

so identifying z with the vector (a,b) € R?, ||z|| = Vzz. We write |z| = /22
and call it the modulus of z. Since both complex conjugation and the square
root are product-preserving, |zw| = |z||w|. Finally,

R={zeC:z=z}
Corollary 5.2.6. C is a field. For0#2z€C, 271 = Z.

Proof. The key point is that Z% makes sense: zZ = a® + b? is a positive real
number for z # 0, so it has a multiplicative inverse % in R, and hence also

in C. So
z<21_>:1 O
Z2Z
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Power series in C follow the same rules as power series in R. They have
a radius of convergence, calculated in terms of the distance in R?, that can
be found by the ratio test.

Definition 5.2.7. The complex exponential function is given by
o Zn
Ea— PR
¢ = Z n!
n=0
for z € C.
By the ratio test, the radius of convergence for e* is co so e* is defined

everywhere. The trig functions are obtained by restricting the complex
exponential to the pure imaginary axis.

Theorem 5.2.8. Let § €¢ R. Then

(5.2.8) ¢ = cosf +isin 6.
Proof.

6 0"

0 __ nY

=D i nl
n=0

We need to keep track of the powers of i. 2 = —1, i3 = —i, it =1, % =1,
and the pattern repeats: for each k > 0, i*f = 1, ¢*+1 = ¢, z4k+2 = -1,

i*+3 = —i. The even powers are &1 and the odd powers are +i. Specifically,
% = (%) = (=1)* and therefore 2+ = (—1)%.
Collecting terms, we have

2
Z 22 +Z 20+1 2£+

92 92£+1
_ f E
Z Z BT
—0080—1—231110. O

We shall make use of the following basic result from algebra. See [5] or
[17] for a proof.

Proposition 5.2.9 (Binomial theorem). Let z,w € C and n > 1. Then
n
n
5.2.9 "= ek
( ) (z 4 w) Z (k:) FAETILN
k=0
where (z) = k'(+lk)' s an integer for 0 < k < n.
In fact, the theorem holds for z,w in any commutative ring. We deduce
a key property of the complex exponential.
Theorem 5.2.10. For z,w € C,

efe = ",



124 MARK STEINBERGER

Proof.

.1
— — : Jopv—J
N Z n! "(nfj)!z v

n=0 " j=0 J:

= —
= n!
— eerw D
We obtain Theorem 5.2.1.

Proof of Theorem 5.2.1. By Theorem 5.2.10,

¢0+9) — (i0id

0
cos(0 + ¢)+isin(0 + ¢)
= (cos @ + isinf)(cos ¢ + isin ¢)
= (cosf cos ¢ — sinfsin ¢) + i(cos dsin ¢ + sin b cos ¢).

Equating the real parts of both sides gives (5.2.1), and equating the pure
imaginary parts of both sides gives (5.2.2). O

We now wish to show that cos? 6 +sin? @ = 1. This is equivalent to saying
the vector (cosf,sinf) has norm 1, or that the complex number e? has
modulus 1.

The complex numbers of modulus 1 comprise the unit circle:

St={2€C:|z|=1}={2€C:22=1},

and for our trig identity it suffices to show e?e?? = 1. By (5.2.5) and (5.2.6),

& = zn -
N
= n! o n!
SO
(i0gil — if =10 _ i0—if _ 0 _ q
We obtain:

Proposition 5.2.11. For 0 € R, cos?6 +sin’0 =1, i.e., ¢ € S'.
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The remaining properties of the trig functions may be best seen using a
combination of group theory and calculus. Note that the nonzero elements
of C form a group under multiplication, as each one has a multiplicative
inverse. We denote this group

C*={zeC:z+0}.

Since the modulus function is multiplicative, S' € C* is closed under mul-
tiplication. Moreover, the inverse of z € S!, is just z as zz = 1. But

Z
2z

|Z| = |2, so St is also closed under inverses, and hence is a subgroup of C*.
By Proposition 5.2.11, we may define a function exp : R — S! by
exp(0) = €.

Theorem 5.2.10 then gives:

Proposition 5.2.12. exp : R — S! is a group homomorphism. Here R is
the group of real numbers under addition.

In particular, we can use calculus to study its kernel. Identifying C with
R? we see that % exp(z) corresponds to the ordered pair (—sinz,cosx) €
S!. In particular, if z € kerexp, then cosz = 1 and sinz = 0. So the
second coordinate of %exp(x) is nonzero. So Imoexp is one-to-one in a
neighborhood of by the inverse function theorem. In particular, this holds
for = 0 so exp is one-to-one on (—e¢,€) for some € > 0, hence (—e¢,€) N
kerexp = {0}. By Lemma 3.4.10, any two distict elements of ker exp must
be at least € apart. Thus, if {z,} is a sequence of elements of ker exp with
limy, 00 T, = x, then there exists N such that x = z,, for all n > N. Thus,
the greatest lower bound of the set of positive elements of ker exp must lie
in ker exp: there is a smallest positive element in ker exp.

Definition 5.2.13. Define 27 to be the smallest positive element of ker exp.

Proposition 5.2.14. kerexp = (27) = {2nk : k € Z}, the subgroup of R
generated by 2m.

Proof. Let x € kerexp. Then there is an integer k such that x lies in the
half-open interval [27k, 27(k+1)). But then x — 27k is an element of ker exp
lying in [0, 27), so x — 27k = 0. O

The following is now immediate from Lemma 3.4.10.

Corollary 5.2.15. expx = expy if and only if y = x+2kw for some k € Z.
In particular, exp is one-to-one on [0,60 + 2m) for all 6 € R.

The most important remaining verification is that exp : R — S! is onto.
That and the remaining properties of the trig functions can be obtained
from calculus and the theorems above.

A priori, there is no connection between the geometric intuition we’ve
built about trig functions and the analytic definitions given here. We must
remedy this.
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_First, note that if sin = 0, then cosf = +£1 since 0982 0+ Sine' =1. So
el'e = +1. In particular, consider § = 7. We have (e™)? = 2™ =1, so
'™ = +1. But 7 is not a multiple of 27, so '™ # 1. We obtain de Moivre’s

theorem:

(5.2.10) e =—1.

By Corollary 5.2.15, we obtain:

Lemma 5.2.16. sinf = 0 if and only if 6 = nw for somen € Z.

Now d%sin@ = cosf is continuous and is positive at § = 0, so the sine
function is strictly increasing on an interval (—e, e) for some € > 0. By
Lemma 5.2.16 and the continuity of the sine we obtain:

Corollary 5.2.17. sin@ is positive for 6 € (0,7) and is negative for 6 €
(m,2m). Thus, the cosine is strictly decreasing on [0,7] and is strictly in-
creasing on [m, 27].

We now consider the zeros of the cosine. If cos€ = 0, then sinf = +1, so
e = +i. We generalize the preceding argument. The key property about
+1i is that they are the two square roots of —1. We know there are only two
square roots because C is a field:

Lemma 5.2.18. Let 0 # 2z € C have a square root. Say z = w?. Then z
has exactly two square roots in C: tw.

Proof. Any square root of z is a root of the polynomial 22 —z. A polynomial

f of degree n with coefficients in a field F has at most n roots. Since z? — z
has the two distinct roots w, there are no others. O
But exp can produce two square roots of —1: (elg)2 = %% = ¢i™ = -1,

and (ei%ﬂ)2 = %7 = —1. By the preceding lemma, {ei%,ei%ﬂ} = {+i}. By
Corollary 5.2.17, we obtain the following.

Corollary 5.2.19. ¢ =i and &5 = —i. In particular, 5 and 37” are
the only values of 6 € [0,27) for which cos§ = 0. Since cos is continuous,
cos0 = 1 and cosm = —1, the cosine is positive on (=5, %) and is negative
on (5,35). Thus, the sine is strictly increasing on [—5, 5] and is strictly
decreasing on [%, 3T,

In particular, the sine restricts to a strictly increasing function

. T
f=sinl gz |5 5] = 11
as sin(—%5) = —1 and sin(§) = 1. As f is increasing, it is one-to-one. By

the intermediate value theorem, f is onto. Thus, there is a one-to-one and
onto inverse function

arcsin = f~1:[-1,1] — [—z z] .
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Now let z = z +yi € St with & > 0. Since 22 +y?> =1, = /1 — y2. Let
6 = arcsiny. SO 0 € [-%, %], hence cosf > 0, giving cosf = /1 —sin®§ =
x. Thus z = €, and every point in S' with nonnegative z-coordinate is in
the image of exp.

If z = + iy with « < 0, then —z has positive real part, so —z = e*HA for
0 € [~3, 5] by the argument just given, but then ¢l0+m) — eifim — i —
z. Thus:

Corollary 5.2.20. exp : R — S! is onto. By restriction, exp : [0,0+27) —
St is bijective for all 6 € R.

Let 0 # z € C. Then ﬁ has modulus 1, i.e., ﬁ € St. By Corollary 5.2.20

there is a unique 6 € [0,27), called the argument, arg z, of z with el = ﬁ

We obtain the complex version of polar coordinates.

Corollary 5.2.21. Let 0 # z € C. Then there are unique real numbers r,0
with > 0 and 6 € [0,27) such that z = re?. r = |z|, the modulus of z, and
0 is called the argument of z.

Of course re'?se’® = rse!®*9) In particular:

Corollary 5.2.22. Every complex number has a square root. If z = re®

then the square Toots of z are :I:\/T"ei%.

Corollary 5.2.21 translates directly into the usual form of polar coordi-
nates.

Corollary 5.2.23. Let 0 # v = (z,y) € R%2. Then there are unique real
numbers 1,0 with v > 0 and 0 € [0,27) with v = (rcosf,rsinf). r = ||jv|],
the norm of v.

Remark 5.2.24. Let 0 < 6 < §. Then the usual derivation of sinf as the
opposite over the hypoteneuse for a right triangle based at the origin that
makes the angle 6 with respect to the positive z-axis follows from this, as
the. quotient of opposite over hypoteneuse is just %. Similarly for the
cosine.

Corollary 5.2.22 is a special case of a much deeper theorem called the
Fundamental theorem of algebra. Its proof is beyond the scope of this book.
See [17] for a proof using algebraic topology or [5] for a purely algebraic
proof. The statement is as follows:

Theorem 5.2.25 (Fundamental theorem of algebra). Every polynomial of
positive degree with complex coefficients has a oot in C.

This applies to Corollary 5.2.22 as any square root of the complex number
z is a root of the polynomial 22 — z. However, the proofs of the Fundamental
theorem of algebra are not constructive, while the proof Corollary 5.2.22 is
constructive. Indeed, it shows that the square roots of z € S! also lie in S,
with nicely specified angles.
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g -1 4 1. . m_ 1 in® — 1
Corollary 5.2.26. e'+ = 7 + 73 b€, cOSY = 5 and sin § = 75
Proof. Each side of the equality coincides with the unique square root of ¢
lying in the first quadrant. O

We can get similar benefit out of complex cube roots. Note that % and
¢iF are both cube roots of 1, one lying in the second quadrant and one in
the third. If z = re® with r > 0, then w = %e’g is a cube root of z, as
are we's = %ei(%Jr%ﬂ) and wels = {‘/Fei(%Jr%w). In particular, these give
three distinct roots of 2® — 2, and hence they are the only roots of 2% — 2.
We have:

Lemma 5.2.27. z = re' with r > 0. Then there are exactly three cube
2w

roots of z in C: %ei%, %ei(g+?) and %ei(%Jr%). At most one of them
is in the first quadrant.

We can use this to recover the trigonometric functions of familiar angles:

Corollary 5.2.28. ¢'s = %—i— @i, i.e., COS§ = Land sin§ = V3 g —

2 2
V3 1. T _ V3 T
5 + 3%, €., COS g = 5" and sin g =

S

@i)i" simplifies to —1, so %4— §

is the unique cube root of —1 lying in the first quadrant. But so is €'3, so

Proof. The binomial expansion for (% + l

they must be equal. Similarly, both e¢’s and @ + %z are first quadrant cube
roots of i. O

Note we did not need to use the fact that the sum of the angles in a
Fuclidean triangle is 7, which would be used in the most familiar proofs of
these calculations.

Similar results to Lemma 5.2.27 are available for nth roots.

The only remaining issue for the trig functions is to approximate the value
of m. But standard calculus techniques deduce from only the results here
that the area of the unit disk

D? = {v e R?: ||v|| < 1}
is . This area can now be approximated by the areas of inscribed polygons.

5.3. Linear isometries of R?: calculation of O(2). In this section, as
we use matrices, we will write vectors as column matrices.

By Theorem 4.1.12, the linear isometries of R™ are the linear mappings
induced by the matrices whose columns form an orthonormal basis of R".
For n = 2, Corollary 5.1.4 shows us that every orthonormal basis either has
the form v, v+ or v, —vt for some unit vector v. But the unit vectors in

1
2 . cosf| . al” _|-b
R* are precisely { [sin 0] 10 e [0,2%)}. Recalling that [b] = [ a} we

obtain:
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Corollary 5.3.1. The matrices in O(2) are precisely

{RG: [cos@ _sine]'ge[om)}

sinf cos@
cosf sinf
U{S(a: [sin& —COSGHQG[O’QW)}'

The determinant of Ry is 1 and the determinant of Sy is —1. Thus:
Corollary 5.3.2.

S0(2) = {Rg = {COSQ _Sine] ‘ 0 € [o,zw)}

sinf  cos@

We shall see that the matrices Ry induce rotations and the matrices Sy
induce reflections.

Proposition 5.3.3. The matrix Ry rotates the plane about the origin by
the angle 6 in the counterclockwise direction. We write p gy = TR,

Proof. We use polar coordinates.

[cos # —sin 0} |:T cos qﬁ]

sinf cosf | |rsing

_|7(cosfcos ¢ —sinfsin )
~ |r(sinf cos ¢ + cos @ sin ¢)

_ |rcos(6+ )
| rsin(0 + ¢)
by Theorem 5.2.1. So the plane is indeed being rotated by 6 about 0.  [J

So the elements of SO(2) are rotations of the plane. Their composition
law is as follows:

Proposition 5.3.4. The matriz product RgRy = Rgi4. Thus, the matrices
in SO(2) commute with each other. The induced linear functions satisfy
P(0.,0) © P(0,6) = P(0.0+¢)-
Proof.

[cos@ —sin 9} [cosgb —sin ﬂ

sinf cosf | |sin¢g cos¢

__|cosbfcos¢p —sinfsing —cosfsing — sinf cos ¢
~ |sinfcos¢ + cosfsing —sinfsin ¢ + cos b cos ¢

_ [COS(H +¢) —sin(6 + gzﬁ)] 0
sin(6 + ¢)  cos(0 + @)

Rotations help explain the perp operation for vectors:
Lemma 5.3.5. Let v € R%. Then vt = P(0,z)(v).
0 -1

1 O
on coordinates. (]

Proof. R% = } . Multiplication by this matrix has the desired effect
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There are a number of approaches available now for studying the linear
reflections. We shall use that fact that every isometry preserving the origin

is linear. Let
00— cos
o =spal\ gl )

cosf
sinf |’ (
The reflection oy, fixes the origin (Lemma 5.1.12), and hence is linear. So oy,
is the linear isometry represented by the matrix [0y, (e1)|oy, (e2)], the matrix
whose columns are the images under oy, of the canonical basis vectors of
R2. We have

(e1) = e — 2 —sinf —sind]  [1—2sin?6]  [cos(26)

ogele1) = €1 Ll cosh cosf | |2sinfcosf|  |[sin(20) |’
o —sin 6 —sinf|  [2cosfsinf| | sin(26)

Oy (62) = €2 €2, cos 6 cosf | [1—-2 COS2 0| |- COS(20) '

Thus, we have proven:

the line through the origin meeting S! in + { Of course, by = lgir.)

Proposition 5.3.6. oy, is the linear transformation induced by the matriz
529.

Reversing it, we see that Ts, = o4,. So the matrices Sy all represent

5 -
2
reflections.

We now show how to express the effect of a linear reflection on a vector

in polar coordinates.

rcosd|\ _ [rcos(260 — ¢)
Lemma 5.3.7. oy, <[rsinq§}) = [rsin(%’—qﬁ)]'

Proof. We multiply matrices:

[7‘ cos qb] [cos 20 sin26 } [r cos (;5:|
Sap =

rsing| |sin20 —cos260| |rsin¢
7(cos 26 cos ¢ + sin 20 sin ¢) rcos(26 — ¢)

- [r(sin 26 cos ¢ — cos 20 sin gb)] - [r sin(20 — qﬁ)] - U

We now show how to compose linear reflections. Since reflection matri-
ces have determinant —1, the product of two reflection matrices will have
determinant 1, and hence will be a rotation matrix by our analysis above.

Proposition 5.3.8. The composite of two linear reflections is a linear ro-
tation. Specifically,

0090ty = P(0,2(0—¢))>
the rotation about 0 = £y N Ly by twice the directed angle from Ly to Ly.

Proof. The argument is very similar to that of Lemma 5.3.7.

9., — |08 20 sin260 | |cos2¢  sin2¢
20720 = |gin20 —cos20| |sin2p —cos2¢
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_|cos20cos2¢ + sin20sin2¢ cos 20 sin 2¢ — sin 20 cos 2¢
sin 20 cos 2¢ — cos 20sin 2¢p  sin 20 sin 2¢ + cos 260 cos 2¢

_ |:COS 20 —¢) —sin2(0 — ¢) 0
©|sin2(0 —¢)  cos2(0—¢) |’

Note that the directed angle from ¢4 to £y does not make sense, as £, =
L4+ and similarly for £9. But when you double the difference, the added «
ceases to matter.

We now show how to compose rotations with reflections. We could do
this by simply multiplying matrices again, but there is a more conceptual

way to do both this and the calculation above. Note that ¢y is the z-axis
and that oy, is induced by the matrix

cosO sin0 1 0
(5.3.1) So = [sinO —COSO] o [O —1} )

Thus, the effect of oy, on the plane is the same as that of complex conjugation
if we identify the plane with C in the usual way.

Lemma 5.3.9. 04, = p(0,20)0¢, for all 6 € R.

Proof. This follows from a special case of Proposition 5.3.8: ag,04, = p(0,26)-
Just multiply both sides on the right by oy, and use the fact that o, is an

involution (i.e., 02, = id) for every line m.

However, we can prove it much more simply by direct calculation of matrix
products:

RopSo — |:COS2(9 —sin29] [1 0

sin20  cos 26 0 —1] = 5. -

Now we can show what happens when we conjugate a linear rotation by
a linear reflection.

Proposition 5.3.10. Let ¢ be a line through the origin and 0 € R. Then
Uep(o,a)%_l = P(0,—0)-
Proof. When ¢ = /¢ it is immediate from the matrix multiplication
[1 0} [COSH —sin@} [1 0} _ [ cosf sin@}
0 —1| [sinf cosf | |0 —1| |—sinf cosf|"
For ¢ = {4, we can deduce it from this case and Lemma 5.3.9:

00,000)97, = (P(0.26)0)P(0,6) (P(0,26)T¢6) "
—1y —1
= £(0.26)(966P(0,0)7 5 )P (0,20
_ -1 —_
as any two rotations about 0 commute. U

As usual, we obtain the following.
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Corollary 5.3.11. If0 € ¢, then
9eP0,0) = P(0,—-0)0¢-
We obtain a simpler proof of Proposition 5.3.8.
Alternative proof of Proposition 5.3.8.

000, = P(0,20)9€0P(0,24) %o
= P(0,20)P(0,—2¢)0 Lo Tt
= P(0,2(0-4))- =
Similarly, we can use Lemma 5.3.9, Corollary 5.3.11 and the composition
rule for rotations about 0 to compute an arbitrary composition of rotations

about 0 and reflections in lines through 0. Group theoretically, we have the
following.

Corollary 5.3.12. O(2) may be decomposed as

O(2) = {Ry, RypSp : 0 € R}
with the multiplication law given by Sg =1id, RgRy = Ryyy and SoRy =
R_pSo. Here, of course Rg = Ry if and only if 0 — ¢ is a multiple of 2.
5.4. Angles in R? and R™; the cosine law; orientation in R2.

5.4.1. Angles in R2. The angle between a pair of lines doesn’t make com-
plete sense as, for instance, span ([{]) and span ([1]) have angles of both T
and %TW between them in the counterclockwise direction. To be more specific,
we should work with the angle between two rays. Recall that for z #£ y € R",

The ray from x through y is

= {(1—ty+1ty: >0},
The following is immediate:

Lemma 5.4.1.
7j={r+tly—x):t>0}
= 7.(00),
forv= ﬁ We say :ﬁ/ has initial point x or that it emanates from x.

The angle between two rays in R? with the same initial point is now easily
defined.

Definition 5.4.2. Let :ﬁ/ and 7% be rays in R? with initial point z. Let
y—x=[r%0] and z — x = [SCOS¢] with r,s > 0. Then the (directed)

rsin 6 ssin ¢

angle from 72 to 77 is 6 — ¢.

Note that the angle is defined by first translating the rays to emanate from
the origin and then taking the angle of the translated rays. The following is
the main ingredient in the proof of the cosine law.
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Lemma 5.4.3. Let 0 # x,y € R?. Then
(5.4.1) (@, y) = |l=[lllyl| cos 0,

— =
where 0 is the angle from Oz to Oy.

Proof. Let z = [Tcosd’] and y = [Scow] with r,s > 0. Then, r = ||z,

rsin ¢ ssiny

s = |lyll and 6 = ¢ — ¢.
(@y) = ([ome], [emi])
= rs(cos ¢ cos ) + sin ¢psin 1))
= rscos(¢ — ¢). U

5.4.2. Angles in R™. Note that the definition of directed angle in R?
depends on the parametrization of the unit circle by the complex exponential
function. We don’t have this tool in higher dimensions. There, it’s easiest
to define the unsigned angle between two rays. To do better, we will need
to discuss oriented planes in R™. In the meantime we have the following.

Definition 5.4.4. The unsigned angle, 0, between two rays z3 and Z% in
R™ is given by

(542) 0= cos! < (y -2,z — ) > = o] ( (T2 (y), T=2(2)) >

ly — ||z — =] 7= W)l (2)]
is the inverse function of cos : [0,7] — [—1,1]. Note that

Here cos™!

(y—x,z—x)

To—=llTe==T lies in the domain of cos™! by the Cauchy-Schwarz inequality.

Despite the fact that 7_, is an isometry, we cannot simplify the far right-
hand side of (5.4.2), as 7_, is not linear unless z = 0. We must show the
following:

Lemma 5.4.5. (5.4.2) is independent of the choices of y € zi and z € T2.

Proof. If v = Hgy!%i\\ and w = we may replace y by x + tv and replace

zZ—X
[[z—z]]
z by x + sw for any s,t > 0 and have the same two rays. Since (5.4.2)
incorporates the translation by —z it suffices to note that
(tv, sw) st(v, w)

= = <v7w>

[tolllsw]] — s|lt|
for any s,t > 0, as v and w are unit vectors. O

Of course, unsigned angles are exactly what is used in Euclidean geometry
and hence are appropriate in the following, which we may as well state in R".
The cosine law generalizes the Pythagorean theorem to nonright triangles.

Theorem 5.4.6 (Cosine law). Let AABC be a triangle in R™ and let 0
be the unsigned angle corresponding to the vertex C. Write a,b,c for the
lengths of the sides opposite the vertices A, B, C, respectively. Then

(5.4.3) & =a® 4+ b? — 2abcos .
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Proof. 0 is the unsigned angle between CTZl and C@ , SO
abcosd = (B—-C,A—-C)
by (5.4.2). We have
?=(B-A,B-A)
—(B=C) = (A= C).(B=C) - (A—C))
=(B-C,B-C)+(A-C,A-C)-2(B-C,A-C)
= a® 4+ b* — 2abcos . O

Remark 5.4.7. Note that the rays emanating from x € R™ are in one-to-
one correspondence with the oriented lines containing x. If £ is such a line
the orientation specifies a unique unit vector v such that £ = = + span(v).
This corresponds to a unique ray 7, (0_>v), i.e., the ray from z through x + v.
Thus, we can define the directed angle between nonparallel oriented lines in
R? by taking = to be their point of intersection. Similarly, we may define
the unsigned angle between intersecting lines in R"™.

Isometries of R™ are affine maps and therefore preserve rays: for a € Z,,
and t € R,
a((l =t +ty) = (1 —t)a(x) + taly).
Thus:

Lemma 5.4.8. For o € I, and z # y € R", a(Z7)) = a(:r)oc(y;.

Thus, we can ask whether isometries preserve signed and/or unsigned
angles.

Proposition 5.4.9. Isometries of R™ preserve unsigned angles.

Proof. By Theorem 2.5.3, every isometry is a composite 7,3 where [ is a
linear isometry. Thus, it suffices to assume our isometry is either a trans-
lation or is linear. Formula (5.4.2) is clearly invariant under translation,
as
T(y) — () =y —x

for any x, y and z, so we may assume our isometry, 3, is linear. But
linear isometries preserve inner product, differences and norms, so (5.4.2) is
invariant under linear isometry. (]

Similarities of R™ are also affine functions, so we can ask if they, also,
preserve unsigned angles. Indeed, this is an important aspect of the theory
of similar triangles.

Proposition 5.4.10. Similarities of R™ preserve unsigned angles.

Proof. By Corollary 2.7.5, it suffices to show that ps : R™ — R™ preserves
unsigned angles, where ug(x) = sz. (Here, 0 < s € R.) But this is obvious
from (5.4.2). O
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Indeed, we can prove a converse for this. This matches conventional
wisdom about similar triangles.

Theorem 5.4.11. An affine automorphism of R™ is a similarity if and only
if it preserves unsigned angles.

Proof. Let f be an affine autmorphism of R™ that preserves unsigned an-
gles. Write f = 7,9 with g linear. Then g preserves unsigned angles, and
it suffices to show ¢ is a linear similarity, i.e., that ¢ = usf8 for 8 a linear
isometry of R™ and s > 0.

Write g = T4, where A = [v1]...|vy] is the n X n matrix whose columns
are vi,...,v, € R™ Since g is an automorphism, vi,...,v, are linearly
independent.

Of course v; = g(e;); since g preserves angles, (v;,v;) = 0 for ¢ # j. It
suffices to show that |lv;|| = |lvj|| for all 4, j, as then if s = ||lv;]|, ¢ = psTB,
for B = [%1] . \%”] Since “1,...,** is an orthonormal basis of R", B is an
orthogonal matrix, and the result follows.

By (5.4.2),

(5.4.4) (Az,Ay) _ (z,y)
[Az[[[ Ayl ll=llllyl
for all z,y € R™.

Now,

(5.4.5) (ei,eitei) 1 (eje+e))

leillllei + el V2 llejlllle: + ejll
for all ¢ # j, so
<1)Z‘,Ui+’l)j> <1)j,’l)i +Uj>

(5.4.6) -
loillllvi + il llojllllvs + ;]

for i # j. Since (v;.v;) = 0, this evaluates to

(5.47) (i o)) {5,05)
[villllvi + vl (v llflvs + vjl
Multiplying through by ||v; 4+ v;||, this gives ||v;|| = [|v;]. O

5.4.3. Orientation in R2. For isometries of the plane, we can ask if signed
angles are preserved, or perhaps reversed.

Definition 5.4.12. Let a be an isometry of R2. We say « is orientation-
preserving if it preserves signed (directed) angles. We say a orientation-
reversing if it reverses the sign of every directed angle.

A priori, there could be isometries of R? that preserve the signs of some
angles and reverse the signs of other angles, but that is not the case. Recall
that every linear isometry of R? is either a reflection in a line through the
origin or a rotation about the origin.
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Proposition 5.4.13. Let o = 7,3 be an isometry of R? with (3 linear. Then
« is orientation-preserving if B is a rotation and is orientation-reversing if
B is a reflection.

Proof. Translations obviously preserve signed angles, so it sufﬁces to as-
sume « = f3 is linear. Two rays emanating from y have the form Ty(O’U) and
Ty(Ow) for unit vectors v, w. For 8 linear, 87, = 73(,)8. So the angle from
BTy(Ov) to Ty (Ow) 1s the angle from Tg(y)ﬂ((ﬁ)) to Tﬁ(y)ﬁ(@), which in turn

is the angle from [( ()v =08 ) to 8 Ow) = 08(w . .
Write v = [959] and w = [cgmzﬁ]_ Then the angle from 7,(0v) to 7, (0w)

sin 0 sin ¢
is ¢ — 6. We have two cases to consider. If 8 is a rotation, S = p(g) for

some 1, so

by Proposition 5.3.3. Clearly, the angle is preserved.
In the remaining case, 8 = oy, for some ¢. Here £y = span ([Z?S&Z’D,
and by Lemma 5.3.7,

This clearly reverses the sign of the angle. O

We extend this easily to similarities of R2.

Proposition 5.4.14. A similarity T.usf of R%, with 8 a linear isometry,
is orientation-preserving if B is a rotation and is orientation-reversing if 8
is a reflection.

Proof. It suffices to show that ug is orientation-preserving. This is obvious
from the proof of Proposition 5.4.13. ([l

By Proposition 5.4.13, an isometry of R? either preserves all angles or
reverses all angles. The following now makes sense.

Definition 5.4.15. Let a € Z5. We define the sign, sgn «, of a by

1 if « is orientation-preserving
sgn o = e . . .
—1 if « is orientation-reversing.

Now consider the composite ajas of ay,as € Zy. If both a3 and as
reverse all angles, then the composite preserves all angles. We may analyze
the other cases similarly and obtain:
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Corollary 5.4.16. The composite aias of ay, as € Iy is orientation-reversing
if exactly one of ay and ag orientation-reversing. In all other cases, ajas
is orientation-preserving. Thus, sgn(ajag) = sgn(aq)sgn(as), so

sgn : Iy — {£1}
is a group homomorphism. Here {+1} is a group under multiplication in

the standard way.

In particular, the product of two orientation-preserving isometries is ori-
entation-preserving. But if o preserves all angles, o' must also. Thus:

Corollary 5.4.17. The orientation-preserving isometries form a subgroup,
(92 C Is.

Another proof of this comes from the fact that Oy = kersgn. This also
shows that Os <1 Zy, though that is also implicit in Corollary 5.4.16: any
conjugate of an orientation-preserving isometry is orientation-preserving.

5.5. Calculus of isometries of RZ2. In principle, Chapter 2 and Sec-
tion 5.3 tell us everything we want to know about Zs and its composition
law. But in fact, there is more geometry to be uncovered. There are two
families of isometries we have not discussed yet.

Definition 5.5.1. Let 2 € R?. The rotation, P(z,6), about x by the angle 6
IS T2p(0,0)T—z- 1t Totates the rays emanating from z radially by the angle 6.

Rotations about a fixed © compose with one another as expected.

Lemma 5.5.2. p(;0)0(z,6) = P(x,04+¢)- For 0 < 0 < 27 the fized-point set
(B2)P=0) = {x}.

Proof.

P(z,0)P(,6) = TaP(0,0)T—aTzP(0,¢)T-2
= TzP(0,0)P(0,6) T—x
= Tz P(0,0+¢)T—x
= Plz,0+9):

For the second statement we first consider the case z = 0. Here p(gyg) is
the linear transformation Tk, induced by the rotation matrix Ry. A fixed-
point y of Tr, is a vector y such that Ryy = y, i.e., (I — Rg)y = 0, with I
the identity matrix. But

1—cosf sin 6

I'—Ry= —sinf@ 1 -—cos@

has determinant 2(1 — cos ), which is nonzero for 0 < # < 2m. Therefore,
I — Ry is invertible for 0 < # < 2w, and hence (I — Rp)y = 0 implies that
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y = 0. Thus, the fixed-point set of p(g) is {O}.7 For general =, we apply
the following lemma, which actually applies to arbitrary group actions on
sets. ([

Lemma 5.5.3. Let o, 3 € Z,,. Then (R™)*2" = o((R™)P).
Proof.

x € (]R”)O"BO‘_1 & afal(z) =2
& Balz)=a ()
& o lz) e (R
&z eal®RMP). O

Thus, every nonidentity rotation has exactly one fixed-point. When we
complete the classification of the isometries of R? we will obtain the converse:
every isometry of R? with exactly one fixed-point is a rotation about that
point.

5.5.1. Glide reflections. We have one more infinite family of isometries
to define.

Definition 5.5.4. Let £ be a line in R2. A glide reflection with axis £ is a
composite T,0p with z || £. (By our definitions, this requires that = # 0, so
a glide reflection is not a reflection.) We call 7,00 with = || ¢ the standard
form of this glide reflection and show below it is unique.

Lemma 5.5.5. Let £ be a line in R? and let x || £. Then T, commutes with
o0, and hence (1,04)? = 72 = T9,. The fived-point set (R?)=%t = (), i.e., a
glide reflection has no fixed-points.

Proof. Let ¢ =y + span(v) with v a unit vector. Then

ome(2) =24z -2z 4+ —y,v)vt
L> 4

=2 —2(z —y, v vt + - 2(z, vt

But (z,vt) = 0 as x || ¢, so the latter is just 7,04(z). Thus 7, and oy
commute.

Thus, (1,0¢)% = 7404700 = Tfa? = 72 = Ty, as ag = id. Now, 7, is a
nonidentity translation, and has no fixed-points. But any fixed-point of «
is a fixed-point of a2, so 7,0 has no fixed-points. O

Pictorially, a glide reflection with axis ¢ looks like footsteps walking along
the line ¢. The glide reflection flips each left-footstep to a right-footstep,
advanced along ¢ by the amount of the glide 7. Similarly each right-footstep
flips and glides to a left-footstep:

We can detect the axis of a glide reflection in the following way.

"The argument here is a direct proof that 1 is not an eigenvalue for Ry for 0 < 6 < 27.
In fact, for these 0, there are no real eigenvalues for Ry, as the characteristic polynomial
of Ry has no real roots.
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Lemma 5.5.6. Let o = 1,0 be a glide reflection in standard form (i.e.,
x || £). Then £ is the only line preserved by « (i.e., the only line m with
a(m) =m.

Proof. First note that ¢ is preserved by « as oy fixes ¢ pointwise, while
T, preserves ¢ by Proposition 2.1.14. (In particular, the effect of « on ¢ is
translation by x along ¢.)

Let m be a line not parallel to £ and let z = m N ¥¢. Then

a(z) = a(m) Na(l) = a(m)N L.

Since « has no fixed-points, a(z) # z. Moreover, a(z) € £, but «(z) # z =
£Nm, so a(z) € m. So a(m) # m.

Now let m || ¢ with m # ¢. Since m N ¢ = @, m must lie in either the
positive or negative part of R? — ¢ as described in Corollary 5.1.13. Since
these two parts are interchanged by oy and preserved by 7., a(m) # m.

More explicitly, if m || £ and m # ¢, write £ = y+span(v) for a unit vector
v. Since z || ¢, x = sv for some 0 # s € R. Since m || £, m = z + span(v)
for some z. Write z = y + uv + tv. Then z — uv € m, so m = 2’ + span(v)
with 2’ = y + tvt. Since m # ¢, tv+ = 2/ — y & span(v), so t # 0.

The generic element of m then has the form y 4 tv + av, and

ooy + tvt + av) =y — tvt + av.
So To¢(y + tvt 4+ av) = y — tvt + (a + s)v. In particular,
a(m) = (y — tvr) 4 span(v) = oy(2') + span(v).
But o4(2') — 2/ = —2tv & span(v) So a(m) # m. O
Corollary 5.5.7. The standard form of a glide reflection is unique: if
Te0p = TyOm
with x || £ and y || m, then v =y and £ = m.

Proof. By Lemma 5.5.6, £ and m must coincide with the unique line pre-
served by the glide reflection in question, so £ = m. But then

Te = Tx0¢0¢ = TyOmOyp = Ty,

SO x = y. ([
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5.5.2. Calculating composites of isometries. We have seen that every
isometry of R? either has the form TzP(0,9) OF Tz0y, for some x € R? and 0 €
R. We shall show that if 0 < 6 < 27 then 7,p(g ) is a rotation about some
point by 6 and that 7,0y, is either a reflection or a glide reflection depending
on whether x is perpendicular to £y or not. Thus, we have constructed all
the isometries of R? already and understand their geometric properties. We
first treat the case of rotations.

We first put p(, ¢y as the composite of a translation and a linear rotation.

Lemma 5.5.8. Let y € R? and 0 € R. Then
(5.5.1) P(y.0) = T(I—Rg)yP(0.0):

where Ry is the standard 2 X 2 rotation matrix and I is the identity matriz.
Proof. By definition, p(,9) = Typ0,9)T—y- Since p(g) is linear, we may
apply Proposition 3.3.5 (with « the identity transformation), obtaining
P(y.,0) = Ty+p(0,0)(~y)P(0,6)

But p(,6) is multiplication by the rotation matrix Ry, so

Y+ p0,6)(—y) =y — Rey = (I — Rp)y. O
Proposition 5.5.9. Let 0 < 0 < 27 and let x € R%2. Then T2P(0,0) = P(y,0)
for some y € R2.

Proof. By (5.5.1) it suffices to solve (I — Rp)y = x. Since 0 < 6 < 2m,
(I — Ry) is invertible as shown in the proof of Lemma 5.5.1. hence y =
(I — Rp)~ 'z is the unique solution. O

Remark 5.5.10. We have seen that the orientation-preserving isometries of
R? are precisely those of the form TzP(0,0) for some x € R? and § € R. By the
above analysis, these are either translations (6 a multiple of 27) or rotations.
The composite of orientation-preserving isometries is orientation-preserving.
We shall compute these composites more precisely.

Corollary 5.5.11. Let z,y € R? and 0, ¢ € R. If 0 + ¢ is not a multiple of
27 then
P(,0)P(y,¢) = P(z,0+¢)
for some z € R%. Otheruwise, P(z,0)P(y,¢) 1S a translation.
Proof. By (5.5.1) there are vectors v and w with
P(z,0) = TwP(0,0)>
Ply,6) = TwP(0,¢)-
So
Pz.0)P(y.¢) = ToP(0,0)TwP(0,6)
= To+RowP(0,0+9)
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by Proposition 3.3.5. If 6 + ¢ is not a multiple of 27 the result follows from
Proposition 5.5.9. Otherwise, p( g44) is the identity and we are done.  [J

We can also give a nice theoretical calculation of compositions of trans-
lations with rotations.

Corollary 5.5.12. Let 2,y € R? and § € R. Then there exist z,w € R>
with

TzP(y,0) = P(z,0)

Ply,0)Tz = P(w.)-

Proof. These are immediate from Proposition 3.3.5, (5.5.1) and Proposi-
tion 5.5.9. -

All the above calculations can be carried out explicitly in full using the
formula for inverting a 2 x 2 matrix. The results are numerically ugly as
trig functions are numerically ugly. We will introduce a geometric calculus
for carrying out these calculations, below, but the results are numerically
appealing only when the trig functions are nicely computable.

We shall now analyze the orientation-reversing isometries of R? and their
compositions with each other and with the orientation-preserving isometries.
One immediate result is the following. Recall from Proposition 5.1.21 that
if ¢ and m are parallel lines in R?, then o,,0, is the translation by twice the
directed distance from ¢ to m. The other composites of two reflections are
given as follows.

Lemma 5.5.13. Let £ and m be nonparallel lines in R? and let x = £ N'm.
Let v and w be unit vectors parallel to ¢ and m, respectively, and let v =

[cps@] and w = [Cosd’}, Then

sin 6 sin ¢

(5.5.2) Om0e = P(z,2(6—0))>

the rotation about x = £ N'm by twice the directed angle from £ to m.

Proof. Recall that for ¢ € R, £, = span ([Z?Si}) In particular, span(v) =
lp and span(w) = {4, and hence ¢ = 7,,({y) and m = 7,({,). By Lemma 5.1.14,
00 = Tz00yT—z,

Om = TeOp, T

Thus,
Om0e = Te0p, T—aTe00, Tz
= T000,00,T—2
= TzP(0,2(¢p—0))T—2x
= P(z,2(6-9))-
Here, we used Proposition 5.3.8 to evaluate oy, 0y,. [l
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Remark 5.5.14. As in Proposition 5.3.8, while the directed angle from /¢
to m is not well-defined, twice the directed angle is well-defined. Choosing
v and w above amounts to orienting £ and m, and with those orientations,
the directed angle makes sense. But a choice of the opposite orientation in
either case would add or subtract m from that directed angle, and when the
angle is doubled, the extra m goes away.
In other words, if ¢ is the directed angle from v to w, then

OmO¢ = P(x,2¢)) = P(z,2(hpEm))"
Moreover,

M = pay)(£) = Paytm (0)-
We obtain the following corollary.

Corollary 5.5.15. Let x € R? and 0 < § < 2w. Let £ be any line through
x. Let m = p(xg)(ﬁ) and let n = p(x’ig)(ﬁ). Then

(553) p(x’g) = Om0Oyp = Oyp0p.

Moreover, m and n are the unique lines satisfying (5.5.3).

Proof. Uniqueness follows from the argument in the remark above, but it
also follows from group theory: if o,,0/ = opyop. then

O'mO'gO'e_l = oy 0’@0’[1

Om = Ot -

Similarly multiplication on the left by a[l proves the uniqueness of n. Of
course, since reflections are involutions, J[l = oy. [l

A key now is to evaluate the composite of a translation 7,, and a reflection
o¢. We know that if z || £ then the result is a glide reflection and cannot be
meaningfully simplified. When = L ¢ we get a nice, clean result.

Lemma 5.5.16. Let x L ¢ in R?. Then
Tz0t = Org (0),
O¢Ty = 0—77%(8)7
reflections in lines parallel to £.

Proof. We apply Corollary 5.1.22. Let m = Tz (¢) and let n = T_%(E).
Then 7, = 04,00, SO T40p = 0p0p0¢ = O, as reflections are involutions.
Also, 7, = 0p0y,, SO OpTy = 0y0O, = Op. O

Finally, we address the general case of composition of reflections and
translations.
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Proposition 5.5.17. Let { = x + span(v) be a line in R? with v a unit
vector. Let y € R2. Write y = z +w with 2z € span(v) and w € span(v')
(hence z = (y,v)v and w = (y,v)vr, as v,v" is an orthonormal basis of

R2). Then

Ty0¢ = TZUT% (0)»
00Ty = To0r o (0)-
Ty = T207_w (0)

Ify L 4, then z = 0 and these are reflections in lines parallel to £. Otherwise,
z # 0 and these are glide reflections in standard form, with axes are parallel
to 4.

Regardless, if a is either a reflection or a glide reflection with azis £, then
Tyo and oty are either reflections or glide reflections with axis parallel to £.

Proof. We have 7, = 7.7, and 7, commutes with 7, and oy as either z = 0
or z || £. Now apply Lemma 5.5.16 to the appropriate composite of 7, and
ay. O

Since every orientation-reversing isometry has the form 7,04, for some 6,
we obtain the following.

Corollary 5.5.18. Every orientation-reversing isometry of R? is either a
reflection or a glide reflection.

In summation, we have:

Theorem 5.5.19. Every isometry of R? is either a translation, a rotation,
a reflection or a glide reflection. The former two are orientation-preserving
and the latter two are orientation-reversing. Both translations and glide
reflections are without fized-points. The fized-point set of a nonidentity ro-
tation consists of only the point about which it rotates. The fixed-point set
of a reflection is the line of reflection.

We can now analyze conjugation in 7 in some detail:

Theorem 5.5.20. Let o € I5. Then:
(1) If a = 7,8 with B : R™ — R™ a linear isomorphism, then

OJTxOéfl = TB(z)-

Phrased entirely in terms of a this says ar,a™"

a(z) — a(0).
(2) aaga_l = 0qa(0)-

= Tw, Where w =

(3) Oép(x?g)Oé_l = Pla(x)), where Y = 0 if a is orientation-preserving
and Y = —0 if « is orientation-reversing.

(4) If v is a glide reflection with azis ¢, then arya™
with azis a(l).

Lis a glide reflection
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Proof. (1) is just Corollary 3.3.2 for n = 2. For (2), we have
(R2>aagof1 — Oz((RQ)W)
by Lemma 5.5.3, but this is just «(¢). The only isometry with fixed-point
set a(f) is o4 p).-
In case (3), a similar argument shows the fixed set of ap(, ga~! is a(z),
SO ap(xﬁ)ofl is the rotation about a(z) by some angle 1. But determining

1) requires further work. So we take a different approach. Let £ be any line
through = and let m = p( )(K) Then p(; 9y = omoy by Corollary 5.5.15.

Thus,
apip ! = (aoma ") (aopa )
= Ta(m)Ta(0)-

This last is the rotation about a(m N ¥) by twice the directed angle from
a(f) to a(m). Since orientation-preserving isometries preserve angles and
orientation-reversing isometries reverse them, (3) follows.

For (4), write v = 1,0y, with z || . Thus, we may write £ = y + span(x)
for some y € R?. We have

1

aya~t = (ara ) (aopah)
= TwOa(0)
with w = a(z) — a(0), by (1) and (2). By Corollary 2.5.4,
a(l) = a(y) + span(a(z) — a(0)),
so w || «(¢) and this is a glide reflection in standard form with axis «(¢). O

We also have all the ingredients to analyze compositions of isometries.
Let us consider the compositions of rotations with reflections.

Proposition 5.5.21. Let £ be a line in R? and let x € £. Then P(z,0)0¢ and
0up(z9) are both reflections in lines through x for every 6 € R.

Proof. Let m be the line through x such that the directed angle from some

orientation of ¢ to some orientation of m is g. Then p(9) = omop so
P(x,0)0¢ = Om0O¢0¢ = O
The other case is similar. (|

Proposition 5.5.22. Let ¢ be a line in R? and let x ¢ (. Let 0 < 6 < 27.
Then p(z0)0¢ and oep(y ) are both glide reflections.

Proof. Let m be the unique line through = parallel to ¢ and let n be the
line through x such that the directed angle from some orientation of m
to some orientation of n is g. Then p0) = 0noOm 80 p(p0)00 = Tnomy.
By Proposition 5.1.21, 0,00 = 7, for a nonzero vector v L m (nonzero
because m # (. Thus, p( 900 = onTy. Because 0 < 6 < 2m, 0 < g < m,
and hence v is not perpendicular to n, so the result is a glide reflection by

Proposition 5.5.17. Note the axis is parallel to n and not £.
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The other case is similar. O

5.5.3. Calculus of reflections. Corollary 5.1.22 shows that every trans-
lation is the product of two reflections. Corollary 5.5.15 shows that every
rotation is the product of two reflections. Thus, every orientation-preserving
isometry of R? is a product of two reflections.

The orientation-reversing isometries of R? are either reflections or glide
reflections, and the latter are composites of reflections and translations. So
every orientation-reversing isometry of R? is either a reflection or the product
of three reflections.

We can use Corollaries 5.1.22 and 5.5.15 to develop a calculus for compos-
ing isometries useful for both practical and theoretical results. The following
example is representative.

The following example is useful in studying wallpaper groups.

Example 5.5.23. We calculate the composite @ = P(o E)p([g] 2 We do
3 0" 3
so by writing P(0,7) = 0tOm and writing p([g] 2m) = 0m0on. This then gives
'3 03

Q= 090 OmOn = O¢0p,

as o,, is an involution.

We can do this because of the flexibility of Corollary 5.5.15. The equation
P(o,z) = Otom is equivalent to saying that £ Nm = 0 and the directed angle

’3
from m to £ is §, while P([2].2) = OmOn SAYS M Nn =[] and the directed

0173
angle from n to m is §. In particular, m must go through both 0 and [2],
and hence must be the z-axis.

The directed angles now allow us to precisely calculate the lines £ and n.
¢ is the line through 0 such that the directed angle from the positive z-axis
to £ is ¢. Thus, ¢ has slope tan § = % Since 0 € £, ¢ is the line y = %x

On the other hand, n is the line through [3] such that the angle from n
to the z-axis is §, so the angle from the z-axis to n is —%. But this says n

™

has slope —/3. Since n goes through [2], the point-slope formula gives

-0
Yy __\/g’

xr—2

so n is the line y = —V3 1z +2V3.

0 m (]
Now a = oyon = p(pg), where P = £Nn and 6 is twice the directed angle
from n to £. By Corollary 5.5.11, 0 = § + %’r = m, so it suffices to calculate

3
P. We do this by setting %x = —/3x +2v/3. This gives P = [ jg]
7
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We can use the same argument to prove the following.

Lemma 5.5.24. Let v # w € R? and suppose 0 + ¢ is not a multiple of
2m. Write p(u.0)P(w,¢) = P(z0+¢) @S in Corollary 5.5.11 and let m be the
line containing v and w. Then z € m and p(w,.¢)Pw,0) = Plom(z),0+4)- 1N
particular, pe,g) and p, ¢ do not commute.

Proof. As in Example 5.5.23, we write p(,9) = 0¢0m and py.¢) = Omon,
8IVING P(y,0)P(w,p) = TLOn-

But we could just as easily have used Corollary 5.5.15 to write p(,g) =
om0p and Py ¢) = On/Om, and this allows us to write

P(w,p)P(v,0) = On'OmOm0¢ = On/0y.

In this procedure, the directed angle from ¢’ to m is opposite to the directed
angle from m to ¢, while the directed angle from m to n’ is opposite to the
directed angle from m to n (Corollary 5.5.15):

e/ n

Z/

Since orientation-reversing isometries reverse directed angles and since oy,
fixes m (and hence also fixes v and w), the angle reversal defining ¢’ and n’
shows that ¢/ = 0,,,(¢) and n' = 0,,,(n). Thus, the intersection, 2/, of ¢’ and
n'is o () Nopm(n) = om(2).
By Corollary 5.5.11, p(y,¢)P(v,0) = P(z',0+¢)s SO the result follows. O
This covers the most general case of the following proposition, which is
useful in characterizing the finite groups of symmetries in R2.

Proposition 5.5.25. Let v # w € R? and let 0, ¢ be arbitrary elements of
(0,2m). Then p(,9) and pr, ) do not commaute.

Proof. By Lemma 5.5.24 we need only consider the case where ¢ + 60 is a
multiple of 27. In this case, both p(, 9)p(w,¢) and p(w,¢)P(v,0) are translations.
Again we can write
P(v,0) = 0t0m = OmOy¢
Plus) = CmOn = O'Om
with m the line containing v and w, and again
P(0,0)P(w,¢) = 9LIn
P(w,¢)P(v,0) = Tn/OL-

Since these composites are translations, we have £ || n and n’ || ¢, and the
argument in Lemma 5.5.24 again shows that o,,(¢) = ¢’ and oy, (n) = n'.
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We first consider the case § = 7 (and hence ¢ = ). In this case ¢
and n are perpendicular to m. By the angle reversal, this gives ¢/ = /¢
and n’ = n, so P(w,$)P(v,0) = Onog. This just reverses the direction in the
directed distance used to calculate the translation vector, so p(y, ¢)P(v,0) 18
the translation inverse to p(, g)P(w,¢)-

In the remaining case, £ and ¢’ have different slopes. Since the transla-
tion vectors for the two composites are perpendicular to the lines ¢ and ¢/,
respectively, these translation vectors also have different slopes. O

The calculus of reflections permits a significant strengthening of Proposi-
tion 5.5.22. It will play an important role in our study of wallpaper groups.

Proposition 5.5.26. Let ¢ be a line in R% and let y & ¢. Let A be the
directed distance from y to £, i.e., if p is the line through y perpendicular to
l, thenpN{=y+ A. Let B = ,0(07%)(14). Let 0 # 60 € R and let ¢ = g. Let
q be the line through y + A such that the directed angle from £ to q is ¢ and
let

w = —sin ¢A + cos ¢ B.
Then w || q, and

(5.5.4) P(y,0)0¢ = T(2sin pw)Tqs
a glide reflection in standard form. Pictorially, we have:
(5.5.5)
¢ |m
)4
q
Y y+A
P

Here, m is the line through y parallel to ¢ and n is the line through y parallel
to q.
Since ||w|| = ||Al|, the length of the glide is 2 |sin ¢| || A]|.

Proof. Since the directed angle from m to n is ¢, our calculus of reflections
gives

P(y,0)0¢ = OnOm0y¢-
Since A is the directed distance from m to ¢, o,,0py = T_24, and hence

P(y,0)0¢ = OnT(—2A)-
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The directed angle from p to n is ¢ + 5. Since w is visibly equal to
P(o ¢+z)(A), w is parallel to n, and hence to q.
’ 2

Let
v = p(O%)(w) = P(0,p4m)(A) = —cos pA — sin ¢ B.
Then v L w, hence v L n, and
(5.5.6) cos v +sinpw = — cos® pA — sin® pA = —A.
Thus, 724 = T(2.cos ¢ v) T(2sin $w), and hence

P(y,0)0¢ = OnT(2cos pv)T(2sinpw)-

Since v L n, 0nT(2c0s ¢ v) 18 the reflection across (-1 COSM»(n). It suffices
to show that 7(_ cos¢0)(n) = ¢.

Now n = y + span(w), 80 T(_cos¢v) (1) = Yy — cos v + span(w). But by
(5.5.6), y + A € y — cospv + span(w). Since ¢ is the line through y + A
parallel to n, the result follows. ([l

The reverse composition behaves similarly. Here is the result. We leave
the proof to the reader.

Proposition 5.5.27. Let ¢ be a line in R% and let y & ¢. Let A be the

directed distance from y to £, i.e., if p is the line through y perpendicular to

l, thenpnNl=y+ A. Let B = p(oz)(A). Let 0 # 60 € R and let ¢ = g. Let
2

q be the line through y + A such that the directed angle from q to £ is ¢ and
let

w = sin pA + cos ¢pB.
Then w || q, and

(5.5.7) 0¢P(y,0) — T(2sinpw)Tq>
a glide reflection in standard form. Pictorially, we have:
(5.5.8)
m ¢
n
Yy y+A
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Here, m is the line through y parallel to £, n is the line through y parallel to
q. Again, the glide has length 2 |sin ¢| || A]|.

5.6. Classical results from Euclidean geometry. We now give deriva-
tions from our analytic geometry of some standard results in Euclidean
geometry. We first give a converse to the Pons asinorum.

Proposition 5.6.1. Let AABC be a triangle such that ZABC and LACB
have the same unsigned measure. Then d(A, B) = d(A,C).

Proof. Let ¢ bisect the angle ZBAC and let M = ¢N BC.

A

Since the measures of the three interior angles of a triangle must add up to
7 (Corollary 2.1.17), ZAMC and ZAM B have the same mesaure. But since
these two measures add up to 7, both must be right angles. But then, since ¢

bisects ZBAC, YULB) g dALO) 5 equal to the tangents of equal angles.

' d(A,M) d(A,M)
So d(M, B) = d(M,C). But then d(A, B) = d(A,C) by the Pythagorean
theorem (a special case of the cosine law). O

5.7. Exercises.

1. Show that a similarity of R? with two fixed-points is an isometry.

2. Show that an orientation-preserving isometry of R? with two fixed-
points is the identity.

3. Show that an isometry of R? fixing three noncollinear points is the
identity. Here, the three points are noncollinear if there is no line
containing all three of them.

4. What can you say about an orientation-reversing isometry with two
fixed-points? Can you identify the isometry by knowing the two
points?

5. Here, the standard form of an isometry is one of 7, p(,9), 0¢ Or Tz0¢
with x || £. Please specify the explicit values of x, 6, £.

(a) Let £ be the line y = %x — % Write o = p(g,z )0 in standard
form.
(b) Let £ be the line y = —v/3x+2. Write e = oup(,—x) in standard
form.
(c) Write a = p(oyg)p( \/g] in standard form.
2

1
(d) Write a = Al 0,

(e) Write a = Al
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(f) Write o = 71 3 1p(0,3) in standard form. (Hint: write the trans-
-2
lation as oo, and the rotation as o,,0,. Then ¢ and m are
perpendicular to the translation vector and m N'n = 0. This
specifies m and that determines the other lines.)
(g) Show that if z ¢ ¢ and 6 is not a multiple of 27, then both

00P(z,0) a0d p(y )00 are glide reflections.
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6. Groups of symmetries: planar figures

We introduce the general theory of symmetry groups by studying sym-
metry groups in the plane. In the planar case, we have developed enough
background to study the symmetries in depth. We first explain the notion
of the symmetry group of a subset of R".

6.1. Symmetry in R™; congruence and similarity.
6.1.1. The group of symmetries of X C R"™.

Definition 6.1.1. Let X C R". We write
$S(X)={aeZ,: a(X)=X}.

We call this the group of symmetries of X, though in fact they are the
symmetries of R” that carry X onto itself. (Thus, in some contexts, S(R", X)
would be a better notation: the symmetries of the pair (R", X).)

8(X) is easily seen to be a subgroup of Z,: it is certainly closed under
composition, and, because isometries are bijections, if «(X) = X, the inverse
function must carry X onto X as well.

Alternatively, we can ask when a subgroup of Z, lies in 8(X).

Definition 6.1.2. Let H C Z, and let X C R". We say X is H-invariant
if o(X) C X forall o € H.

These concepts fit together as follows.

Lemma 6.1.3. Let H C Z,, and let X C R™. Then X is H-invariant if and
only if H C 8(X).

Proof. It suffices to show that if X is H-invariant then a(X) = X for all
« € H. But this follows from the fact that H is a subgroup. If a € H, so
is a~!, and hence a~1(X) C X. But applying a to both sides now gives
X C a(X). As a(X) C X, the result follows. O

Our first calculation has already been done for us by Proposition 2.5.1:

Example 6.1.4. The symmetry group of the origin in R™ consists of the
linear isometries of R™:

(6.1.1) 8({0}) = LZ,,
which in turn is isomorphic to the orthogonal group O(n).

Currently, we have a good understanding of O(2), and have used it to
classify the isometries of R?2. We will use that understanding to get a good
handle on the symmetry groups of subsets of R?.

We will study O(3) in Chapter 7. It will be the basis of our understand-
ing of the isometries of the sphere S? (and hence our understanding of the
geometry of the earth’s surface). It is also the starting point for studying
the isometries of R3. The study of O(n) for n > 4 is more difficult.
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6.1.2. The subgroups 7 (X) and O(X) of 8§(X).
Definition 6.1.5. Let X C R". We write
T(X)={m:m € 8(X)}.
More generally, if H is a subgroup of Z,,, we write
T(H)=HNTy,
the set of translations in H.

Note these are subgroups of $(X) and H, respectively, as the intersection
of two subgroups of a group is always a subgroup.

It is also of value to study the subgroup of orientation-preserving sym-
metries of X. We have so far only developed the requisite theory for n = 2,
where we are able to use signed angles to define orientation-preservation for
nonlinear maps (Definition 5.4.12), and then show in in Corollary 5.4.17 that
the collection, O, of orientation-preserving isometries of R? is a subgroup
of T2.

For n > 2 we do not have well-defined signed angles between pairs of
vectors, and we need additional theory. We give such a treatment in Sec-
tion 8.2. Corollary 8.2.2 identifies the orientation-preserving isometries of
R™ and shows that they form a subgroup O,, C Z,,. Given that, we can make
the following definitions.

Definition 6.1.6. Let X C R", The orientation-preserving symmetries of
X are

O(X) ={a € 8(X) : « is orientation-preserving} = 8(X) N O,.
For an arbitrary subgroup H C Z, we write O(H) for the orientation-
preserving elements of H:
O(H)=HnNO,,.
There are inclusions of subgroups
T(X)CO(X) C8(X),
T(H) C O(H) C H.
6.1.3. Congruence and similarity.

Definition 6.1.7. The subsets X and Y of R" are congruent if there is an
isometry « of R” with a(X) =Y. The isometry « is said to be a congruence
from X to Y. Thus, the symmetry group 8(X) is the set of all congruences
from X to itself.

We can now use the idea of conjugacy to relate the symmetry groups of
congruent figures. Recall that if H is a subgroup of G and if g € G then the
conjugate of H by g is the subgroup

gHg™ ' = {ghg™': h € H}.

By Proposition 3.4.15, conjugate sugroups of G are isomorphic.
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Lemma 6.1.8. Let X C R" and let o : R® — R™ be an isometry. Then the
symmetry groups of X and of a(X) are conjugate by o, and hence isomor-
phic:
8(a(X)) = a8(X)a L.
Proof.
Ba(X)=a(X) & o 'Ba(X)=X
& a'pac§(X)
& feas(X)al. O
Since {z} = 7,,({0}) we obtain the following:

Corollary 6.1.9. §({z}) = 7,.LL,7; .

Similar subsets of R" also have isomorphic symmetry groups. We have
seen this concept before in the study of similar triangles in Euclidean geom-
etry.

Definition 6.1.10. The subsets X and Y of R" are similar if there is a
similarity f € S,, of R” with f(X) =Y. We say f is a similarity from X to
Y.

In this case, the fact that Z,, is normal in S, produces an interesting
result. The point is that if H is a subgroup of Z, and f € &, then

FHIT C [Tof ! =T,

In particular, if we conjugate an element of H by f, we get an isometry and
not just a simliarity. So conjugation by f produces an isomorphism

(6.1.2) cpiH = fHf
between two subgroups of Z,.

Lemma 6.1.11. Let X C R” and let f : R® — R™ be a similarity. Then
the symmetry groups of X and of f(X) are conjugate by f, and hence iso-
morphic:
S(F(X)) = FS(X)f .
Proof. Let o € Z,,. Then
of(X) = f(X) & flaf(X)=X

&  flafe8(x)

& aefS(X)f L
Here, the second equivalence uses that f~'af is an isometry. ([l

We will see that the analogous result where f is replaced by an affine
isomorphism of R™ is false, as then f~'af need not be an isometry.

Lemma 6.1.11 is useful for comparing the symmetry groups of different
models of the n-cube. The standard n-cube is I"™ = [0,1]". But it is easier
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to calculate the symmetry group of [—1,1]", as the latter symmetry group
is given by linear isometries. The two models are obviously similar.

Another such example is given by equilateral triangles. Any two equilat-
eral triangles can be shown to be similar. One particular standard model
for an equilateral triangle is shown in Section 6.5 to have symmetry group
Dg, the dihedral group of order 6. Therefore every equilateral triangle has
symmetry group isomorphic to Dg, and we can identify the generators in
terms of the geometry of the triangle.

Indeed, it can be shown that any two triangles are affinely isomorphic.
But not every triangle has symmetry group Dg. Some have symmetry group
D5, and some have no nonidentity symmetries.

6.2. Symmetries of polytopes.

6.2.1. Generalities. We have developed the theory of polytopes in Sec-
tions 2.8 and 2.9. We defined them to be the convex hulls of finite sets. Here,
if S ={z1,...,xx} C R", the convex hull, Conv(S) is the set of all convex
combinations of the points in S. Here, a convex combination of x1,...,zx
is a sum

a1Ty + -+ apxg

with a; > 0 for all ¢ and Zle a; = 1. Conv(S) is the smallest convex
subset of R™ containing S. In particular, if z € Conv(S), then Conv(S) =
Conv(S U {x}) so the polytope does not determine the set S. So we will
write P for the polytope and refer to S as a convex generating set for P.

Isometries of R™ are affine. By Proposition 2.8.21, if x = ayjx1+- - -+ apxy,
then

(6.2.1) alx) =aa(z) + - -+ apa(zy) for a € Z,.
In particular, the effect of @ on P = Conv(S) is determined by its effect on

S. Moreover, a(P) = Conv(a(S)). So if a(S) = 5, then a(P) = P. We
obtain the following.

Lemma 6.2.1. For a finite set S C R™ and for P = Conv(S), 8(S) is a
subgroup of 8(P).

In fact, the same thing holds for infinite sets .S, by the same argument.

However, for some sets S, there are isometries of §(Conv(S)) that do not
preserve S. This can happen when there are elements in S which are not
vertices of Conv(S) (see below). We give an example and then discuss the
issue in greater detail.

Example 6.2.2. Let S = {1, %, 1} C R. Then

Conv(S) = Conv({—1,1}) = [-1,1].
Let a € Z; be multiplication by —1. Then a € 8([—1,1]). But a(S) # S as
a(3) ¢ S.
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A key in understanding the symmetries of a polytope is the notion of
face. Let P = Conv(S). A face of P is a nonempty subset of the form
F =PnNH, where H is an affine subspace of R™ and P ~\ F is convex. It is
shown in Proposition 2.9.39 that F' = Conv(T') for some 7' C S. Thus, it is
a polytope, and has a dimension, given as the dimension of the affine hull
Aff(T) of T, an affine subspace of R". Moreover, we may take the affine
subspace H in the definition of face to be Aff(T).

A vertex is a face of dimension 0. By Corollary 2.9.40, every vertex of
P = Conv(S) must lie in S. Write V = V(P) for the set of vertices of P.
By Proposition 2.9.41, P = Conv(V). Thus, V is the unique smallest convex
generating set for P.

Proposition 6.2.3. Let P be a polytope and let o € S(P). Then for each
face F of P, a(F) is a face of the same dimension as F'.

Proof. Let V = V(P) be the vertices of P. Let F' be a face of P, and write
F = Conv(T') for T C V. By Proposition 2.8.21,

a(F) = Conv(a(T)) =P N Aff(a(T)),

and its complement in P is convex, as « is one-to-one and preserves convex-
ity. ([l

Since a vertex is simply a face of dimension 0, the following is immediate.

Corollary 6.2.4. Let P be a polytope and let o € §(P). Let v € S be a
verter of P. Then a(v) is also a vertex of P.

Corollary 6.2.5. Let P C R™ be a polytope with vertex setV. Let a € S(P).
Then « restricts to a bijection

(6.2.2) aly 1V S V.

In particular, a € 8(V), and hence the inclusion 8(V) C 8(P) of Corol-
lary 6.2.1 is the identity:

(6.2.3) S(V) = 8(P).

Moreover, the passage from « to aly induces a group homomorphism from
S(P) to the group of permutations of V:

(6.2.4) p:8(P)—X(V)
pla) = aly.
This restriction map is injective if dim P = n.

Proof. « is injective, hence its restriction to V is also. By Corollary 6.2.4,
a(V) C V. Since V is finite,

aly: V-V

is bijective. So a € 8(V), and p is well-defined. p is a homomorphism
because it respects composition.



156 MARK STEINBERGER

If dim P = n, then Aff(P) is an n-dimensional affine subspace of R", hence
Aff(P) = R™. Of course, Aff(P) = Aff(V), and an affine map on Aff(V) is
determined by its effect on V (Corollary 2.8.23). So p is injective. O

Indeed, using exactly the same argument as that in Proposition 6.2.3,
we can compare the faces of congruent, similar, or even affinely isomorphic
polytopes.

Proposition 6.2.6. Let o be an isometry of R™ (or more generally a sim-
ilarity or affine automorphism). Let P be a polytope in R™. Then

a(Int(P)) = Int(a(P)),
and if F is a face of P, then a(F) is a face of a(P) of the same dimension.

Remark 6.2.7. By (2.8.11), the restriction of o to Aff(P) is determined by
p(a). But if Aff(P) # R” (i.e., if dim P < n). then « will not be determined
by its restriction to Aff(P). For instance, if P = Conv(—ej,e;) C R?,
then the linear isometry of R? induced by [(1) 91] (i.e., complex conjugation)
restricts to the identity on R (and hence on P), but is not the identity
isometry. In particular, this transformation is a nontrivial element of §(P).

Moreover, p : §(P) — (V) is rarely onto. Indeed, for o € §(P), we must

have
(6.2.5) dla(x),aly)) =d(z,y) for z,y €V,

and not all paris of elements of V will, in general, have the same distance
from each other that x has from y. So not every permutation of the vertices
can be realized by an isometry. For instance, if P is the square and if x
and y share an edge, then no symmetry of P can take z and y to points
diagonally opposite one another.

An exception is the standard simplex A"~! C R™. Recall that A?~!
has vertices eq,...,e,, the standard basis elements of R”. Note here that
d(e;,ej) = /2 for all i # j.

Proposition 6.2.8. The restriction map

(6.2.6) p:8(A" ) S (fer,... en)) 2By
18 onto.

Proof. Let o € 3,,. Then o corresponds to the permutation of {ei,...,e,}
taking e; to ey(;) for all i. But this permutation is induced by the matrix
Ay = les)| - - - leg(ny] Whose i-th column is ey; for all 4. Since the columns
of A, form an orthonormal basis of R", A, is an orthogonal matrix and
hence induces an isometry of R™ having the desired effect on the canonical
basis vectors. Thus ¢ is in the image of p, and p is onto. O

Remark 6.2.9. The map p : S(A" 1) 22N ({e1,...,en}) from the last ex-
ample is not one-to-one for the same reason the analogous map for

Conv(—ey,e;) C R
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was not one-to-one. There is a reflection map of R™ across the hyperplane
Aff(eq,...,e,), and this provides a nontrivial element of §(A™~!) that re-
stricts to the identity on A"~

Indeed let P C R™ be a polytope with vertex set V. If P has dimension
less than n, then Z,, will always contain nontrivial elements that restrict to
the identity on Aff(P), and hence p is not one-to-one.

6.2.2. Centroids. A useful concept in studying polytopes is the centroid.

Definition 6.2.10. Let P C R™ be a polytope with vertex set V. The
centroid of P is

(6.2.7) ()= =3,

the average of the points in V.%
Proposition 6.2.11. Let P C R" be a polytope with vertex set
V=Av,...,u}.

Then every a € 8(P) preserves the centroid, c¢(P), of P. i.e., 8(P) is a
subgroup of 8(c(P)). In particular, if ¢(P) = 0, then 8(P) is a subgroup of
the group of linear isometries of R™.

Proof. ¢(P) = %Ul + o+ %vk, a convex combination of vy,...,vg. Thus,
for a € §(P), (2.8.11) gives

a(e(P)) = %a(vl) +- 4 %a(vk) =

|

k
Z a(v;).
i=1

Since « restricts to a permutation on V, Zle a(v;) = Zle v;, and hence
a(c(P)) = ¢(P). O

A similar argument gives the following.

Proposition 6.2.12. Let P C R" be a polytope and let o be an isometry
of R™ (or, more generally, a symmetry or an affine isomorphism). Then «
carries the centroid of P to the centroid of a(P).

Corollary 6.2.13. Let P be a polytope and let F be a face of P. Let
a € 8(P). Then « carries the centroid of F' to the centroid of a(F).

81t is essential that we are taking the average of the vertices and not simply the average
of some convex generating set. If we were to expand V to a larger convex generating set,
the average of that expanded generating set might be different, and the results to follow
would be false.
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6.2.3. Symmetries of the n-cube. We can use Proposition 6.2.12 to
compute the centroid of the n-cube. The standard n-cube I" is [0, 1] C R™.
Its vertices are computed in Example 2.9.50. Here, we shall model the n-
cube as [—1,1]", which we shall call the standard balanced n-cube. It is
related by an obvious similarity to the standard model. In particular, its
vertices are

(6.2.8) S = {6161 + ot €pln €1, .., €6y € {:I:l}}.

Corollary 6.2.14. The standard balanced n-cube has centroid 0. Therefore
its symmetries are all linear.

Proof. For each v in the vertex set S of (6.2.8), it negative, —v, also lies in
S. So the sum of the vertices is 0. O

Now apply the obvious similarity from the balanced n-cube to the stan-
dard one:

Corollary 6.2.15. The centroid of the standard n-cube is %61 4+ 4 %en.

To compute the symmetries of the balanced n-cube, we shall pay attention
to their effect on faces.

We now compute the symmetry group of the balanced n-cube. We first
display the group itself and then show it gives the desired symmetries.

Definition 6.2.16. The group of nxn signed permutation matrices, O(n, Z),
consists of the matrices of the form A = [e1e5(1)| ... |enes(n)] With o € 3,
and ¢; € {£1} for all i. These are precisely the invertible matrices taking
each canonical basis element to a signed canonical basis element, so they
form a subgroup of GL,(R). Indeed, their columns form an orthonormal
basis of R", so O(n,Z) is a subgroup of O(n). For each o € 3, there are
2" ways to sign the permutation matrix A,, so O(n,Z) has 2" - n! elements.

Note that for A € O(n,Z), the transformation 74 preserves the balanced
n-cube [—1,1]". Thus, we obtain an injective group homomorphism
(6.2.9) T:0(n,Z2) — 8([—-1,1]")
A— Ty.
Proposition 6.2.17. The map T of (6.2.9) is an isomorphism.

Proof. Asshown in Example 2.9.50, the (n—1)-dimensional faces of [-1, 1]”
have the form

(6.2.10) o5 ([-1,1]") = {are1 + - -- + ane, € [-1,1]" 1 a; = €}
fori=1,...,n and € € 1. Note that 0 ([—1,1]") is the image under 7,
of the standard balanced (n — 1)-cube in span({e; : j # i}). By Propo-
sition 6.2.12, the centroid of Of([—1,1]") is ee;. But each o € 8§([—1,1]")
takes (n — 1)-dimensional faces to (n — 1)-dimensional faces, and must take

centroids to centroids. So a(e;) is a signed canonical basis vector for all 1.
Thus, T is onto. O
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6.2.4. Symmetries of the regular n-gon in R2. We shall also study
the symmetries of the standard regular n-gon in R?, n > 3, which we take
cos 274

to be P, = Conv(vy, ...,v,—1) with v; = o 20 for j=0,...,n—1.

We shall verify here that each v; is a vertex of P, and that its centroid is
the origin. We shall complete the calculation of 8(F,) in Section 6.5.
For simplicity of notation, let p = P(0.27)- We shall make use of the fact

that
(6.2.11) p(vj) =vj41 for j=0,...,n—2, and p(v,—1) = vp.

Thus, p permutes the elements of {vg,...,v,—1}. The following is now
immediate from (2.8.11).

Lemma 6.2.18. p € §(P,).
We immediately obtain the following.

Corollary 6.2.19. The origin is the centroid of P,. Thus every symmetry
of Py, is linear.

Proof. By Proposition 6.2.11, p preserves the centroid of P,. But the only
fixed-point of p is the origin. O

Note that vo = [}].
Lemma 6.2.20. vy is a vertex of P,.

Proof. Since the cosine function is decreasing on [0, 7] and cos(—t) = cost,
the z-coordinate of v; is in [—1, cos %’r] forj=1,...,n—1. By (2.8.11), the a-
coordinate of each element of Conv(vy,...,v,_1) lies in that interval. Thus,
vo is not in Conv(v1,...,vn—1). So vy is a vertex by Corollary 2.9.40. O

Corollary 6.2.21. v; is a vertex of P, for all j =0,...,n — 1.
Proof. For j = 1,...,n — 1, v; = p/(vg). Since p € 8(P,), so is p/. By

Corollary 6.2.4, symmetries of P, carry vertices to vertices. ([

6.3. Geometry meets number theory: the golden mean. The golden

mean is defined to be the number & = 1+72\/5 It is important in number

theory, as it generates what is known as the ring of integers in the number
field Q(v/5) = {a 4+ b5 : a,b € Q}. Note that the quadratic formula shows
® to be a root of the quadratic #2 — 2 — 1. We obtain the following.

Lemma 6.3.1. The golden mean satisfies
(6.3.1) P2 = +1.

Moreover, the multiplicative inverse of ® in R is given by

(6.3.2) —=d—_1=
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Proof. ® is a root of 22 — 2 — 1, so ®? — ® — 1 = 0, and (6.3.1) follows
immediately. Similarly,
PE—-1)=d* - =1,
and we obtain (6.3.2). O

Notation 6.3.2. We write ¢ = & = & — 1 = =145,

Since 2 =4 < /56 <3 = \/§, we obtain:
Lemma 6.3.3. We have 1.5 < ® < 2, hence .5 < ¢ < .75.
This gives rise to the famous geometric observation:

Proposition 6.3.4. Let R be a rectangle one of whose sides has length 1
and the other has length ®. Cut it into a square of side 1 and a rectangle S
whose sides have lengths 1 and ® — 1. Then we take the ratio of the smaller
side over the larger side in R and S is the same: the ratio is ¢

Proof. Since 1 < & < 2, the smaller side of .S has length ® — 1 = ¢, and
the larger side of S has length 1. U

A second connection with geometry now follows from our work on the
regular pentagon Ps. We make use of the identification of R? with the

27y
.. . . cos =4
complex numbers C. Under this identification, the vertex v; = | = ,2
Sin 5
. 275 _ 271—]‘ .. 27'l'j
corresponds to the complex exponential e 5 ™ = cos =z + isin ==. So, as

a complex number, v? =1 for all j. Indeed, we can say more. A standard

i
notation is to set (5 = 5. We then have
(6.3.3) vj=C forj=0,...,4

Of course vg = € = 1.
We obtain the following very useful calcuations.

Proposition 6.3.5. We have

2r ¢
3.4 a2
(6.3.4) cos — X
4w 0]
(635) COS ? = —5

Proof. Write & = (5+(3 = vi+va. Since § = 1, (§ = CS_I Since [|Cs]| = 1,
Cgl = (5, the complex conjugate of (5. Thus,

_ 2 2 2 2
(6.3.6) &5 =C+( = | cos ail} + ¢sin aill + { cos il 7 sin aill
5 5 5 5
2

= 2cos —
5

So (6.3.4) is equaivalent to showing that &5 = ¢.
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Let w = (2 + (3 = vo + v3. Note that (2 is the inverse of (2. So an
argument similar to that for (6.3.6) shows that

4
(6.3.7) w = 2cos g

So (6.3.5) is equivalent to snowing that w = —®. Now

(6.3.8) SS+twt+l=vg+--+v5 =0,

as the centroid of Pj is 0, so

(6.3.9) w=—& — 1.

Now

(63.10) &= (G+G )2 =C+26G +G2=w+2=—&+1,

so &9 is a root of 2 4+ x — 1. Since &5 = 2cos %” > 0, the quadratic formula
gives

—-1+5
(6:3.11) 6=ty
as the other root is negative. We obtain (6.3.4). But now
1 )
(6.3.12) W= —fy—1=— +2f — 3,
and (6.3.5) follows. O

6.4. Symmetries of points and lines in R%. Example 6.1.4 shows that
the symmetry group of the origin in R™ is the group of linear isometries of
R™. When n = 2 we can use our calculation of O(2) to say more:

Example 6.4.1. In R?, we have
(6.4.1) 8({0}) = LTy = {p(0,) : 0 € R} U {0y, : 0 € R}.

Thus, for n = 2, T({0}) = {id} and O({0}) = {p(oe) : ¢ € R}, which we
may identify with SO(2).

We can now use Corollary 6.1.9 to find 8({z}) for = # 0.
Corollary 6.4.2. Let x € R?. Then
S({(IZ}) = {p(x,G) 10 € R} U {O'g X € E}

Proof. p ) = T2p(0,9)T—« (by definition), and if z € ¢, then oy = T,04,7
for lyg = 7_(¢) (Lemma 5.1.14). O

We next calculate the symmetries of a line.
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Proposition 6.4.3. Let { = y+span(v) be a line in R? with v a unit vector.
Then

T) ={7s : s € R},
O) =T() U{px : T €L}

Moreover, the reflections in 8(¢) are {o¢} U {0y, : m L £} and the glide
reflections in 8() are {oyr, : x || £}.

Proof. The calculation of T (¢) is Proposition 2.1.14. The calculation of the
glide reflections in §(¢) is Lemma 5.5.6.

Let’s now consider the rotations in §(¢). First note that if = € ¢, then
¢ = z + span(v) and p(yq)(z + sv) = = — 5v, 50 p(zx) € 8(¢). Thus, for
rotations, it suffices to show:

(1) If z ¢ £ and 6 is not a multiple of 27, then p(, gy & S(¢).
(2) If x € £ and 6 is not a multiple of 7, then p, gy € S(£).

To prove (1), we may as well translate the problem and assume x = 0.
This simplifies the calculations. We drop a perpendicular from x = 0 to

¢, and that perpendicular is easily seen to be £y, where [Zﬁ:ﬂ = vt. Let
z = LyNL, Then the Pythagorean theorem shows z to be the closest point on
¢ to the origin. Since rotations are isometries, p( g)(z) is the closest point
on p(g,g) to the origin. Since z ¢ ¢, z # 0, and since 6 is not a multiple of
27, p(o,9)(2) # 2. Thus p9)(£) # L.

To prove (2), we again assume = = 0. We then have ¢ = ¢, where

[Zﬁ:i] = v. But p(9)(£g) = Ly, and this is £y if and only if § is a multiple
of .

Finally, we calculate the reflections in §(¢). If m L ¢ and if x = £ Nm,
then ¢ = = + span(v) amd m = x + span(v'). An easy calculation shows
om(0) = x + span(—v) = £. Of course, oy is the identity on ¢, so o, € $(¢).

If m || £ and m # ¢, then 0,,(¢) # ¢ by an argument similar to that
of Lemma 5.5.6. Thus, it suffices to consider the case where m is neither
parallel nor perpendicular to . Let z = £ N'm. As above we may translate
the problem and assume that z = 0. Thus, we may assume ¢ = /4 and
m = gy where 9 is not a multiple of 5. By Lemma 5.3.7, 01, (¢) = L4124,
and that is not equal to £y, as 2¢ is not a multiple of =. O

6.5. Dihedral groups. We study the symmetries of the regular n-gon for
2mi
n >3 Let v, = | ,% | and let P, be the polygon whose vertices are

i 27
n

Vs - -+, Un—1. S0 Py is the following:
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Formally, P, is the convex hull, Conv(vy,...,v,—1), and we have demon-
strated in Corollary 6.2.21 that each v; satisfies the formal definition of a
vertex for a polytope. Since P, = Conv(vg,...,v,—1), these are the only

vertices of P,.

By Corollary 6.2.5, every symmetry of P, must permute the vertex set
{vo,...,vn—1}, and since the vertex set contains 3 noncollinear points, the
symmetries of P, are determined by their effect on the vertices.

Proposition 6.5.1. The symmetry group of P, is finite, with 2n elements:
S8(Pp,) = {p’l(q%ﬁ) 0<1< n} U {pi(O’%,r)ago 0<1 < n} ,
with £y the x-aris as usual. Thus,
_ J . ;
O(R,) = {p(o,%’f) 0<i< n}
In particular, these isometries are all linear.’ Finally, note that

i

(6.5.1) pi(oygl)ago =0y

el

where i = span [:?j;;]) This line through the origin contains either

a verter of P, or the midpoint of an edge, or both. Every line through the
origin and one of these vertices or midpoints is included in this list.

Note that there are exactly n rotations (including the identity) and n
reflections in S(Pp,).

Proof. As discussed above, a symmetry of P, is determined by its effect
on the vertices. But it cannot permute the vertices arbitrarily, as it must
preserve distance.

The cosine law tells us the distance between two points, v and w, on the
unit circle if we know the unsigned angle between the rays Ov and Ow: if
that angle is 6, then the distance, d, is determined by

(6.5.2) d? = ||Jv||> + |Jwl]|® = 2||v||||lw| cos & = 2(1 — cos ).

In particular, this distance increases with 6, so the two closest vertices to v;
are v;—1 and v;4+1, where we identify vy as v, to make sense of this. We call
these the adjacent vertices to v;. Any « € 8(P,) must take adjacent vertices
to adjacent vertices.

Thus, if we know «(vg) there are exactly two choices for a(v1). And since
a(vg) occupies one of the vertices adjacent to a(v1), v must go to the other
vertex adjacent to a(v1). Continuing in this manner, we see that the targets
of the rest of the vertices are determined, once we know a(vg) and a(vy).

Now consider the displayed isometries. pi( 0,22) = P(o,2m) takes vg to v;
and takes v; to the next vertex in the counterclockwise direction, while

IWe already knew this from Corollary 6.2.19, but the argument here is more elementary.
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p"( 0.2n )040 takes vy to v; and takes v; to the adjacent vertex in the clockwise

direction. Thus, no other isometries of P, are possible.
Now, (6.5.1) is just Lemma 5.3.9. When i is even, this line goes through
vi. When i = 2k+1, the line goes through the the midpoint of Txvx11. The

re2st follows since £y = ly, for all 6. O

Definition 6.5.2. The group 8(P,) displayed above is the standard model
for the dihedral group, Ds, of order 2n. A standard notation would be to
set p(o 2y = b, or by, if n varies, and set oy, = a. So

Do ={b":0<i<n}uU{ba:0<i<nl}

We have b" = p(g2r) = id and this is the smallest power of b that gives
the identity. As discussed in Chapter 3, this says the order of b is n. We
also have a? = U%O = id, so a has order 2. Note that abla™' = b~? by
Proposition 5.3.10. Thus, ab’ = b~ 'a, allowing us to compute the product
of any two of the listed elements.

The group O(Ds,) = {b* : 0 < i < n} is the cyclic group of order n,
written C,,. In particular, C), = (b).

We can easily find a subset X with symmetry group C,.

Example 6.5.3. Let (),, be obtained from P, by replacing the edge v;v;+1
by an arrow pointing from v; to v;4+1. Q4:

Obviously, any symmetry of @), must preserve P,, so 8§(Qy,) is a subgroup of
8(P,,). Since all the arrows point counterclockwise, there are no reflections in
8(Qn), 50 8(Qn) C O(P,). Moreover, each b® does preserve Q,, so 8(Q,) =
O(Qn) = C,,.

Let o : R? — R? be an isometry. By Lemma 6.1.8, §(a(P,)) = aDa,a™ 1,
a conjugate subgroup to 8(P,). In general, if H is a subgroup of the group
G and if g € G, there is an isomorphism

cg: H— gHg™?
h— ghg™ .

This is easily seen to be a bijective group homomorphism. Its inverse is given
by conjugating by ¢g—'. Thus there are lots of subgroups of Z, isomorphic
to Ds,. In fact, we will show that every finite subgroup of Z5 is conjugate
either to the standard copy of D, or the standard copy of C,.

Before we continue, there are some additional cases to consider for small

values of n.
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Definition 6.5.4. We set C1 = id, Dy = {oy,,id}, C2 = {p(o,r),id},
and Dy = {p(0,x)>Ttos P(0,r) Tt = Otr,id}. Note that in every case, the
2
orientation-preserving subgroup of Dy, is C), and that C), is cyclic of order

n.
As the reader may verify, the following figures have symmetry groups
conjugate to Cq, Do, Cy and Dy, respectively:

Note that Cy and D5 are isomorphic as groups, but are not conjugate in
Ty as p(o,r) is orientation-preserving and oy, is orientation-reversing.

6.6. Index 2 subgroups. We show how to derive the structure of $(X)
from the structure of O(X). The techniques used apply to much more
general situations, so we state them in that context.

Definition 6.6.1. Let H be a subgroup of G and let z € G. The right
coset, Hzx, of H by z is

Hx={hx:he H}.
Note that x = ex € Hz.
The right cosets partition G into disjoint sets:

Lemma 6.6.2. Let H be a subgroup of G then the following statements are
equivalent:

(1) Hx N Hy # 0.
(2) Hx = Hy.
(3) zy~l e H.

Proof. (2) = (1) is immediate. To see that (1) = (3), let z € Hz N Hy.
Then z = ha = ky with h,k € H. Then zy~' = h~'k € H.

Finally, suppose xy~! = h € H. Then x = hy, so kz = (kh)y € Hy for all
kc H,so Hr C Hy. But y = h ™'z, so ky = (kh~Y)z € Hx for all k € H,
so Hy C Hzx. Thus Hx = Hy. We’ve shown that (3) = (2). O

He = {he : h € H} is precisely H, and (3) shows that Hx = He if and
only if x = ze™! € H.

Definition 6.6.3. We say H has finite index in G if the number of distinct
right cosets of H in G is finite. We then write [G : H] for the number of
these right cosets, and call it the index of H in G. If there are infinitely
many right cosets we write [G : H] = oo.

We obtain the following as a bonus.
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Theorem 6.6.4 (Lagrange’s theorem). Let G be a finite group and let H
be a subgroup. Then |G| =[G : H|-|H]|, so the order of H divides the order
of G.

Proof. Each element of G lies in exactly one right coset of H. There are
[G : H] such cosets. For a given coset Hx there is a function

H— Hzx
h — hzx.

This is a bijection as its inverse function is given by multiplying on the right
by ! In particular, each right coset has |H| elements in it, and the result
follows. O

Corollary 6.6.5. Let G be a finite group and let g € G. Then |g| divides
Gl

Proof. [g| = [(g)]- O

Corollary 6.6.6. Let G be a group whose order is a prime number, p. Then
G is cyclic. Indeed, any nonidentity element of G is a generator.

Proof. Let e # g € G. Then |(g)| divides p and is greater than one. So
[{(9)] = |G|, hence (g) = G. O

Our focus in this section is on index 2 subgroups. These arise in many
important contexts. The following helps us recognize index 2 subgroups
even when the groups are infinite. Recall that if Y C X, the set-theoretic
difference X \Y is{z € X : 2 ¢ Y}

Proposition 6.6.7. Let H be a subgroup of G with H # G. Then the
following conditions are equivalent.

(1) H has index 2 in G (i.e., [G: H] =2).

(2) Forallx e GNH, Ht =G\ H.

(3) Forallz,ye GNH, zy € H.

Proof. (1) = (2): Here, there are exactly 2 right cosets of H in G. One is
He = H. Since the right cosets partition G, this says every element not in
the coset H must be in the other coset. In particular, if z ¢ H, then Hzx is
the other coset, which must consist of all elements of G \ H.

(2) = (3): Let 2,y € G~ H. Since H is a subgroup, y~! € G~ H. So

GNH=Hx=Hy!

by (2). Thus, zy € H by Lemma 6.6.2(3).

(3) = (1): H = He is one coset of H in G. If x ¢ H, then Hx # He,
as ze~' ¢ H. So H # G implies there are at least two cosets. It suffices to
show that if z,y € G ~ H, then Hx = Hy, i.e., xzy~' € H. But this last
follows from (3), as y~' & H. O
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Note that (2) and (3) hold vacuously if H = G, so the requirement that
H # @G is necessary for the equivalence above. (2) or (3) alone is equivalent
to saying that [G : H] =1 or 2.

We can now give some examples of index 2 subgroups, using (3), above.

Examples 6.6.8.

(1) The orientation-preserving isometries Oy have index 2 in Zy as the
product of any two orientation-reversing isometries is orientation-
preserving.

(2) The even integers (2) have index 2 in Z as the sum of any two odd
integers is even.

(3) The special orthogonal group SO(n) has index 2 in O(n), asif A, B €
O(n) ~ SO(n), then det(AB) = det Adet B = (—1)? = 1.

(4) The cyclic group C,, has index 2 in the dihedral group Da,: every
element of Da, \ C), lies in the right coset of oy,.

There is a nice group-theoretic characterization of index 2 subgroups:

Corollary 6.6.9. Index 2 subgroups are always normal. In fact, a subgroup
H C G has index 2 if and only if H is the kernel of a surjective group
homomorphism f : G — {£1}.

Proof. Let [G: H| = 2. Define f: G — {£1} by
1 ifxeH
-]

—1 otherwise.

If exactly one of z and y is in H, then zy € H, so —1 = f(zy) = f(x)f(y).
Otherwise, zy € H,and 1 = f(xy) = f(x)f(y). Thus, f is a homomorphism.
ker f = f~1(1) = H.

Conversely, suppose f : G — {£1} is a homomorphism with ker f = H.
Thenif z,y € GNH, f(zy) = f(2)f(y) = (=1)? =1, s0xy €ker f = H. O

By Lemma 4.1.20, the alternating group A, is the kernel of the sign
homomorphism sgn : ¥,, — {£1}. We obtain:

Corollary 6.6.10. The alternating group A, has index 2 in %,.
The following is a key in understanding symmetry groups.

Proposition 6.6.11. Let H be an index 2 subgroup of G and let K be an
arbitrary subgroup of G. If K is not contained in H, then H N K has index
2 K.

Proof. Let x,y € K ~ KN H. Then z,y € G~ H, so zy € H. But
x,y € K, and K is a subgroup, so zy € K. Thus, zy € K N H, and the
result follows. 0

We obtain the following:
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Corollary 6.6.12. Let H be a subgroup of Ty with O(H) # H. Then O(H)
has index 2 in H. Thus, if € H~ O(H), then H ~ O(H) = O(H)p.

Another useful consequence of Proposition 6.6.11 requires some group
theory.

Corollary 6.6.13. Letn > 5. Then A, is the only index 2 subgroup of ¥,,.

Proof. We argue by contradition. Suppose H is an index 2 subgroup of
¥, with H # A,. Then K N A, has index 2 in A,, and hence K N A,, is
a nontrivial proper normal subgroup of A,. But for n > 5, A, is what’s
known as a simple group: a group with no normal subgroups other than
the trivial group and itself (see, e.g., [17, Theorem 4.2.7]).1° We obtain the
desired contradition. O

Remark 6.6.14. By studying the groups in question, one can show that
A,, is also the only index 2 subgroup of X, for n < 5.

6.7. Left cosets; orbit counting; the first Noether theorem. This
material is not needed in this chapter, but it important. We include it here
because the idea of cosets has been introduced.

Let H be a subgroup of G. A left coset of H in G is a subset of the form

(6.7.1) xH ={zh:h e H}

for x € G. Of course, z = xe € xH. The proof of the following is analogous
to that of Lemma 6.6.2.

Lemma 6.7.1. Let H be a subgroup of G then the following statements are
equivalent:

(1) zH NyH # 0.

(2) zH = yH.

(3) ylz e H.

Definition 6.7.2. We write G/H for the set of left cosets of H in G:
G/H ={zH : z € G}.

Thus, G/H is a collection of subsets of G. Note that since each z € G
lies in the left coset zH and since any two left cosets are either disjoint or
identical, every element of G lies in exactly one left coset of H in G. G/H
is sometimes called the homogeneous space of G with respect to H.

Similarly, we write H\G for the set of right cosets of H in G. If H has
finite index in G, then by definition, [G : H] = |[H\G]|.

Lemma 6.7.3. There is a bijection x : G/H — H\G given by
x(zH) = Hz™ 1.

10pe simplicity of A, for n > 5 is also an essential ingredient in Galois’ famous proof
that there is no formula involving interated roots for solving polynomials of degree n > 5.
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Proof. We have that H = yH if and only if y~'z € H. But y 'z =
y~1(z71)7, so this is equivalent to saying Hy ' = Hx L. ([

Definition 6.7.4. Let H be a subgroup of G. Then the canonical map
m: G — G/H is defined by 7(z) = xH for all z € G.

There is an important connection between G-sets and homogeneous spaces.
Recall that if X is a G-set (i.e., G acts on X) and if x € X, then the isotropy
subgroup G, is the set of elements of G that fix x, while the orbit Gz (or
G - z) is the set of images of x under the action of G:

Gz ={9€G:gx =z},
Gz = {gz: g € G}.

Two orbits that intersect nontrivially must be equal, so every element of X
lies in exactly one orbit.

Lemma 6.7.5. Let H be a subgroup of G. Then G/H is a G-set via
g-oH = (g2)H

for g € G and xH € G/H. The isotropy subgroup of eH under this action
is H. The canonical map 7 : G — G/H is a G-map, where the action of G
on G s given by left multiplication.

Proof. Setting g-xzH = (gx)H is well-defined as if tH = yH, then x = yh
for some h € H, hence gx = gyh. This determines an action of G on G/H
by associativity. The isotropy subgroup of eH is {g € G : gH = H}. But
this is precisely H.

Regarding m, we have 7(gx) = g (z). O

Note that G/H consists of a single orbit, as G/H = G - eH.

Definition 6.7.6. The action of G on a set X is transitive if X consists of
a single G-orbit.

In fact, every transitive G-set is G-isomorphic to a homogeneous space:

Proposition 6.7.7. Let X be a G-set and let x € X. Then there is a G-
map fr : G/H — X with f(eH) = x if and only if H is contained in the
isotropy subgroup G,. There is a unique such fy in this case: f,(gH) = gx
for all g € G. The image of f; is the orbit Gx, and f, is one-to-one if and
only if H= Gy. Thus, taking H = G, we obtain a G-isomorphism

(6.7.2) fo: G/Gy =5 Ga.

Proof. If there is a G-map f, : G/H — X with f,(eH) = xz, then the
composite f = fyom : G — X is a G-map, so if g € G, f(g) = gz. But
f(g) = fu(gH), so f.(9H) = gz for all g € G. But if h € H, hH = eH, so
we must have hxr = z. Thus H C G,.



170 MARK STEINBERGER

Conversely, if H C G, and if g1H = g2 H, then g;lgl € HC G, So
g;lglx = x, and hence g1z = gox. So setting f.(gH) = gx gives a well-
defined function f, : G/H — X. It is obviously a G-map, and its image is
Gz.

Now fz(g1H) = fz(g2H) if and only if g;x = gox, and this in turn holds
if and only if g, lg1 € G4. So f, is one-to-one precisely when H = G,. O

Corollary 6.7.8. A G-set is transitive if and only if it is G-isomorphic to
a homogeneous space.

The following is immediate from Lagrange’s theorem (Theorem 6.6.4).

Corollary 6.7.9. Let X be a G-set and x € X. Then the orbit Gz is finite
if and only if Gy has finite index in G. In this case |Gz| = [G : Gg]. Thus,
if G itself is finite, |G| = |G| - |Gz| for any z € X.

The left and right cosets of H are generally different subsets of G. They
coincide precisely when H <1 G.

Proposition 6.7.10. Let H be a subgroup of G. Then the following condi-
tions are equivalent.

(1) H<Q@G.
(2) xH = Hz for all x € G.
(3) There is a well-defined operation on G/H given by

(xH)(yH) = xyH

for all x,y € G.
(4) There is a group structure on G/H making 7 : G — G/H a homo-
morphism.

Proof. (1)<(2) Multiplying by z on the right shows zHz~! = H if and
only if tH = Hz.

(1)<(3) Assuming (1), it suffices to show that (zy) 'zhyk € H for all
h,k € H. By (2), hy = yh' for some h' € H, and the result follows.

(3)=(4) The operation specified in (3) inherits associativity from the
group operation in G. It has eH as an identity element, and ' H is an
inverse for xH.

(4)=(1) H = ker w. Kernels are always normal. O

Remark 6.7.11. Note that (4) forces the operation on G/H to be the one
specified in (3). When H < G, when we write G/H, we shall always intend
it to have this group structure.

Example 6.7.12. Consider the case G = Z and H = (n). Here, the group
operation is additive, so the cosets are written additively: a + (n) is the
coset containing a. Since Z is abelian, there is no distinction between left
and right cosets. It is customary to write Z, for Z/(n). It is the standard
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cyclic group of order n. We write a for the coset a + (n). In this notation,
we have

For a > 0,
a=1+---+1=a-1,
—_——
a times

s0 Zyp = (1), and 0 = i = n- 1, while, if 0 < a < n, then a ¢ (n), so a-1 # 0.
Thus Z, is indeed cyclic of order n.

Theorem 6.7.13 (First Noether isomorphism theorem). Let H <G and let
f:G — K be a group homomorphism. Then f factors through a homomor-
phism f : G/H — K making the following diagram commute if and only if
H Ckerf.

(6.7.3) G ! K
NS
G/H

Moreover, f is an injective if and only if H = ker f, and is surjective if and
only if f is surjective.

Proof. If the diagram commutes, then
H =kerm C ker(f on) = ker f.

Conversely, if H C ker f, then f(zh) = f(z) for all z € G and h € H, so
there is a function f : G/H — K making the diagram commute. It is a
group homomorphism by (3), above.

By construction, the image of f is the image of f, hence the surjectivity
statement. If f is injective, then ker f = ker(fon) = kerm = H. Conversely
if ker f = H and if zH € ker f, then e = f(zH) = f(z), and hence = € H.
But then H = eH, and ker f is trivial, making f injective. ([

As a first application, recall from Proposition 3.4.16 that for any group G
and any g € G, there is a unique homomorphism f, : Z — G with f,(1) = g.
Explicitly, fq(m) = ¢ for all m € Z, so that the image of f, is (g) and the
kernel of f, is

{meZ:g™=e},
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the set of all exponents of g. In particular, if |g| is finite, ker f; = (|g|), and
if |g| is infinite, ker f; = 0. We ask now when f, factors as

Z #) G.
N
Lp
Note that since 7(1) = 1 such a factorization exists if and only if there is a
homomorphism f; : Z,, — G with fy(1) = g.

Corollary 6.7.14. There is a homomorphism fg : Zn, — G with fy(1) =g
if and only if n is an exponent for g. Such a homomorphism is unique. It’s
image is (g). It is injective if and only if |g| = n. In particular, every cyclic
group (g) of order n is isomorphic to Z,, by the isomorphism fy : Zn — (g)
given by fy(a) = g for all a € Z.

Corollary 6.6.6 now gives:
Corollary 6.7.15. Any group of prime order p is isomorphic to Zy.

6.8. Leonardo’s theorem. The finite subgroups of Zs are known as ro-
sette groups, as they occur as groups of symmetries of finite polygons. The
following theorem of Leonardo da Vinci will verify that fact, once we know
that C,, is the symmetry group of a polygon.

Theorem 6.8.1 (Leonardo’s theorem). FEvery finite subgroup of Iy is con-
jugate to either the standard copy of Day, or the standard copy of Cy,.

The proof will take up this whole section. Let H C Zs be finite. First
note that H contains no nonidentity translations, as 7, has infinite order if
x # 0, so (7,) is infinite.

Next let || ¢, and let v = 7,00. Then 42 = m,. If 4¥ = id, then
vk = 1o = id as well. This forces k = 0, so glide reflections have infinite
order as well, and hence cannot lie in H.

Thus only rotations and reflections can lie in H. We wish next to show
that all rotations in H must have a common center. A key idea is the notion

of commutators.

Definition 6.8.2. Let G be a group and let =,y € G. The commutator of
x and y is
[z, y] = wyz ™ty
These measure the deviation from commutativity.
Lemma 6.8.3. The elements z,y € G commute if and only if [z,y] = e.

Proof.

xya:flyfl =e & J:ymflyfly =y
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= xya:flx = yx

& a2y =yT. [l

Corollary 6.8.4. Let H be a finite subgroup of Iy and let p 0y, py,¢) € H,
with 0,¢ € (0,2mw). Then x =y. Thus, all the rotations in H must have a
common center of rotation.

Proof. Suppose z # y. By Proposition 5.5.25, p(,¢) and p(, 4y do not
commute, so the commutator [p(, 9y, p(y,4)] 7 id. Now,

[P(2.0): Ply.0)] = Pla.0)Ply.0) Pl ~0)Ply,~)-
Since the rotational angles add up to a multiple of 2, this is a translation by
Corollary 5.5.11. But H contains no nonidentity translations, so x =y. U

We now study the elements of finite order in O({x}).

Proposition 6.8.5. The rotation p(,g) has finite order if and only if 6 is

a rational multiple of 2w, If 0 = % with % in lowest terms, then p(; g) has
order n.

Y42

Proof. Suppose id = Ploo) = Pland)- Then nf is a multiple of 27, say

nf = 2wk, so 0 = 277%, a rational multiple of 27. This must be the case for
any element of finite order.

Let 6 = % with n > 0, where % is in lowest terms. This means k
and n are relatively prime, and hence have no common prime divisor. If
id = pgye) = P(z;mp), then mf is a multiple of 27, say mf = 2wl with
{ € Z. Then %k = {, or mk = nf, so n divides mk. Since n and k are
relatively prime, standard elementary number theory shows n must divide
m. In particular, the lowest positive exponent for p(, gy is n, so p(; g) has

order n.
Write Cp(z) = <p(x 27#)> = 71,CnT_y.

Proposition 6.8.6. Let H be a finite subgroup of I with O(H) # {id}.
Then O(H) = Cy(x) for some n > 1 and z € R

Proof. By Corollary 6.8.4, there exists € R? such that each element of
O(H) has the form p(, g for some §. Each such 6 which occurs must be a

rational multiple of 27. Let ¢ = % be the smallest positive such # which

occurs, with % in lowest terms and n > 0.

We first show that O(H) = (p(y,¢))- To see this, suppose p(, ) € O(H).
Then there is a unique integer m such that 6 is in the half-open interval
[mo, (m + 1)¢). Let 1» =0 — m¢. Then ¢ € [0, ¢) and

Pla) = P@,0)P,—me) = P(2.0)P (1 0)"

The right-hand side is in O(H), s0 p(g,4) € O(H). But 0 <1 < ¢, and ¢ is
the smallest positive angle such that the rotation about x by that angle is
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in O(H), so % is not positive. Thus, 1) = 0, and hence § = m¢, and P(x,0) 18
a power of p(; 4.

We now show that this, together with our assumption on the minimality
of ¢ = % forces k = 1. Thus, let ¢g = 27” By Proposition 6.8.5, both p(, 4)
and p(y,4,) have order n, and hence (p(; ) and (p(; 4,)) have n elements.
But p(, ¢ = p?z’qbo) € (P(a,60))- Since (p(g ¢)) is the smallest subgroup of Zp
containing p(, ), this forces (p(.4)) C (P(z,60))- But each of these groups
has n elements, 50 (0(2.4)) = (P(z,60)): THUS, P(z,60) € (P(a,e)) C O(H). But
®o < ¢, so the minimality of ¢ forces ¢pg = ¢, and hence k = 1. O

Proof of Leonardo’s theorem. If O(H) = H, Proposition 6.8.6 com-
pletes the proof. Otherwise, by Corollary 6.6.12, O(H) has index 2 in H,
and if 8 € HNO(H), H~ O(H) = O(H)j. Such a  must be orientation-
reversing. Since H contains no glide reflections, § = g, for some .

If O(H) = {id}, let = be any element of ¢ in the argument below. Other-
wise, let x be the unique point in R? such that O(H) = C,,(z) (uniqueness
follows because x is the unique fixed-point for every nonidentity element in
Cn(x)). Note, then, that 2 must lie in £, as otherwise, if p(, gy € O(H), then
P(z,0)0¢ 18 a glide reflection in H by Proposition 5.5.22.

In particular, 0 € 7_5(£), so 7—2(€) = Ly = p(4)(lo) for some ¢, with
{y the z-axis. Let a = 7:p(¢). Then a(0) = z and a(fy) = . By Theo-
rem 5.5.20, aCpa~! = Oy (x) and aoy,a~! = 0y, Since conjugation by a is a
homomorphism, it must take the coset Cy, oy, in D2, onto the coset Cyp(z)oy
in H. We obtain that H = aDy,a 1. O

6.9. Orbits and isotropy in the plane. Fix a subgroup H C Z,. We
study the way H acts on points in the plane.

Definition 6.9.1. For 2 € R?, the orbit Hz (or H -z if emphasis is needed)
of x under the action of H is

Hzx ={a(x):ac H}.
The isotropy subgroup H, of x under this action is
H,={a€ H:azr)=uz}

Thus, the orbit is the set of images of x under the transformations in H
and the isotropy subgroup is the set of group elements fixing x. It is easily
seen to be a subgroup of H.

Of course if H = T, then Hx = R? while H, = 8({z}), studied above. We
are more interested in what are called discrete subgroups of Zs, in which H
is much smaller and the isotropy subgroups H, are finite, and are therefore
either cyclic or dihedral.

Definition 6.9.2. Let n > 1. We say that x is an n-center for H if H, is
isomorphic to either C, or Doy, i.e., the orientation preserving transforma-
tions in H, are precisely Cy(z). A point of symmetry for H is an n-center
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for some n > 1. We shall also refer to an n-center as a point of symmetry
of period n.
In the same spirit, we say £ is a line of symmetry for H if oy € H.

Example 6.9.3. We illustrate these concepts with a simple rectangular
grid, which we call X.

Assume the grid continues infinitely in both the vertical and horizontal di-
rections, tiling the whole plane. Let H = 8§(X), the symmetry group of this
pattern. Then the center of each square in the grid can be seen to be a
4-center: the shortest rotation about the center of a square that preserves
the pattern is by 90° = 7. The vertices of the squares are also 4-centers.
One can also see that the midpoints of the edges of the squres are 2-centers.

As for lines of symmetry, the grid lines themselves are reflection lines. So
are the perpendicular bisectors of the edges of the squares, and so are the
lines extending the diagonals of the squares. In particular, each 4-center lies
on 4 lines of symmetry, so its isotropy subgroup H, is Dg. Each 2-center
lies on two lines of symmetry, so its isotropy subgroup H, is Djy.

The symmetry group H = §(X) is the wallpaper group W}. We shall
study it further in Section 6.14

The study of n-centers will be important in understanding the discrete
subgroups of Zo. Note the emphasis on orientation-preserving symmetries
in the definition of n-center.

We will in general be interested in studying the restriction of the action
to O(H) and T (H). Note that O(H), = O(H,) is exactly what contributes
the n in n-center. T (H), = {id} for all =, as nontrivial translations have no
fixed-points. But the orbit 7 (H )z is important:

Definition 6.9.4. The 7 -orbit of z under H is
T(H)x ={a(z):a € T(H)}.

There is a nice relationship between isotropy and conjugacy.
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Lemma 6.9.5. Let o € H and x € R?. Then Howy = aH,a~t. Thus, if x
is an n-center for H, so is a(x). In particular, the set of all n-centers for
H is H-invariant.

Proof.
Bla(@) =a(@) & (a'Ba)(z) =2
& o 'Bac H,
& feaH,a ! O
We will see lots of examples of these ideas in the upcoming sections.

6.10. Frieze groups. A frieze group F is a subgroup of Zy such that
T(F):<Tv>:{TkaEZ}:{TkU:k€Z}

for some v # 0. We shall see that frieze groups are symmetry groups of
repeating patterns called friezes, and that each is isomorphic to one of seven
specific groups.

As a first example, we consider the case where F = T(F) = (1,). We
call this group Fi(v), or simply F;. Note that Theorem 5.5.20 shows that
the conjugacy class of Fi(v) depends on ||v||, as 7, conjugate to 7, implies
|v|| = |Jw]||. Moreover, the conjugacy class depends only on ||v||, as if ||v]| =
|w]| there is a rotation p = p(gy With p(v) = w, and hence pTop L = T,
and hence pF; (v)p~t = Fi(w).

It is easy to find a pattern whose symmetry group is F;. For instance, let
X be the pattern that repeats infinitely in both directions:

Since the letter F detects orientation and there are no reverse F’s in the
pattern, there are no orientation-reversing isometries in 8(X). Also, there
are no rotated F’s, so O(X) = T(X), and the translation subgroup is obvi-
ously generated by a single translation. So 8(X) = T(X) = (r,) where 7,
translates each F to the next F to the right.

This pattern X is a typical frieze pattern. It repeats infinitely in both
directions and occurs in a narrow strip. Friezes are used in architcture as
decorative borders.

Let us now analyze how we can add rotations to JF; without adding any
additional translations.

Lemma 6.10.1. Let F be a subgroup of Ly with T(F) = () for v # 0.
Suppose that p(, ¢y € F with 6 € (0,2m). Then 6 = w. Thus, every point of
symmetry for F is a 2-center.

Proof. Write p;9) = Typ(0,9)- Then p(x’g)Tvp(;lﬁ) = Tpio.0)(v) by Theo-
rem 5.5.20. Since F is closed under conjugation, p(g)(v) = kv for some
k € Z, but since p(gg)(v) has the same norm as v, k = +1. But k = 1 only
occurs when 6 is a multiple of 27, which has been ruled out, and k = —1

implies 6 = 7 in the range given. (]
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m-rotations behave nicely with respect to translations.

Lemma 6.10.2.
(1) Let z,w € R%. Then TwP(e,r) = p(

x—i—%w,w) ’
(2) For xz,y € RQ: Py,m)P(z,m) = T2(y—zx)-

Proof. First note that if £ and m are perpendicular, then the directed angle
from ¢ to m and the directed angle from m to ¢ are both Z, so o,0,, and
om0y are both equal to the rotation about £ Nm by w. This will occur
frequently in our analysis of the symmetry groups of patterns.

In this case, we prove (2) by setting m equal to the the line through x
and y, £ the perpendicular to m through y, and n the perpendicular to m
through z. Then

Ply,m)P(z,m) = 04OmOmOn = 0¢0n.

Now ¢ || n, and the directed distance from n to ¢ can be calculated along
the perpendicular m to these two lines. We get

0¢On = To(mné—mnn) = T2(y—z)>

giving (2). (1) now follows from (2) by taking y =  + 2w and then multi-
plying both sides of the resulting equation (2) on the right by p(, ). Since
a rotation by 7 is an involultion (is its own inverse), we obtain (1). O

We can now characterize the orientation-preserving subgroups of frieze
groups.

Proposition 6.10.3. Let F be a subgroup of s with T (F) = (1) forv # 0
and with T (F) # O(F). Then T(F) has indezx 2 in O(F).

If B € O(F) NT(F), B = pax) for some z € R?, and the other elements
of O(F) N\ T(F) are precisely the elements

6.10.1 P (wr) = , kezZ
( ) Tk p( ’ ) p(I+%’U,ﬂ')

In particular, there are exactly two T -orbits of 2-centers for F: T (F)x and
T(F)(z + 30).
The multiplication in O(F) is then determined by

(6.10.2) p(xﬂr)’i'kvp(_xl’ﬂ) = T—kv;

so that Pz,m)Thkv = T—kvP(z,x)-
Finally, there is a unique line preserved by O(F): ¢ = x + span(v).

Proof. Lemma 6.10.1 shows that any element of O(F)\ 7 (F) has the form
P(z,x) for some x. Lemma 6.10.2(1) verifies the equation in (6.10.1). These
elements must of course lie in O(F). But Lemma 6.10.2(2) shows that if
Py, € O(F), then Ty _4) € T(F) = (1), s0 2(y — x) = kv for some k, and
hence y =z + %U, as stated.
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Therefore, the elements y = x + %fu are all the 2-centers for F, and lie in
T (F)z when k is even and in 7(F)(z + $v) when k is odd. These orbits
are distinct because  and x + Jv are less than [|v|| apart.

Formula (6.10.2) is easy, using Lemma 6.10.2(2). Let y = = + %v. Then
Tkv = P(y,m)P(z,m), SO

-1 _ -1 _
P(a,m)TkvP (g 7y = Pla,m)Ply,m)Pla,m)P(z,r) = Plam)Ply,m)
and this last is equal to 7_g, by another application of Lemma 6.10.2(2).
By Proposition 6.4.3, a line £ is preserved by p(, ) if and only if y € £. But
there is only one line containing all the 2-centers of F: ¢ = x +span(v). O

Remark 6.10.4. Proposition 6.10.3 actually gives a construction, depend-
ing only on the choice of z and v, for a frieze group JF> consisting of
orientation-preserving isometries, and shows that any orientation-preserving
frieze group containing rotations is isomorphic to it, for appropriate x and
.

We may write this group as Fa(v, z) if we wish to avoid ambiguity. The
reader may check that the conjugacy class of F2(v,x) in Zo depends only on
Joll.

These groups are isomorphic as x and v vary. Abstractly, they are isomor-
phic to what’s called the infinite dihedral group, D, which is generated by
elements a and b where b has infinite order, a has order 2, and aba™! = b~ 1.
Note then that (b) has index 2 in D, and is normal. One may construct a
homomorphsim of D, onto Dy, taking b to b, and a to a.

This will be the paradigm from here on for the frieze groups studied. A
given class of frieze groups consists of groups that are abstractly isomorphic
and whose conjugacy class in Zy depends only on ||v]|.

The following, if continued infinitely in both directions, provides a pat-
tern X whose symmetry group is F». Find its 2-centers and its shortest
translation.

(6.10.3)

The result of this process of continuing a visual pattern infinitely in both
directions will be referred to as the frieze pattern generated by the piece
displayed.

We now consider how we can add orientation-reversing isometries to Fi
or F3 to obtain a frieze group leaving O(F) as stated. We need a lemma to
determine which orientation-reversing transformations may occur.
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Lemma 6.10.5. Let F be a frieze group with T(F) = F1 = (1y). If oy € F,
then £ is either parallel or perpendicular to v. If a glide reflection t,00 € F,

then £ is parallel to v and x = %v for some integer k.

Proof. The generic orientation-reversing isometry has the form a = 7,04,
with ¢, = span([cow]). If o € F, then ar,a™! € F. By Theorem 5.5.20,

sin ¢
at,a” ! = Toy, () Since oy, is an isometry, w has the same norm as v, and
Ty € (7y) if and only if w = £wv. This occurs if and only if /4 is either
parallel or perpendicular to v.

By Proposition 5.5.17, « is a reflection in a line parallel to €4 if L (4,
and a glide reflection with axis parallel to /4 otherwise. In particular, we
are done if « is a reflection.

We next rule out glide reflections whose axis is perpendicular to v. But
that is easy. If £ is perpendicular to v and z is parallel to ¢, then (7,0¢)% =
Toz, & translation in a direction perpendicular to v, and hence cannot lie in

T(F) = (7o)
The remaining case is a glide reflection 7,0, with ¢ || v, and we apply the
same argument. (7,0¢)% = 79, € (7,), s0 2 = kv for some k € Z. O

We may now determine the frieze groups whose translation subgroup is
(Ty). By Corollary 6.6.12, the result will be determined by finding a single
orientation-reversing transformation in F. We first consider the case where

O(F) = 7.

Proposition 6.10.6. Let F be a frieze group with O(F) = F1 = (1y).
Suppose F contains a reflection o, with £ || v. Then

(6.10.4) F = (1p) U{Tkoo0 : k € Z}.

Thus F ~ O(F) consists of the reflection o, and the glide reflections Ty, 0y
with k # 0.

We call this group Fi. Its multiplication is determined by the fact that
o¢ commutes with all the elements in O(F) = (Ty).

Finally, ¢ is the unique line preserved by F.

Proof. (6.10.4) follows immediately from Corollary 6.6.12. The transfor-
mations 7,00 with k # 0 are glide reflections since kv || £. The fact that o,
commutes with 7, shows that the elements displayed in (6.10.4) do, in fact,
form a subgroup of 7.

Finally, Proposition 6.4.3 shows that the only line preserved by a glide
reflection is its axis. (I

Remark 6.10.7. Since oy commutes with 74, and since (7,) is isomorphic
to Z, Fi is isomorphic to Z x Dy. The frieze pattern generated by the
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following image has symmetry group Fi.

Note that the glide reflections 74,0/ square to 72*, so that every noniden-
tity even power of 7, occurs as the square of a glide reflection in F}, but no
odd power does.

The next case to consider is where F contains a reflection in a line per-
pendicular to v.

Proposition 6.10.8. Let F be a frieze group with O(F) = Fi = (Ty).
Suppose F contains a reflection o, with m L v. Then

(6.10.5) F = (70) U{Thoom 1 k € Z} = (1) U {0, :keZ}.

Kk, (M)
2

Thus FNO(F) consists of the reflections in the translates of m by mutiples of

%U. The translations and reflections in F relate as follows. Forn = Tx, (m)
2

we have
(6.10.6) anrkvarjl = T_ kv,

SO0 OnTky — T—kvOn -
We call this group F7. The lines preserved by Fi consist of all lines
parallel to v.

Proof. The first equality in (6.10.5) is just Corollary 6.6.12, and the second

equality is Lemma 5.5.16. Equation (6.10.6) also follows from Lemma 5.5.16,

which shows both 0,7y, and 7_g,0, to be equal to the reflection in 7_x (n).
2

Note that (6.10.6) shows that the transformations listed in (6.10.5) are
closed under multiplication and inverses, and therefore form a subgroup
of 7y, so this group does exist. The statement about preserved lines is
immediate from Proposition 6.4.3. U

Remark 6.10.9. By (6.10.6), F7 is abstractly isomorphic to the infinite
dihedral group Ds. The frieze pattern generated by the following image
has symmetry group JF7.

- F R -

By Lemma 6.10.5, the only other possibility for a frieze group F with
O(F) = T(F) is that F contains glide reflections but not reflections.

Proposition 6.10.10. Let F be a frieze group with O(F) = F1 = (Ty),
and suppose F contains a glide reflection but no reflections. Then the axis
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0 of the glide reflection is parallel to v, and F contains the glide reflection
v = 11,00 that squares to T,. Moreover,
2

(6.10.7) F=)={:kez}

We call this group F3. The orientation-preserving elements of F; are
{7?% = 13, : k € Z} and the orientation-reversing elements are the glide
reflections

{yH = Toks1,00 : kelZ}.

Thus, the squares of the glide reflections in F3 are precisely the odd powers
of 7. Finally, ¢ is the only line preserved by F.

Proof. By Lemma 6.10.5, F contains a glide reflection of the form Tny0¢,
with £ || v, for some n € Z. If n were even, say n = 2k, this would be 7,0y.

But then oy = 7_py7kpor is in F, and F has been assumed to contain no
reflections. Thus, n = 2k 4+ 1 is odd. But then

T,kvrzk;lvag =T1,00="7

is in F as claimed.

By Corollary 6.6.12, F = O(F) U O(F)y. But O(F) = (1,) = (v?) is the
set of even powers of v, while O(F)y = (v?)7 is the set of odd powers of v,
so F = (7). The rest follows easily as above. ]

Remark 6.10.11. F; is the symmetry group of the frieze pattern generated
by the following.

- CLrbrb

By Lemma 6.10.5 and the statements of the propositions above, the groups
Fi1, Fi, F? and F} exhaust all possibilities for frieze groups with O(F) = Fj.
Fach of these has been realized as the symmetry group of a pattern.

We shall now find the frieze groups with O(F) = F3. Lemma 6.10.5 will
again come into play.

Proposition 6.10.12. Let F be a frieze group with O(F) = Fa. Suppose
F contains a reflection oy with £ || v. Then € is the line containing the
2-centers for O(F) (and hence for F ). Moreover, oy commutes with all the
elements of O(F), and if y is a 2-center for F, then p(, oy is the reflection
in the line, m(y), through y perpendicular to €. In particular, the isotropy
subgroup Fy for every 2-center y of F is Dy.

We call this group F}. Its orientation-reversing elements consist of the
reflections oy and o,,(,) fory a 2-center of F, and the glide reflections Ty, oy
for 0 # k € Z. Since o, commutes with all the elements of O(F), we have
isomorphisms

Fl 2 Fy x Dy = Doy X Do.
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Finally, ¢ is the only line preserved by F.

Proof. Let X5 be the set of 2-centers. They all lie on a line m parallel to
v. By Lemma 6.9.5, if oy € F, then o¢(X2) = Xo. This forces a¢(m) = m.
But since m || ¢, that forces £ = m by Proposition 6.4.3.

In particular, every 2-center y lies on ¢. But since m(y) L ¢, the compos-
ites 0,,(y)0¢ and 0¢0y,(,) are both equal to p, ). S0 oyp(y ) and pe, .00
are both equal to 0y, (y)-

Since ¢ is parallel to v, o, commutes with the translations in O(F), and its
composites with them give the stated glide reflections. That o, commutes
with all the elements in O(F) shows that adjoining o, to O(F) does in fact
provide a group with the stated elements.

Finally, ¢ was the only line preserved by O(F), and is also preserved by
0y, 50 it is the only line preserved by F = Fi. O

Remark 6.10.13. Note that the squares of the glide reflections in F} are
precisely the nonidentity even powers of 7,. Fj is the symmetry group of
the frieze pattern generated by the following.

(6.10.8)

The last frieze group is the most complicated and interesting.

Proposition 6.10.14. Let F be a frieze group with O(F) = Fa and suppose
F contains a reflection oy, with m L v, but does not contain a reflection in
any line parallel to v. Let £ be the line containing the 2-centers of F and let
y=mnN4~. Then the closest 2-centers to y are y + %v. Write z = y + %v.
Then p(g)0m = T1,00="7, the same v as in F;.

We call this group F2. The orientation-reversing isometries in Fs consist
of the reflections

{TkvO'm =07, (m) k€ Z} ,
2'[)

and the glide reflections
{Tkvp(x,w)am =Ty =7k € Z} :

The multiplication in ]-"22 may be obtained from the equations

(6.10.9) O ThoO ot = Te ko
-1 _

(6.10.10) OmP(em)Om = p(x_%wr).
The isotropy subgroups of the 2-centers are all Co, and ¢ is the unique line
preserved by F3.

Proof. Let X5 be the set of 2-centers for F. None of the points in X5 can
lie on m, as if y = m N ¢, then p(y ryom = 0. Since oy ¢ F, y cannot be a
2-center for F.
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By Lemma 6.9.5, 0,,,(X2) = X. But closest 2-centers are 3||v|| apart. If
x is a closest 2-center to y, oy, (x) will have the same distance from y as x
does, and will be a closest 2-center to z (the distances are additive, as y lies
on the line segment between = and o, (z)). Therefore, both = and oy, (x)
must be iHvH away from y. We may choose x = y + %v as stated.

Now p(4,x) is the product of oy with the reflection in the line through x
perpendicular to ¢. That line is T%U(m). So

Ple.m)Tm = 0t0ry (m)Tm = OTL,,

Tv
as the directed distance from m to 71,(m) is iv. But this is v, as claimed.
The listing of orientation-reversing elements is now immediate from Corol-
lary 6.6.12.

Equation (6.10.9) was shown in the analysis of F7. For Equation (6.10.10),
we have

-1 _ - _
OmP(z,m)0m — O'mO'ZT%U = UKUmT%U = O-EO'T_%IU(m)a

with the last equality from Lemma 5.5.16. But 7_1,(y) = 7_1,(x), so the
4 2

result is p(x_ 1 vm)’ as claimed.

Finally, ¢ is the only line preserved by JFa, and is still preserved by F3. [

Remark 6.10.15. Note that both F7 and JF; are subgroups of F3. In fact,
F2 is generated by oy, and v, as 4% = 7, and vy = P(z,7)0m- Moreover,

amwaal = O‘mT%UUgO';Ll = T_%maUgU;LI = T_%UO'g = 7_1,
so F3 is abstractly isomorphic to Do, but perhaps in a surprising way.
Note that the glide reflections in F2 square to the odd powers of 7,. In
fact these glide reflections all lie in the subgroup F3, where they already
had this property.
F2 is the symmetry group of the frieze pattern generated by the following:

(6.10.11)

Here, the vertical lines of symmetry pass through the midpoints of the hori-
zontal lines of the pattern, while the 2-centers occur at the midpoints of the
vertical lines of the pattern.

Finally, we make the now expected observation that there are no other
frieze groups.

Proposition 6.10.16. There are no frieze groups F with O(F) = Fo that
contain glide reflections by not reflections. Thus, the only frieze groups with
O(F) = F are Fo, F3 and F3.
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Proof. Let F be a frieze group with O(F) = F3 and let o be a glide

reflection in F. Then « must preserve the line ¢ containing the 2-centers,

and hence o = 71 0y for some k (as it squares to a power of 7,). If k is
2

even, o = Tp,0p for n = %, and hence oy € F. But this implies F = ]:21. If

k is odd, then o = 7,7y for n = %, so vy € F. But then p(, )y = om € F,

and hence F = F3. O

6.11. Fundamental regions and orbit spaces. Let’s start by framing
an example to analyze. Let F be a frieze group, and assume the translation
subgroup is generated by a horizontal translation, say from left to right.
In all cases other than F; and F? there is a unique line ¢ preserved by F.
Let us identify ¢ with the z-axis. In the cases of F; and FZ, where every
horizontal line is now preserved, we may also focus attention on the z-axis
and call it . Let

(6.11.1) Y ={[5] R’ a3 € [—¢,d}

for some fixed ¢ > 0. Thus, Y consists of the points in the plane of distance
less than or equal to ¢ from £.'' An analysis of the frieze groups now shows
that YV is F-invariant, i.e., F C 8(Y).

We now wish to focus on how the transformations F affect Y. We give
a more intuitive treatment of some material addressed more rigorously in
Appendix A.

Definition 6.11.1. An action of a group G on a set Y gives, for each g € G
and y € Y an element gy € Y (sometimes written g - y) such that

(6.11.2) 91-(92-y) = (9192) - y
(6.11.3) e y=y

for all g1,92 € G and y € Y. Here g1g9 is the product in G and e is the
identity element of G.

Example 6.11.2. If G is a subgroup of §(Y), then G actson Y via g-y =
9(y).

As the example illustrates, for an action of G on Y and a g € G there
is an induced transformation pg : Y — Y given by uy(y) = g - y. (6.11.2)
is then equivalent to saying that pg, o pg, = pig,4, for all g1, g2 € G, while
(6.11.3) is equivalent to ue = idy, the identity function of Y.

In particular, then pgyopg-1 = prg-10p, = idy so each py is bijective with
inverse function fug-1.

Our motivating examples, (6.11.1) and the more general Example 6.11.2,
are more than just actions on sets. The geometry of the action is important
and is our basic object of study here.

Hwe take the distance from a point to a line in the plane to be the length of the
perpendicular line segment “dropped” from the point to the line.
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Definition 6.11.3. Let Y C R™. An action of G on Y is isometric if each
g € 8(Y') as in Example 6.11.2. More generally, an action is smooth if each
ftg is smooth as described in Chapter 8.1. More generally still, the action
is continuous if each pg is continuous, as described in Appendix A. In any
of these cases, we call Y a G-space, as the structure of Y as a topological
space becomes part of the structure of the action.

If G acts on both X and Y, a G-map f: X — Y is a function such that

flgz) = gf(x)

forall g € G and z € X. If X and Y are G-spaces, we can talk about f
being continuous, smooth or isometric, as appropriate.

If f is bijective, it’s inverse function is a G-map, and we call f an iso-
morphism of G-sets. If X and Y are G-spaces, we call f a continuous,
smooth or metric G-isomorphism if both f and f~! are continuous, smooth
or isometric, respectively.

We will find the above concepts very useful in analyzing wallpaper groups.
A very important concept is that of fundamental region. We should discuss
polygons a bit first. The boundary of a polygon consists of a union of line
segments that form a circuit with the property that no two edges meet in an
interior point and each vertex lies on exactly two edges. Here is an example
of a nonconvex polygon:

The complement of such a circuit in the plane has exactly two connected
pieces: a bounded piece that we call the interior of the polygon, and an
unbounded piece, the exterior. The polygon itself consists of the interior
plus the boundary. We write OP for the boundary of the polygon P and
write Int(P) for its interior.

Definition 6.11.4. Let G act isometrically on ¥ C R2. A fundamental
region for the action of G on Y is a polygon P C Y such that:

(1) Y =Ugeq 9(P)-
(2) If PNg(P) # 0 for g # e, then PN g(P) C OP.

One may define fundamental regions for smooth or continuous actions, but
one would not expect them to be polygons. Polygons work in the isometric
case, because isometries take polygons to polygons. There are also higher
dimensional analogues of fundamental regions. For an isometric action in
R™ the fundamental region is an n-dimensional polytope.
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Example 6.11.5. A pattern with symmetry group JFi is generated by:

A A A

Here, we can take Y to be a slight widening of X (to include the arrow
heads). A fundamental region for the action of F; on Y is given by a single
rectangle T obtained by vertically thickening the following chamber.

|

—_—

Note the splitting of the arrow heads on the vertical lines, as the remainder
of the heads lies in the interiors of adjacent translates of 7. In fact, even
the slightest horizontal translate of T is also a fundamental region for Fi, as
it still satisfies the two properties. It doesn’t matter how exactly you chop
the pattern as long as those two properties are satisfied.

The situation of F| is more complicated, as F; consists of more than just
translations.

Example 6.11.6. A pattern with symmetry group F7 is generated by

Here, we might first ask for a fundamental region 7' for the translation
subgroup T (Fi) = Fi, getting a vertical thickening of the following:

The only element of 7| that carries interior points of T' to interior points of T
is gy, which exchanges the top and bottom chambers of T'. So a fundamental
region R for the action of 7} on Y is given by either one of these chambers,

say

Remark 6.11.7. Note that if G acts on Y and if P is a fundamental re-
gion for this action, each G-orbit meets P in at least one point by Defini-
tion 6.11.4(1). But Definition 6.11.4(2) shows that if a G-orbit Gz meets P
in more than one point, then Gx N P is contained in dP. Thus, if Gz meets
P in an interior point, it meets P in no other point.

Definition 6.11.8. Let Y be a G-space. The orbit space, Y/G of the action
of G on Y is the set of all orbits of this action. Thus, the points in Y/G are
the G-orbits in Y. The canonical map 7 : Y — Y/G takes each y € Y to
the orbit containing it.
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It is customary to give Y/G the quotient topology induced by the canon-
ical map . This is discussed in detail in Appendix A. Let P be a funda-
mental region for the action of G on Y. By Remark 6.11.7, the composite

PcY LY/G

is surjective, and as a set we may regard Y/G as obtained from P by making
some identifications on dP. In fact, in our situation we may identify the
topological space Y/G with the quotient topology obtained from P with
these identifications. A rigorous proof is given in Appendix A for the special
case of the Klein bottle (Corollary A.5.12). The general case for frieze
and wallpaper groups follows from a standard theorem about continuous
functions from compact spaces to Hausdorfl spaces. We shall not treat it
here, but shall content ourselves with describing the orbit spaces in terms
of identifications on the fundamental region.

In particular, we can describe the orbit spaces for the actions of F; and
F{ on the horizontal strip Y discussed above. In the case of Fj, each point
on the left vertical boundary is identified with its image under 7,, which
occurs on the right vertical boundary. There are no other identifications
on the fundamental region, so the orbit space is the result of making this
identification of the left boundary with the right, resulting in wrapping up
the fundamental region to form a cylinder.

In the case of F}, we get exactly the same result, only restricting to the
smaller fundamental region . The result is again a cylinder by the same
reasoning.

Example 6.11.9. A pattern with symmetry group F? is generated by

i

A fundamental region T for the translation subgroup 7 (F2) = Fi, is given
by ,:]:l The only element of F? that carries interior points of T' to
interior points of T is the reflection across the nonbarbed vertical line, which
exchanges left and right halves of T'. So a fundamental region for the action
of 72 on Y may be given by ,:] There are no identifications on the
boundary of this region from the action of FZ, so the fundamental region
and the orbit space coincide in this case.

For F3, we use the pattern

A A S Y A A

A fundamental region, T, for T (F) is given by | 1. Of this, the
left side, u, forms a fundamental region S for F}. The glide reflection
generating F; identifies the left edge of S with the right edge, but twisted
so the arrow heads line up together. The result is a Mobius band.
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For Fy we use the following pattern:

[ A A

There are 2-centers at the center of each square and at the midpoints of the
vertical edges of the squares. A fundamental region T for 7 (F3) is given by
a single square with the outer arrowheads chopped:

\—\

|

%

The only element of F» taking interior points of T' to interior points of T is
the rotation by 7w about the center of T'. For a fundamental region S for F;
we can divide T in half by any line through the center, and then take either
of the halves as S. For instance, divide T" in half with a vertical line. Then
on each vertical edge of S, the upper half of the edge is identified with the
lower half by the rotation about the center point of the edge. In particular,
the orbit space looks like a pillow case.

For ]-'21 we can use (6.10.8) for a pattern, getting a single square as a
fundamental region T for T(F3). The elements of Fj that carry interior
points of T' to interior points of T consist of oy, the reflection in the line
perpendicular to oy going through the center of the square, and the rotation
about the center by 7. A fundamental region S for FJ} is given by any of
the four squares whose boundaries are given by these lines of reflection, and
the orbit space coincides with S.

For F2 we use (6.10.11) for a pattern. The 2-centers are at the midpoints
of the vertical lines of the pattern and lines of symmetry are the vertical lines
through the midpoints of the horizontal lines in the pattern. A fundamental

region T for T (F) is given by . The elements of F2 taking interior

points of T to interior points of T" are the two reflections and the rotation
about the center point. This allows us to choose the left quarter of T', from
the left edge to the first line of symmetry, as a fundamental region, S, for
F2. In this case, the upper half of the left edge of S is identified to the lower
half of the left edge by the rotation about the center point of that edge. The
resulting orbit space is a cone with two corners on its edge.

6.12. Translation lattices in R™. Frieze groups are the isometry groups
in Zy whose translation subgroups are cyclic of infinite order: 7 (F) = ()
for some v # 0. Of course v # 0 is equivalent to saying span(v) # 0, and
hence the singleton v is linearly independent.
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Wallpaper groups, a.k.a. 2-dimensional crystallographic groups, are sub-
groups W C 7y whose translation subgroup is given by

TONV) = Ty, Tw) = {Tfo; kol e Z} = {Tkv+gw 1kl e Z},

where v,w are linearly independent in R2. Our goal in this section is
to understand these translation subgroups. They are what’s known as 2-
dimensional translation lattices. Since translation lattices are also impor-
tant in studying higher dimensional crystallographic groups (with important
physical applications when n = 3), we shall study translation lattices in R™.
Recall from Proposition 3.4.12 that there is an isomorphism of groups

V:R"i)ﬂ

given by v(x) = 7, where R" is an additive group in the usual way. The
translation subgroup of a wallpaper group is the image under v of a lattice
in R%:

Definition 6.12.1. A lattice in R™ is the additive subgroup generated by a
basis v1, ..., v, of R as a vector space over R. Thus, v1,...,v, are linearly
independent and their associated lattice is
A= (vi,...,vn) ={a1v1 + -+ apvy s a1,...,ay € Z}.
We call B =wv1,...,v, a Z-basis for A, and write Ag = A(vy,...,v,) for the
lattice with Z-basis B.
We write Tp for the image of A under v : R™ = 7, and call it the trans-
lation lattice induced by A. In particular, for A = A(vy,...,v,),
Ta = (Tors s Ton) = {750 78" tan, ..., an € L}
= {Ta1v1+---+anvn Y1, ..., 0p € Z}.
In particular, a wallpaper group is a subgroup W C Zy such that 7 (W)
is a translation lattice.
Example 6.12.2. The standard lattice Ag in R™ is A(eq, ..., e,): the lattice
whose Z-basis is the canonical basis £ of R™. Note that
aq
Ag = | ran,..o,an €Z =7"

an

)

the Cartesian product of n copies of Z. The group structure on Z™ here is
the direct product of n copies of Z, as the addition in R™ is coordinatewise.

The following helps us get a handle on lattices.

Lemma 6.12.3. Let B=wv1,...,v, be a Z-basis for a lattice in R™ and let
Ap = [v1]...|vn], the n X n matriz whose ith column is v; for all i. Then
the linear transformation Ty, induced by Apg is a linear isomorphism

Ty, : R" S R"
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and restricts to an isomorphism of groups:
f5:Z" = Ae = Ag.
Specifically,

(6.12.1) /B : =aiv1 + -+ apvn

foray,...,a, € 7.

Proof. Ty, is an isomorphism because the columns of Ag form a basis
of R”. In fact, (6.12.1) holds for Ty, for any ai,...,a, € R by matrix
multiplication, so it holds for fp : Z" — Ap as well. But that shows fz
maps Z" onto Ag, while fz is one-to-one because Ty, is. O

Corollary 6.12.4. Any two n-dimensional translation lattices are conjugate
in the group A, of affine automorphisms of R™.

Proof. By Lemma 3.3.1, TABT’UTZ; = TAgv = Tjg(v) for all v € Ag. O

For simplicity of notation, write elements of Z™ as row vectors. Note that
we obtain a composite isomorphism v o fg : Z™" — Tj, via

— _ al a
vo felat,...,an) = Taju, 4 tanon = Top -+ T

Now, Tj, acts isometrically on R", as translations are isometries. So we get
an isometric action of Z™ on R" via
(ala ce 7an) ‘W = Tajvi+-+anvn (’LU)

We write R} for R" with this action of Z".
But Z"™ also acts on R" via the isometric action induced by Ag:

(al, ce an) "W = Taje1++anen (w)
We write R¢ for R" with this action of Z". Of course, if a is the column
vector with ordered coordinates ay, ..., ay, this is just 7,(w).

Proposition 6.12.5. Let B = vy,...,v, be a Z-basis for a lattice in R™.
Then N
Ta, : RE = RE
is a linear (but not necessarily isometric) isomorphism of Z™-spaces.
Proof. T4, is a linear isomorphism, and is isometric if and only if the
columns of Ag, v1,...,v,, form an orthonormal basis of R™. It suffices to
show T4, is a Z™-map.
TAB((ala"‘7an) w) = AB ' (w+a161 +-- +an€n)

= Agw + a1Ager + -+ - + a, Agey,

=Taz(w) +arvy + -+ + ayv,

=(a1,...,an) - Tagz(w),
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where the final action is evaluated in R3. O

This actually gives us all we need to define fundamental regions for trans-
lation lattices. Recall that the n-cube I™ is the set of all vectors x € R"
whose coordinates all lie in the unit interval I = [0, 1] Thus,

I" = {zie1 + -+ xpey : x; € I for all i}

The boundary 01" consists of those elements of I"™ with the property that
at least one of their coordinates lies in {0,1}. 9I™ is the union of (n — 1)-
dimensional faces, 8?]” and BilIn, fori=1,...,n. Here, for e =0 or 1,

O I" ={zr1e1+ -+ xne, € I" :x; =€}

There is an obvious affine bijection 4§ : I"~! — 91",

-z
1 Ti—1
€ . _
L : = ¢ |-
LTn—1 Li
LTn—1

so the faces of I" are (n — 1)-dimensional polytopes. We have
n
or = J@ruaolr.
i=1
The interior of I is
Int(I") = {z1e1 4+ -+ + zpen : x; € (0,1) for all i}.

Lemma 6.12.6. I" is a fundamental region for the action of Z" (or Ag)
on R¢ in the sense that:

(1) R™ = Uzezn TaI™).

(2) If I" N1, (I™) # O for a # 0, then I N1, (I™) C OI"™.
Moreover, each Z™-orbit

7" -x =Ae-x

intersects I". If Ag - x intersects the interior of I"™, then (Ag-x)NI™ consists
of just this one interior point. If Ag - x intersects the boundary of I, say
y € (Ag-2)NOI™, then (Ag-x)NI™ is contained entirely in OI™, and consists
of 2% points, where k is the number of coordinates of y that lie in {0,1}.

Proof. Let © = z1e1 + ..., zpe, € R" and let a = [z1]e1 + -+ + |zn]en
where [t| denotes the greatest integer less then or equal to the real number
t. Then x € 7,(I™), so (1) holds.

For (2), let I"N7,(I™) # 0 with 0 # a = a1e1 + - - + ape™ € Z™. Then 7,
translates the ith coordinate by a; for all 4. This says [0,1] N [a;,a; +1] # 0
for = 1,...,n, and hence a; € {—1,0,1} for all 4. Since a # 0, at least
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one a; € {—1,1}, and hence any point in I"™ N7,(I") must have at least one
coordinate in {0, 1}.
Regarding orbits, each orbit intersects I by (1). More specifically, let x
and a be as above and let z; = (z; — |a;]) for i = 1,...,n. Then
z==z1e1+ -+ zpe, € (Ag-x)NI".

Note that z; € [0,1) by construction. If z; € (0,1) and 7,(z) € I", then
a; = 0. If z; = 0 and 7,(y) € I", then a; € {0,1}. Considering those i such
that z; = 0, there are 2% choices of a for which 7,(z) € I". Compare the
resulting elements 7,(z) to the y in the statement, and the result follows. [
Corollary 6.12.7. Let B = vy,...,v, be a Z-basis for a lattice in R™ and
let Tay, : RE = RY be the induced linear Z™-isomorphism. Then Tagz(I™) is
a fundamental region for the action of Z" (and hence Ag) on Rf. Moreover,
Tas(I") = {x1v1 + - + 2pvy s x; € I for all i}.
We call it the parallelepiped P(vi,...,v,) generated by vy, ..., Up.

Proof. By Proposition 6.2.6, T'4,(I") is an n-dimensional polytope with
boundary T4, (01"). O

Of special interest here is the case n = 2. Here, I? is the usual unit square
and if B = v, w is a Z-basis for a lattice in R?, then the parallelepiped P (v, w)
generated by v, w is the parallelogram in R? with vertices 0, v, w and v + w:

v+w

P(v,w)

The edges of this parallelogram are the images of the edges of I? under T,
and its interior points are the images of the interior points of I? under Tay:
{sv+tw:s,te(0,1)}.

By Corollary 6.12.7, P(v,w) is a fundamental region for the action of
Ap (or Tpy) on R™. This is obvious from the linear algebra and the proof
of Corollary 6.12.7, but not obvious from the fact that Ag is generated by
v,w as an abelian group. In fact, we can use fundamental regions to find
alternative Z-bases for Ag.

In fact, a given lattice will have infinitely many Z-bases, and infinitely
many noncongruent parallelograms as fundamental regions. But any two
fundamental regions have the same area. The area is calculated as follows.

Proposition 6.12.8. Let B = v,w be a Z-basis for a lattice in R?. Then
the area of P(v,w) is |det Ag|.
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Proof. Let B = A%;AB, where T represents the transpose. Then
det B = det A} det A = (det Ap)?,

as the determinant of a square matrix is equal to the determinant of its
transpose. Thus, it suffices to show that the square of the area of P(v,w)
is equal to det B.

By Corollary 4.1.11,

s G

(v,w) (w,w)

so det B = (v, v)(w, w) — (v, w)2. We calculate the area of the parallelogram
P(v,w) as the product of its base and its height. We leave it as an exercise
to the reader that this formula works. We take v as the base vector, so
the base length is ||v||. For the height, we use the formula from the Gram-
Schmidt orthogonalization: the height vector is w — g}fﬁ v. So the square of

the length of the height vector is

_ <v,w>v w— (v,w>v ) (v, w) - (v, w)? o
<w (v,0) (v, v) >_< ) 2<U’U><’ )+ (v, v)

(v, w)
(v,v)
So the square of the area of P(v,w) is this times ||v||?, which is precisely

We now go back to n-dimensional lattices. Recall that GL,,(Z) is the sub-
group of GL,(R) consisting of the matrices with integer coefficients whose
inverse matrix also has integer coefficients. We saw in Proposition 3.1.8 that
a matrix A € GL,(R) with integer coefficients lies in GL,(Z) if and only if
det A = +1.

Proposition 6.12.9. Let A be a lattice in R™ with Z-basis B = vy, ..., Up.
Then B' = wy,...,w, is also a Z-basis of A if and only if there is a matriz
B € GL,(Z) such that w; is the ith column of AgB for alli (i.e., ApB =
Apr).

Proof. Let B € GL,(Z) and let w; be the ith colum of AgB fori =1,...,n.
We show B’ = wy,...,w, is a Z-basis for Ag, i.e., that Ag = Ag. First
note that since B is invertible, AgB is invertible, and hence its columns,
wi, ..., w, form a basis B of R” over R, and hence do form a Z-basis for
a lattice. Since Ap is generated as an abelian group by v1,...,v,, it is the
smallest subgroup of R™ containing v1,...,vn, so if vy,...,v, € Ag, then
A C Ap. Similarly, if wq,...,w, C Ag, then A C Ap. Thus, it suffices
to show that

= (w,w) —

(6.12.2) Viy... Uy € Agr = <w1, R ,wn),
(6.12.3) wl,...,’wnEA[g:<U1,...,Un>.
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Let B = (bsj), i.e., the ijth entry of B is b;;. Since w; is the ith column of
ApB and since Ap = [v1,...,vy], we have

w; = byvr + -+ + bpv, € Ag,

so (6.12.3) holds. By the definition of B/, AgB = Ap. So AgB~! = Ag.
Since B~! has integer coefficients, the same argument gives (6.12.2).

For the converse, suppose Ag = Ap/. Then both (6.12.2) and (6.12.3) hold.
By (6.12.3), there are integers b;;, 1 < ¢,j < n with w; = byv1 + -+ + bpv,
for all ¢, so if B = (b;;), then AgB = Ap. By (6.12.2), there are integers
bgj, 1 <i,j <n with v; = bjw; + -+ + b ;w, for all i. Setting B’ = (b;j)
we get Ag B’ = Ag. So AgBB’ = Ap. Since Ag is invertible BB’ = I, so
B and B’ are inverse integer matrices and hence B € GL,(Z). O

Corollary 6.12.10. Let B = vi, vy and B = wy,ws be two different Z-bases
for a lattice A in R?. Then P(vi,vs) and P(w1,ws) have the same area.

Proof. By Proposition 6.12.9, there is a matrix B € GLy(Z) with AgB =
AB" So

| det Ap/| = | det Agdet B| = | det Ag|,
as matrices in GL,(Z) have determinant +1. The result now follows from
Proposition 6.12.8. U

Proposition 6.12.9 provides many examples of alternative Z-bases for a
lattice A(v,w) in R?. For instance B’ = 2v + w,3v + 2w is one such, as
det [23] = 1. The following gives an infinite family of Z-bases that may be
of some interest.

Corollary 6.12.11. Let B = v,w be a Z-basis for a lattice A in R%. Then
so are B' = v,v+w, B” = v,2v+w, etc. The fundamental region P(v,v+w)
is the parallelogram generated by v and the main diagonal of P(v,w). We
obtain a sequence, P(v,w), P(v,v+w),..., P(v,kv+w),... of fundamental
regions for A, infinitely many of which are nonconguent.
Proof. Let B = [(1) ﬂ Then AgB = Ap/, Ag B = Apgn, etc., so Proposi-
tion 6.12.9 shows that v, kv + w is a Z-basis for Ag for all k > 0.

It is not impossible for P(v,w) and P(v,v + w) to be congruent. E.g., if

COos 2

OS% , then v + w = [222%] The two parallelograms

P(v,w) and P(v,v 4+ w) are congruent, but not by a congruence preserving
the origin. In P(v,w), the origin is at one of the angles of measure %’T
occurring in the parallelogram, and in P(v,v + w), the origin is at one of
the angles of measure 3.

Regardless, as we move forward in the sequence of fundamental regions,
the angle at 0 gets smaller and smaller, and we get infinitely many non-
congruent fundamental regions for whatever our choice of A was. To see

this, note that all the parallelograms in the sequence have the same area.

v =e1 and w =



A COURSE IN LOW-DIMENSIONAL GEOMETRY 195

Because the all have the same base vector v, they also all have the same
height h. Let ) be the angle at 0 in the parallelogram P(v, kv + w). For
simplicity of calculation, rotate so that v = te; for ¢ > 0, and reflect, if
necessary, so that w = [ﬁ] Then kv +w = [kt;{x], so tan 6, = ﬁ, and

hence limy_, o 0 = 0. O

In classifying wallpaper groups, we’ll start with an abstract subgroup
of 7o whose translation subgroup is a translation lattice and then deduce
information about the group. In particular, we will not be given a preferred
Z-basis for the lattice and we’ll need to be able to find one.

The following definition is nonstandard but is nicely adapted to studying
groups of isometries. It will eliminate some of the point set topology that
might come into play here.

Definition 6.12.12. A subset X C R" is uniformly discrete if there exists
€ > 0 such that d(z,y) > e for all z # y € X.

The following suggests this will be useful.

Lemma 6.12.13. Let A be a lattice in R™ and let © € R™. Then the orbit
{x+wv:v €A} of x under the translation action by A is uniformly discrete.

Proof. Since d(z + v,z + w) = d(v,w), the result is independent of the
choice of z (and the same e can be used for any x). Moreover, for a fixed z
and for w,v € A, d(z+v,x +w) = d(z,z+w—v). Asw—v € A, it suffices
to find an € such that the distance from x to any of its translates by nonzero
elements of A must be greater than e.

Let B =wy,...,v, be a Z-basis for A, and consider the linear isomorphism

Ty : RE =N R%. Since the result is independent of z, we can take x =
%vl+~ . -+%vn, the center of mass of P(vy,...,vy,). Let y = %€1+‘ . -Jr%en =
TA_; (z). Then if z € R" with d(y,z) < 3, it is easy to see that z lies in the
interior of I = P(ey,...,ey,). By the continuity of T;; there exists € > 0
such that d(TZ’; (w),y) < 3 whenever d(w,z) < e. Thus, for d(w,z) < €, w
lies in the interior of P(vy,...,v,). But since P(v1,...,v,) is a fundamental
region for Ag, the interior of P(vy,...,v,) is disjoint from its image under
any element of Az. So any translate of x by a nonzero element of Ag has
distance more than ¢ from =z. O

Remark 6.12.14. This underlines the difference between saying that v, w
is a Z-basis for a lattice in R? and the weaker condition that (v, w) is iso-
morphic to Z x Z. The latter condition holds for v = e; and w = re; for
some irrational number 7, as no integral multiple of 7 can be an integer. Of
course, for this v, w there can be no fundamental region. But also, there are
elements in (v, w) of arbitrarily small nonzero norm.

Our motivation in using this concept is the following.
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Lemma 6.12.15. Let X C R"™ be uniformly discrete. Let {x; : i > 1} be a
sequence in X with lim; o z; = y € R™. Then the there exists N > 0 such
that x; =y for alli > N. Thus, {x; : i > 1} is eventually constant and the
limit element y must lie in X.

Proof. By hypothesis, there is an € > 0 such that d(x,2) > € for all z # 2’
in X. Since lim; ;o z; = y, there exists N > 0 such that d(z;,y) < 5 for all
i > N. But then d(z;,x;) < e for all 4,5 > N. But this forces z; = x; for
1,7 > N. This, in turn forces x; = y for : > N O

We deduce the following “intuitively obvious” fact.

Corollary 6.12.16. Let X C R" be uniformly discrete and let x € X. Then
there exists a closest element, y, to x in X ~ {z}, i.e., there exists y # x
in X such that d(x,z) > d(z,y) for all z # x in X. Moreover, there are
only finitely many such y. By abuse of language, we shall call them closest
elements to x in X.

Proof. There exists ¢ > 0 such that d(y,z) > € for all y # z in X. So
S ={d(z,z) : z € X ~{z}} is bounded below by a positive number. Let s
be the greatest lower bound of the elements in .S. Then s > 0 and for each
d > 0, there is an element z € X ~\ {z} with d(z,z) < s + 6. Thus, we can
choose a sequence {z; € X \ {z} :i > 1} such that d(z,z) < s+ 1.

We shall now make use of some basic results in point-set topology. (See,
e.g., [8].) Note that {z : ¢ > 1} lies in the closed ball of radius s+ 1 about x
(i.e., {z € R" : d(z, 2) < s+ 1}), which is compact by the Heine—Borel theo-
rem. By a basic result on compactness, there is a subsequence of {z; : i > 1}
converging to some y € R™. In other words, after passing to a subsequence, if
necessary, we can assume lim;_, ., z; = y. Note that any subset of a uniformly
discrete set is uniformly discrete. Thus, by Lemma 6.12.15, y € X ~\ {z}
and there exists N > 0 such that x; = y for all i > N. So d(z,y) < s+ %
for all ¢ > N, and hence d(z,y) = s.

The same argument shows there are only finitely many such y. Otherwise,
we could form a sequence {y; : i > 1} of distinct such y, which would all
lie in the closed ball of radius d(x,y) about x. As above, we may assume
the sequence converges. But uniform discreteness forces the sequence to be
eventually constant, violating the assumption the y; are distinct. O

Definition 6.12.17. In a lattice A we refer to a closest element to 0 as a
minimal length element (i.e., v is a minimal length element if ||v|| is minimal
among the norms of the nonzero elements of A). A shortest translation for
Ta is a translation 7, where v is a minimal length element of A.

Corollary 6.12.16 shows that every lattice has minimal length elements.
The same argument actually shows more.

Corollary 6.12.18. Let v be a minimal length element of the lattice A C R™.
Then there are finitely many minimal length vectors in

A~A{kv:0#k € Z},
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i.e., there are finitely many vectors w € A~ (v) such that ||w|| < |z| for all
z € AN (v).

Also, if S is the set of minimal length vectors in A, then there are finitely
many nonzero vectors of minimal length in A ~ (S U {0}). We call them
vectors of subminimal length in A.

Proof. A~ {kv :0 # k € Z} and A ~\ S are uniformly discrete. Apply
Corollary 6.12.16 to find the elements closest to 0. ]

Lemma 6.12.19. Let v be a minimal length element of the lattice A in R™.
Then (v) = A Nspan(v).

Proof. span(v) is the union over k € Z of the line segment from kv to
(k + 1)v. Each of these segments has length ||v||. If w lies in the interior of
one of these segments, then ||w — kv|| < ||v]|, so w cannot lie in A by the
minimality of ||v]|. O

We can apply these ideas to find a Z-basis for a lattice in R2.

Proposition 6.12.20. Let A be a lattice in R?. Let v be a minimal length
vector in A and let w be a vector of minimal length in A~ (v). Then v,w is
a Z-basis for A. We call such a basis a minimal length Z-basis for A.

Proof. By Lemma 6.12.19, v, w are linearly independent over R, and hence
form a Z-basis, B, for a lattice Ay C A. We wish to show Ag = A.

Since P(v,w) is a fundamental region for Ag, for any point z € R? there
isay € Ap with z—y € P(v,w). Applying this to z € A, it suffices to show
that

(6.12.4) P(v,w)NA={0,v,w,v+w}.

So let z € P(v,w) N A. Then z = sv + tw with s,¢t € [0,1]. If t = 0,
z € span(v) N A = (v), and hence z =0 or z =wv. If t = 1, then z —w €
span(v) N A = (v), so z = w or z = v + w. Thus, it suffices to assume
t € (0,1) and derive a contradiction.

For t € (0,1), z ¢ span(v). By our minimality assumption on |[jw]|,
|z|l > ||w]|. Note that the line segment 7w cuts P(v,w) into two triangles,
one, which we’ll call T; with vertices 0, v, w, and the other, T5, with vertices
v,w,v +w. Each vertex of T} lies in the convex set {y € R? : ||y|| < ||w]|}.
Since a triangle is the convex hull of its vertices, Ty C {y € R? : ||y|| < |lw]|},
and hence every element in 77 has norm less than or equal to ||w||. In fact,
we can be even more specific. We can identify T3 as

le{uy:yemv UE[O,l]},

and |luy|| = ul|y|| for v and y as above, so ||uy|| < ||w|| if w < 1. So the only
elements of norm ||w|| in 7} lie in 7w. But on vw, ((1—t)v+tw, (1—t)v+tw)
is a quadratic in ¢t with positive leading coefficient, and hence attains its
maximum on [0, 1] precisely on one or both endpoints, so |ly|| < ||w]| for all
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y in the interior of 7w. In consequence, the only points of 731 N A are 0, v
and w.
Now, for Tb, note that the rotation about (v +w) by 7 takes T5 onto T}
and preserves A, as
P(y,m) (.CI?) =2y—x
for z,4 € R%. So the result follows here, also. O

In analyzing wallpaper groups, it is useful to study the minimal length
Z-bases for the lattice of translations. Note that if v is a minimal length
vector in A so is —v.

Proposition 6.12.21. Let A be a lattice in R? and let S be the set of
minimal length vectors in A. Then S has one of the following forms:
(1) S ={£v} for somev.
(2) S = {£v,tw}, where the smallest unsigned angle 6 between span(v)
and span(w) satisfies T < 0 < 3.
(3) S = {£v,tw,+(v—w)} where the smallest unsigned angle 6 between
span(v) and span(w) is %.

Proof. (1) is certainly a possiblity, e.g., if B = e1, 2e3, then S = {£e;}.
Suppose there are vectors v, w € S such that the unsigned angle 6 between
Ov and Ow is less than §. Then as in the proof of the cosine law,

lo = wl® = [[v]]* + w]* = 2[jv]|[[w]| cos 6
= 2[[[|*(1 — cos 0),

as [[v]| = [w]|. But 0 < § < Z, so 3 < cosf < 1, and hence |jv — w|* <
|v||?, contradicting the minimality of ||v|. Thus, any two vectors in S not
negatives of each other must determine an unsigned angle > %.

If § = Z, then cosf =  and the same argument shows [lv — w|| = ||v],
and hence +(v —w) € S. Pictorially, we get an array if equal-length vectors

in S forming the vertices of a regular hexagon.

L

™

That the angle from O(w — vj to O(—vj is § can be seen by translating the
equilateral triangle AOvw by —wv.
There cannot be any additional elements of S as that would introduce

angles between rays of S that are less than §, contradicting our earlier

calculation. So we are precisely in case (3). This situation is realized geo-
metrically by Ag for B = v, w for this choice of v and w.
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If 0 > 7, i.e., if 0 is obtuse, we may exchange it for the angle between the
rays determined by v and —w, which is then acute. Thus, by renaming w if
necessary, we may assume 6 theta is acute. By our calculations above, if we
rule out (3), we may assume § < 6 < 7. But the angle 7 — 6 between v and
—w is then less than %’T But then additional elements in S would produce
angles between rays of S less than %, which is impossible. So if § <60 < 7,

then (2) holds. O

6.13. Orientation-preserving wallpaper groups. Recall that a wall-
paper group is a two-dimensional crystallographic group, i.e., a subgroup
W C Z such that the translation subgroup 7 (W) of W is a translation
lattice in R, i.e.,

TW) = (10, Tw) = {7'57'{; ti,j € L},

where v, w is a basis of R? as a vector space over R. In this section we study
wallpaper groups not containing any orientation-reversing isometries.

Recall that a point of symmetry for a subgroup H C Z» is a point z whose
isotropy subgroup

H,={aeH:alx)=urx}

is isomorphic to either C,, or Dy, for some n > 1. The value n is then called
the period of z. A point of symmetry of period n is called an n-center for
H.

By Leonardo’s theorem, x is a point of symmetry whose period is divisible
by n if and only if H, is finite and P(z,2n) € H.

Recall that a subset Y C R" is uniformly discrete if there exists ¢ > 0
such that d(z,y) > € for all x,y € Y with = # y. The following is key.

Lemma 6.13.1. Let W be a wallpaper group and let X, be the set of points
of symmetry of W whose period is divisible by n > 1. Then X,, is uniformly
discrete. In fact, if £ is the shortest length of a nonidentity translation in VW
(which exists by Lemma 6.12.13), then d(x,y) > 1€ for all z,y € X,, with

T #y.
Proof. By hypothesis, P, 2m) and P(y,~2x) lie in W, hence so does their
product. By Corollary 5.5.11,

(o 2)P(y-2) = T

n

for some 7, € T (W), and hence ||v|| > ¢ by our definition of /. Now,
Pa) = TP(y.2):
SO

Pla 21)(3/) = TvP(y,%)(y) = T(y)-

’n
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Since d(z,y) =d (x, Pla zl)(y)> = d(z,7,(y)), we have an isosceles triangle
with vertices z, y and 7,(y). By the triangle inequality,
d(y, mo(y)) < d(z,y) + d(z, 70 (y)) = 2d(z, y).
But d(y, 7,(y)) = ||v|| > ¢, and the result follows. O
We now wish to show the period of a point of symmetry in a wallpaper

group cannot be too large. In fact, the period is quite constrained, and this
will make it easy to classify the orientation-preserving wallpaper groups.

Proposition 6.13.2. Let W be a wallpaper group that admits n-centers.
Thenn=2,3, 4 or6.

Proof. Let = be an n-center for YW and let y be a closest n-center to x
(Corollary 6.12.16), and write

d=d(z,y).
Let z = p(%%ﬂ)(m), and let w = p(z,zﬁ)(y). These are again n-centers, as
the set of n-centers is WW-invariant (Lemma 6.9.5). Moreover, we have
(6.13.1) d=d(z,y) =d(y,z) = d(z,w),

as rotations are isometries.
If n = 4, the angles Zxyz and Zyzw are right angles. Since the distances
in (6.13.1) are equal we obtain a square with vertices x,y, z, w:

w ) T

z —Tuy.

If n = 6, the angles Zzyz and Zyzw have measure 5. Since the distances
in (6.13.1) are equal, we must have z = w, and Azyz is equilateral. Since
w = x, it is not an n-center distinct from x.

Finally, we claim that if n = 5 or if n > 7, then d(z,w) < d(z,y) = d,
which contradicts that gy is a closest n-center to x, and hence shows there
cannot be n-centers in a wallpaper group W ifn=5orn > 7.

Thus, assume that n = 5 or if n > 7. Since isometries preserve distance,
we may as well rotate and translate our points so that z =0 and y = [g].
d.cos QW] and x = [d_dcos 2’?} , and hence

n
dsin 2 dsin 2
n n

Then by our choice of angles, w = [

2
(6.13.2) d(z,w) = 'd (1 — 2cos 7r> ‘ .
n
Since n > 4, these angles are acute, so 0 < cos 27” < 1, and hence

2
—1<1—2008—7T<1.
n
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By (6.13.2), d(z,w) < d. Since w is not equal to z in this case, we obtain
our desired contradiction. (]

Corollary 6.13.3. Let W be a wallpapergroup that admits 4-centers. Then
W does not admit either 3-centers or 6-centers. Thus, every point of sym-
metry in W has period 2 or 4.

Proof. Let x be a 4-center for W and let y be either a 3-center or a 6-center.
Then P(z,20) and Py, 20 lie in W, hence so does
k) 4 b 3

P(05)P(o=%) = P(-3)
for some z. But this has period divisible by 12, which is ruled out by
Proposition 6.13.2. U

6.13.1. Groups admitting 4-centers. We shall make use of the follow-
ing.

Lemma 6.13.4. Let © # y € R%2. Then p(a:, %)p(y, %) = p(z,m) where x,
Yy, z form an isosceles right triangle with right angle at z.

Proof. Let m be the line containing x and y. Let £ be the line through =
such that the directed angle from m to £ is 7 and let n be the line through
y such that the directed angle from n to m is Z. Then p(m, %)p(y, g) =

4
000mOmOn = Oz,
0 /A\ n
T Y

m

with z = /4Nn. O

We now show there is a unique orientation-preserving wallpaper group
with a given 4-center x and a given shortest nonzero translation 7,. First
consider the composite Tvp(ﬂ?, g) Using our calculus of isometries, we can
compute it as o,,0¢0p0, with £ the line through x perpendicular to v, m =
l+ %v and n the line through x bisecting the directed angle from ¢ =
x + span(v) to ¢:

(6.13.3)

The diagram provides a 4-center, y. We also obtain a point of symmetry
z=mNgq,as Tp(z,T) = omoy = p(z,m).

Note the distance from x to z is 3||v||. Moreover, no point of symmetry
can be closer to z than z is, as the period of each point of symmetry for
W is divisible by 2, and if u € R?, then p(u,7)p(x, ) is the translation by
2(u — x), a vector whose norm is twice the distance from z to u.



202 MARK STEINBERGER

By Lemma 6.13.4, this forces z to be a 2-center: otherwise p(x, g)p(z, g)
is a rotation at a point closer to x than z is. Lemma 6.13.4 also establishes
that p(y, Z)p(z,5) = p(z, 7). Similarly, p(z,%)p(y,5) = p(z/,7), with 2/
in the following diagram.

(6.13.4)

Y/ m

Again, 2/ must be a 2-center, as otherwise, there is a point of symmetry
closer to  than z or 2’ is. Additionally, p(2’, 7)p(z, 7) is the translation by
w = 2(2' — ), a vector orthogonal to v and having the same length as v. By
Proposition 6.12.20, v, w is a Z-basis for 7(W), and a fundamental region,
R, for T (W) is given as follows.

(6.13.5) Tw () S Tutw (2)
2! Y Tv(2")
T 7o ()

z

Moreover, the labelled points are the only points of symmetry in R, as any
other point would be closer to one of these than is permissible, as that would
violate the minimality assumption on the length of v. Since every T-orbit in
R? meets the fundamental region for 7(W), there are exactly two T-orbits
of 4-centers for W: one of them represented here by y and the other by =z,
To(x), Tw(x) and Ty4(z), all of which lie in the same T-orbit. Similarly,
there are exactly two T -orbits of 2-centers for W, one of them represented
by z and 7, (2) and the other by 2" and 7,(2’).

Thus, we have identified all the translations and rotations in V. Since W
is orientation-preserving, we know all its elements. Note that the argument
above shows that both 7, and the rotations at all the points of symmetry
in R are generated by 7, and P(a,x)- The same argument, applied to the

translates of R by the elements of 7 (W), will show that 7, and Plex)
2
generate all of W, provided we show they generate the rotations by 7 at all
elements in the T-orbit of x. But the same argument as that given for the
diagram (6.13.3) shows that
Tk +w)P(e,5) = Prew(@).5)
Th=w)P(2,5) = P(m(2)5)

for all k£ € Z. We can then iterate this argument at all of these translates of
T to get the others.
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Note that the only elements of W that carry interior points of R to interior
points of R are the rotations about y. Thus, a fundamental region for W is
given by the triangle, S with vertices z, y and 7,(z):

(6136) Tw(x) Tv+w(x)

Y

S

T . 7o (T)

There are two sets of identifications on S induced by elements of W. The
edges Ty and y7,(z) are folded together via Ply.x): joining z to 7,(z); the

™
y?f

edge x7,(z) is folded in half via P(z,x) With the crease point at z. The orbit

space is topologically a sphere SZ.
An alternate choice for a fundamental region S for W is given by the
square with vertices x, 2/, y and z.

(6.13.7) ro@—E @)
2! Y Tv(2")
s
T 7o (T)

z

The orbit space is, of course, the same, and is instructive to see.

Note that by Theorem 5.5.20, we can conjugate W via a translation and a
rotation so that x = 0 and v lies on the positve z-axis. But conjugation will
not change the length of v. Write W(r) for the case where 2z = 0 and v = re;
with 7 > 0. Note that conjugation by the linear map induced by rl> takes
Te, t0 Tre, and preserves ,0(07%). While rI, does not induce an isometry, it

does induce an affine isomorphism from R? to itself, so the groups W(r) are
all conjugate in the group of affine isomorphisms. In particular, they are
isomorphic. We have shown:

Theorem 6.13.5. For a given x and v in R? with v # 0 there is a unique

orientation-preserving wallpaper group containing Ple7) i which 7, is a
)

fundamental region R for T (W) is given by (6.13.5), with the labelled points
being the only points of symmetry in R. We see there are two T -orbits of
4-centers and two T -orbits of 2-centers.

A fundamental region S for Wy is given in (6.13.6). The orbit space is a
sphere, S2.

The conjugacy class of this group in Oy depends only on ||v||, and as ||v]|
varies, these groups are isomorphic.

shortest translation. We call it Wy. It is generated by P(a,3) and T,, and a

Example 6.13.6. A pattern whose symmetry group is Wy is given by prop-
agating the pattern in Figure 6.13.1 across the plane. The arrow-bordered
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squares are fundamental regions for 7 (W), with 4-centers at their vertices
and centers and with 2-centers at the midpoints of the double-headed arrows.
The orientations of the barbs implies there are no reflections or glide reflec-
tions that preserve this pattern, so its symmetry group must be orientation-
preserving and hence be Wy.

FIGURE 6.13.1. A pattern with symmetry group Wj.

6.13.2. Groups admitting 6-centers. We now give a similar uniqueness
theorem for wallpaper groups that admit 6-centers. By Proposition 6.13.2
and Corollary 6.13.3, all points of symmetry in such a group have period 2,
3, or 6.

Lemma 6.13.7. Let A be a 6-center for a wallpaper group VW and let B be a
6-center closest to A Then p(A%.)p(B%) = P(x,2x) where X is a 3—.cent.er
closer to A than B is. In fact, X is a 3-center closest to A, and the midpoint
M of AB is a 2-center. Moreover, M is a point of symmetry closest to A,
and Tp—4 is a shortest translation in W. Thus, closest 6-centers differ by a

shortest translation.

Proof. Let m = jﬁ Let ¢ be the line through A such that the directed
angle from m to £ is § and let n be the line through B such that the directed

. O _ _ .
angle from n to m is §. Then P(A,)P(B,1) = TLOmTmOn = p(x 2x) with X
in the diagram below.

(6.13.8) X

A B
M

The period of X is divisible by 3. Since X is closer to A than B is, X cannot
be a 6-center, so it must be a 3-center. If X’ were a 3-center closer to A than
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X is, then a similar diagram displays P(A,T)P(Br,x) = P(x1,25) where B’ is
a 6-center closer to A than B is. Since this is impossible, X is a 3-center
closest to A.

(6.13.8) also shows that P(x,20)P(A,x) = P(M,x)> SO M is a point of sym-
metry of period divisible by 2. Since it is closer to A than B is, M is a
2-center. We have p(r1.x)p(ax) = T2(M—A) = TB—A. Since the 6-centers are
Weinvariant and since 75_4(A) = B, this is a shortest translation in W. If
N were a 2-center closer to A than M is, we’d have p(n r)p(4,x) = T2(N-A);
a translation shorter than 75_4. So M is a point of symmetry closest to
A. O

We assume now that W is a wallpaper group that admits 6-centers and
that A and B are closest 6-centers in W. Rotating (6.13.8) by increments of

%’T about X, we obtain an equilateral triangle whose vertices are 6-centers.

(6.13.9) <

A B

Here, X is the marked point at the centroid of the triangle, and the trans-
lations 7, = TB_ A, Tw = Tc—a and T,_, = TC — B are shortest translations
in W by Lemma 6.13.7. By Proposition 6.12.20, v, w is a Z-basis for T (W),
and a fundamental region, R, for 7 (W) is given as follows.

(6.13.10)

Here, the vertices of R are all translates of A: B = 7,(A), C' = 71,(A) and
D = 7,14 (A). Since ||v|| = ||w||, R is a rhombus. It is the union of two
equilateral triangles along the common edge BC. The points marked « are
3-centers, and occur at the centroids of the two equilateral triangles. The
points marked - are 2-centers. The ones on the edges of R occur at the
midpoints of those edges. The other is at the center point of R and occurs
at the midpoint of BC, which is also the midpoint of AD.

Since v and w are shortest translations in W, the argument of Lemma 6.13.7
shows there are no other points of symmetry in R than those marked. The
2-centers on opposite edges of R are translates of one another, so there are
three T-orbits of 2-centers. No interior point of R is a translate of any other
interior point of R, so there are two T-orbits of 3-centers. There is one
T-orbit of 6-centers, given by the vertices of R.

The only elements of W that carry interior points of R to interior points
of R are the rotations about the marked centers in the interior of R. As a
result, a fundamental region S for W is given by the region shown in (6.13.8):
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the triangle whose vertices are A, B and the centroid of the triangle AABC.
The orbit space is again a sphere for the same reasons as for Wj.

The argument given in Lemma 6.13.7 shows both 7, and all the rotations
at the marked points in R are generated by P(ax) and 7, (or, in fact, by

3
P(az) and any of the rotations of maximal period for one of the marked
3
points). An argument similar to that used in Theorem 6.13.5 shows that W
is generated by P(az) and 7,, and is the unique wallpaper group containing
3

P(Ax) for which 7, is a shortest translation. Again as in Theorem 6.13.5,
3

we obtain the following.

Theorem 6.13.8. For a given x and v in R? with v # 0 there is a unique
orientation-preserving wallpaper group containing p(mg) i which 1, is a
shortest translation. We call it Weg. It is generated by P(z,7) and T, and a
fundamental region R for T (Ws) is given by (6.13.10), with the vertices and
the marked points being the only points of symmetry in R. We see there are
three T -orbits of 2-centers (marked <), two T -orbits of 3-centers (marked )
and one T -orbit of 6-centers (the vertices of R).

A fundamental region S for We is given in (6.13.8). The orbit space is a
sphere S?.

The conjugacy class of this group in Oy depends only on ||v||, and as ||v]|
varies, these groups are isomorphic.

Example 6.13.9. A pattern whose symmetry group is Ws is given in
Figure 6.13.2. There are 6-centers at the center of each honeycomb cell.
The double-headed arrows prevent orientation-reversing symmetries, so the
group must be Wg.

ST TN T TN T TN TN

oL

N TN TN TN

Lo

ST TN T TN T TN TN

oL

N N

FIGURE 6.13.2. A pattern whose symmetry group is W
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6.13.3. Groups admitting 3-centers but not 6-centers. Thus, here,

W is a wallpaper group admitting 3-centers but not 6-centers. Since P(z,25)Ply,m)
73

has order 6, any wallpaper group containing both a 3-center and a 2-center

must contain a 6-center. Thus, if YW contains 3-centers but not 6-centers,

then every point of symmetry for YW must be a 3-center.

Lemma 6.13.10. Let W be a wallpaper whose only points of symmetry are
3-centers. Let A be a 3-center and let B be a 3-center closest to A. Then
P(A,25)P(B,2) = P(c,4x) where ANABC' is equilateral, and hence C' is also a
closest 3-center to A.
Moreover, P(BAx)P(A,25) = Tos where v = 2(M — A), with M the midpoint
73 173

of BC.

(6.13.11)

Conversely, if v € T(W), then an analogous diagram holds with 3-centers
B’ and C" in place of B and C, respectively, and with v’ in place of v. If
V|| < |[v]|, then d(A,B") < d(A, B). Since B is a 3-center closest to A,
that forces T, to be a shortest translation in T (WV).

Proof. That P(A2m)P(B,2m) = P(C ) with AABC equilateral follows as in

Lemma 6.13.7.
The composite P(B,Ax)P(A 20 is a translation because the angle sum is a
3 73

multiple of 2. To calculate it, write jﬁ =m and % =n. Then
p(B}%)p(A,??W) = O0nOm0Om0¢ = OnOy,

with the directed angle from ¢ to n being %, so that £ is as pictured in
(6.13.11). Since ¢ || n, this composite is the translation by 2(¢gNn —q¢nN¥),
where ¢ is the perpendicular to ¢ and n containing A4, i.e., with ¢ N ¢ = A.
Since AB and AC have equal length, the proof of the Pons asinorum shows
gNnis M, the midpoint of BC.

So P(B,Ax)P(A2m) = To, with v as claimed, giving P(B,Ax) = ToP(a ix)-
Given v as in the converse, we can reverse engineer the entire diagram with
B’ and C’ in the analgous positions, and we get P(Brx) = T/P(a,4x), SO if

3 73
To €W, B’ is a 3-center for W. The result follows. O

Note that since B and C are closer to A than 7,(A) and since v is a
shortest translation for YW, B and C' cannot be in the 7-orbit of A. But
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the argument for the converse shows that if A is a 3-center for W and v is
a shortest translation, then the points B and C' obtained from the diagram

(6.13.12)

A Tv(A)

are 3-centers for W. Here ZC A7, (A), ZBAT,(A), ZC1y(A)A and £LBT,(A)A
are all § asin (6.13.8).

We can now repeat the argument for Lemma 6.13.10 with C' in place of
B, obtaining a diagram

(61313) TUJ(A)

with D a 3-center for YW and w a shortest translation in /. Note that
w = p(ol)(v), so v,w are linearly independent. Since both are shortest
3

translations in W, v, w is a Z-basis for 7 (W), and generate a rhombic fun-
damental region R for T (W).

(6.13.14) T(A) Totuw(A)

A Tv(A)

A more complete picture of the rotations and translations for W is given
in Figure 6.13.3. The 3-centers are indicated by « and the solid line seg-
ments between 3-centers all represent shortest translations. Note that D =
Tw—v(B) so that 7,(B) = 7,(D).

The fundamental region R for 7 (W) is the union of two equilateral tri-
angles with 3-centers at their centroids and vertices. There are no other
3-centers in R, as that would violate the minimality of ||v||. Thus, there
are exactly three T-orbits of 3-centers for W, represented by A, B and C,
respectively.
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Tw (A
Tw—v (A)& E )

ATo+w (A)

Tv—w(A)

FIGURE 6.13.3. Array of 3-centers and translations for Ws.

A fundamental region S for W is not obvious. But the following blowup
from Figure 6.13.3 suffices.

(6.13.15) Tl

C Tw(B)

v (A)
Note we have rotated the appropriate section of Figure 6.13.3 about 7,,(A)
by —& in order to fit the grid for our graphics generator.

If we rotate this region about C' by multiples of 2?” it sweeps out the full
circle about C' and covers the lower half of R. If we rotate by multiples of
2% about 7,(B) it covers the upper half of R. Thus, R? = [J ¢y, a(5). But
it’s easy to see that no element of W carries interior points of S to interior
points of S. So S is indeed a fundamental region for W.

The identifications on S induced by W are given by gluing the seg-
ment C7,(A) to C7,(A) by the rotation about C and gluing the segment
Tw(B)Tw(A) to 7, (B)7,(A) by the rotation about 7, (B). Once again, the
orbit space is topologically a sphere, S2.

As above, we get:

Theorem 6.13.11. For a given = and v in R? with v # 0 there is a unique
ortentation-preserving wallpaper group with no 6-centers containing Pz,20)
3

in which 7, 1s a shortest translation. We call it Ws. It is generated by p(l, 2m)
73
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and 1, and a fundamental region R for T (Ws) is given by (6.13.14), with
the vertices and marked points being the only points of symmetry in R. The
only points of symmetry are 3-centers, of which there are three T -orbits: one
given by the vertices of R and the other two by the marked points.

A fundamental region S for Ws is given in (6.13.15). The orbit space is
a sphere.

The conjugacy class of this group in Oy depends only on ||v||, and as ||v]|
varies, these groups are isomorphic.

Example 6.13.12. A pattern with symmetry group Ws is given in Fig-
ure 6.13.4.

TN T N T T

N

N N T N T T

L

TN T T T N

N

N T T T

FIGURE 6.13.4. A pattern with symmetry group Ws.

6.13.4. The remaining cases. In the cases we’ve studied so far, the pres-
ence of rotations of certain periods determines the structure of the trans-
lation lattice of W. If there are 4-centers, there is a Z-basis consisting of
orthogonal vectors of equal length. If there are 3-centers, the translation
lattice has a Z-basis consisting of vectors of equal length and forming an
angle of § with one another.

In the remaining cases, the translation lattice 7(W) can be arbitrary.
This introduces additional complication. There are exactly two cases re-
maining;:

e All points of symmetry have period 2.
e There are no points of symmetry and W = T (W) is a translation
lattice.

Let us deal with the latter case first, as that will shed light on the former.
Thus, we assume W = T (W). By Theorem 5.5.20 and our calculation of
SO(2), the conjugacy class of T (W) in O determines and is determined by
the following data.
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(1) The length of a shortest translation 7,.

(2) The length of a shortest translation 7,, with w not in span(v).

(3) The shortest possible directed angle from v to w among pairs v and
w as above.

For conjugacy in Zy, replace the directed angle by the unsigned angle in (3).
Thus, many of these translation lattices are geometrically distinct, even if
you fix the length of the shortest translation.

On the other hand, by Corollary 6.12.4, any two translation lattices are
conjugate in Asq, so they are linearly equivalent, just not geometrically. We
shall refer to a wallpaper group for which W = T (W) as W.

A fundamental region for W is simply the fundamental region R for
T (W) in any of these examples: the parallelogram with vertices x, 7,(z),
Tw(7) and Tyi(x) for any € R? and for v and w satisfying (1) and (2)
above:

(6.13.16) To(z Totw(T)

T Tw (T)

The orbit space is obtained by identifying the left edge with the right edge
via 7, and identifying the bottom edge with the top edge via 7,. The result
looks a bit twisted when v and w are not perpendicular, but as shown in
Corollary 6.12.7, the linear map T'4,; induces a linear isomorphism from the
fundamental region for the standard lattice onto the fundamental region
here (when we take x = 0) respecting the boundary identifications used to
construct the orbit space. For the standard lattice, the fundamental region
is the unit square. The identifications of the left and right edges can be seen
to form a cylinder. Identifying the top and bottom then creates a figure
called a torus (denoted T?) which is topologically equivalent to the surface
of a doughnut. We have shown:

Theorem 6.13.13. An orientation-preserving wallpaper group with no points
of symmetry is a translation lattice. Its fundamental region is a parallelo-
gram as in (6.13.16) and its orbit space is a torus. Any two such groups
are linearly conjugate, but not necessarily equivalent geometrically. We call
them Wi.

Example 6.13.14. Figure 6.13.5 displays a pattern whose symmetry group
is W1 .

There is one remaining case for orientation-preserving wallpaper groups.
We let W be an orientation-preserving wallpaper group whose only points
of symmetry are 2-centers. Note that if x and y are 2-centers, then

Ply,m)P(x,m) = T2(y—x) € T(W)

But then p(, ) = Toy—2)P(a,x) lies in the right coset T(W)p(z.x), so T (W)
has index 2 in W. Thus, if v, w is a Z-basis for the lattice inducing 7 (W),
then 7, 7, and p(; ) generate W.
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FIGURE 6.13.5. A pattern whose symmetry group is W;.

Note that for any 7. € T(W), 7. and p(, ) generate the frieze group
Fa(z,x) defined in Remark 6.10.4. Its elements are

]:2(2,1') = {Tk277_kzp(z,7r) ke Z} = {Tkzap(;ﬁ_gzﬂr) ke Z} :
The multiplication is given by the conjugation formula

for any z,u € R2.

Thus, a rotation p(, r) together with a translation do not generate a wall-
paper group: the subgroup they generate in Zo has a translation subgroup
isomorphic to Z, not Z x Z. So three generators are necessary for W: two
for 7(W) and one rotation.

As above, if 7, and p(, ) are in W, so is P( the rotation by =

ZE—‘,-%Z,TI’) ’
about the midpoint of the segment z7,(x). Thus, if v,w form a Z-basis B
for the lattice inducing 7 (W) and if x is a 2-center for W, then the marked
points are 2-centers in the following diagram for a fundamental region R for

TW).

(6.13.18) To (7—‘7%%(1‘)
z ./7.4/1”(30)

Here, the marked point in the center is = + %(v + w), the midpoint of the

diagonal 7,4 (z). It coincides with the midpoint of the other diagonal
Ty (w)Tw (x)

Note that there cannot be any other 2-centers in R, as that would induce
a new translation not in Ag =T (W).

The only element of W that carries interior points of R to interior points
of R is the rotation by m about the center point of R. So a fundamental
region S for W is given by the left half of R:

(6.13.19) Tv(ﬁ/ﬁru+w(z)

xcL %(x)
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The identifications on the boundary of S given by W are obtained by folding
each of the right and left edges in half along the midpoint and identifying
the top and bottom edges by 7,. The result is sewn up completely around
the boundary, topologically forming a sphere, S?.

Conversely, if we start with a translation lattice 7p and an x € R?, then

(6.13.20) WQ(A,I‘) = {Tz,TZp(Lﬂ.) 1z e A} = {TZ?p(x+%z,7r) 1z e A}

forms a orientation-preserving subgroup of Z with 7 (W) = T, and with all
points of symmetry of period 2. (That Wh(A, x) is closed under multiplica-
tion in Zy follows from (6.13.17). It is closed under inverses follows from the
last expression in (6.13.20).) We have shown:

Theorem 6.13.15. For any translation lattice To and any x € R?, there is a
unique orientation-preserving wallpaper group VW whose points of symmetry
all have period 2 such that T (W) = Ta and x is a 2-center. The points of
symmetry for W are precisely the points 71 (x) with 7, € T(W).

W is generated by T,, Ty and p(; fo?’ any Z-basis v,w of A. A fun-
damental region R for T (W) is given in (6.13.18) with the marked points
being the only points of symmetry in R. A fundamental region S for WV is
given by the left half of R as in (6.13.19). The orbit space is topologically a
sphere, S?.

Two such groups are conjugate in O or Ly if and only if their translation
lattices are, but any two such groups are conjugate in As. We call them Ws.

Example 6.13.16. A pattern whose symmetry group is W, is given in
Figure 6.13.6.

FIGURE 6.13.6. A pattern whose symmetry group is Wh.

6.14. General wallpaper groups. Given an orientation-preserving wall-
paper group Wy we study how to add orientation-reversing isometries to
Wy to obtain a wallpaper group W whose orientation-preserving subgroup
O(W) is equal to Wj.
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Note that by Corollary 6.6.12 this forces Wy to have index 2 in W, so
that if o € W~ W, then W ~. W} is precicely equal to the right coset

Woa = {Ba: B € Wo}.

Index 2 subgroups are always normal, so aWpa~! = W).
The following is elementary group theory.

Lemma 6.14.1. Let Wy be an orientation-preserving wallpaper group and
let a be an orientation-reversing isometry. Then W = Wy U Wha is a
wallpaper group if and only if the following hold:

(1) OzWoOé_l =Wp.

(2) a? e Wo.

Proof. If Wy UWpa is a group, then (1) is a consequence of the normality
of index 2 subgroups, while (2) is a consequence of the index 2 property, as
if a? = Ba with 8 € Wy, then a = 8 € W, which we have ruled out. Thus
a? must lie in W.

Conversely, suppose (1) and (2) hold. Then (1) implies WyUWpya is closed

under multiplication. The key case is that for 81, 2 € W,

Brafs = Bi(afea™Ha = BB
for some 33 € Wy by (1). To see that Wy U Wy« is closed under inverses,
the key case is that (3a)™! = a7 !87! and o' = a2 is in Wha by (1).
Thus, W = Wy U Wy« is a subgroup of Zs. O

We now see how to apply this to the situation at hand. First, we are
assuming « is orientation-reversing. So o = 7,0y, for some line £; through
the origin and some x € R?. If z L {4, v is then a reflection with axis parallel
to £y; otherwise, « is a glide reflection with axis parallel to £g. Since W is
a wallpaper group, T (W) = T for some lattice A C R2.

Lemma 6.14.2. Let W be a wallpaper group with O(W) = Wy. Let «
be an orientation-reversing isometry in W, and write o = 7,04, with Ly
a line through the origin. Let T(Wy) = Ta for the lattice A C R?. Then
aTaa~t = Ta. Moreover,

(6.14.1) arya !t =7, (v)s

s0 og, + A — A is a bijective group homomorphism, and, as an isometry,
preserves the norm.

In particular, if S is the set of nonzero vectors of minimal length in A,
then oy, + S — S s bijective. The analogous result holds for the set of
vectors T in A whose norm is the next size up.

Proof. Theorem 5.5.20 gives (6.14.1). Since Wy < W, Toy, (v) e Wp. But it

is also in T3, and Wy N Ta = T (W) by definition, and this in turn is equal
to Ta. So aTpa™t C Ta. But a~! is also orientation-reversing, so the same
argument shows o~ !Tpa C Ta. Conjugating this by a gives T C aTpa ™t
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Thus, the map ¢, : To — Ta given by conjugating by « is a bijection.
The map v : A — T given by v(v) = 7, is an isomorphism. (6.14.1) says
the following diagram commutes:

A —=Tx

U%J{ CQJ(%

A —25 T,

1%

1R

so oy, : A — A is a bijective. O

Of course, we can use S and T to find a Z-basis for A. And knowing S
and T will tell us which possible a can arise in this context.
We will now sharpen Lemma 6.14.1.

Proposition 6.14.3. Let Wy be an orientation-preserving wallpaper group
with T(Wy) = Ta. Let « be an orientation-reversing isometry. Write o =
7200, with Ly a line through the origin. Then W = Wy UWpa is a wallpaper
group if and only if the following hold:

(1) There is a Z-basis v, w for A such that oy, (v), 04, (w) is also a Z-basis
for A.

(2) For all y € R?, a(y) and y have the same isotropy group under Wy,
i.e., if y is an n-center for Wy, then so are a(y) and o= (y).

(3) If a is a glide reflection, then o® € Tj.

Proof. Suppose W = WyUWpa is a wallpaper group. Then (1) follows from
Lemma 6.14.2, while (2) follows from the fact that each y and a(y) must
have the same isotropy subgroup under the action of W. But isotropy sub-
groups for wallpaper groups are either cyclic or dihedral, so their orientation-
preserving subgroups must be isomorphic. Finally, if « is a glide reflection,
then o is a translation, which must lie in W, by Lemma 6.14.1.
Conversely, suppose (1)—(3) hold. Then conjugation by « induces an
isomorphism from 7y to itself by (6.14.1). But every element of Wy not in Tx
has the form p(, g) for some 6, and ap(yﬂ)ofl = P(aly),+0) by Theorem 5.5.20.
By (2), conjugation by « induces a bijection from W to itself. The result
now follows from Lemma 6.14.1. O

Some other useful general results are as follows.

Lemma 6.14.4. Let ¢ be a line of symmetry for a wallpaper group VW. Then
there are infinitely many lines of symmetry for W parallel to £. The directed
distance between a closest pair of such lines is :E%U, where T, is the shortest
translation perpendicular to (.

Proof. By Theorem 5.5.20, ac,a™! = oq() for all a € T. In particular, if
¢ is a line of symmetry for W and if o € W, then «(¥) is a line of symmetry
for W.
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Since T (W) is a lattice, there exists a translation 7, € T(W) with z
not parallel to £. So 7,(¢) # ¢, and is a line of symmetry for W. But
any translation of ¢ is parallel to ¢ so there exist lines of symmetry for W
other than ¢ that are parallel to £. In fact, infinitely many of them, as the
translates 73, (¢) with k € Z are all distinct.

Let m and n be distinct lines of symmetry for W parallel to £. Then
Om0On 1s the translation by twice the directed distance from n to m. The
directed distance is perpendicular to n and hence to £. Conversely, if w is
perpendicular to £, then 7,0, is the reflection in T1 w(1).

Since any subset of 7 (W) is uniformly discrete, there is a shortest trans-
lation 7, perpendicular to £, and for each line of symmetry n parallel to £,
71,,(n) must be the line of symmetry closest to n in the direction of v. [

2

We can now invetigate the relationship between these lines of symmetry
and the points of symmetry of even period.

Proposition 6.14.5. Let ¢ be a line of symmetry for a wallpaper group W.
Let x be a point of symmetry for YW with even period such that x does not
lie on a line of symmetry parallel to £. Then x lies exactly half way between
two closest lines of symmetry parallel to £, i.e., if T, is a shortest translation
in T (W) perpendicular to £, then x lies on a line Tiv(m) where m is a line

of symmetry parallel to £.

Proof. By Lemma 6.14.4 there is a line of symmetry m parallel to £ such
that z lies on 74, (m) for t € (0,4). Let n be the line through = perpendicular
to £. Then

P(z,m)0m = On0(ry,(m))Om = OnT2tv,

a glide reflection with axis m. Thus, (p(mﬂr)om)2 = T4, 1S a translation
perpendicular to £. But this forces t = %. O

We wish to extend these results to glide reflections.

Definition 6.14.6. Let v = 7,0, be a glide reflection in standard form (i.e.,
z || £). We say ~ is an essential glide reflection for a wallpaper group W if
v € W, but 7, is not in W; equivalently, o, is not in W. In this case, we
say ¢ is an essential glide axis for W, i.e., £ is the axis for a glide reflection
in W, but is not a line of symmetry for W.

For v = 7,00 as above, ¥ = 7, is in W, so 7, is a square root of a
translation in W.

We say a glide reflection « is inessential for W if it is not essential. In
this case, it is the composite of two elements of W, 7, and oy.

We say + is primitive for W if it is essential and 79, is a shortest translation
in W parallel to £.

The following is elementary but useful.
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Lemma 6.14.7. Let v; = 1,00 be a glide reflection in standard form, and
suppose vy s an essential glide reflection for a wallpaper group W. Then
there is a glide reflection ~y, primitive for VW, with the property that the set of
all glide reflections in W with azis { is {y?¢T! = Tl 1)0t k € Z}, where
Ty 1S @ shortest translation in W parallel to £.

Proof. Since any subset of 7 (W) is uniformly discrete, there is a shortest
translation 7, parallel to ¢. But this implies that the set of translations in
W parallel to £ is precisely (r,) = {7¥ : k € Z} = {74, : k € Z}. This
is because the translations parallel to ¢ in Zy are {7, : w € span(v)}, and
this forces w to lie in the line segment from kv to (k + 1)v for some k € Z.
But if 7, € W and if 7, is a shortest translation in W lying in span(v), this
forces w to be an endpoint of this segment. Otherwise, w — kv gives rise to
a translation in W parallel to ¢ and shorter than ,.

For any z | £, 7, and o, commute. So (7,0¢)? =

So (TZUE)Qk = Tok, and (Tzw)QkH = T(2k+1)29¢-

2

2 _ 2 _
70) = T2, as 0 = id.

For v4 = 7,04 as in the statement, 712 = 79, is in W, so 2z = kv for
some k, and k must be odd, as otherwise 7, € W. Let k = 2r + 1. then
Y = Y1T—rp = T1,0y is the desired primitive glide reflection for W. O

2

Lemma 6.14.8. Let v be an essential glide reflection for a wallpaper group
W, and let £ be the axis of v. Then there are infinitely many essential glide
axes parallel to €. The directed distance between a closest pair of such azes
18 :l:%v, where T, is the shortest translation perpendicular to £.

Proof. The proof is similar to that of Lemma 6.14.4. Let w be a shortest
translation in W parallel to £. By the proof of Lemma 6.14.7, we may assume
v = 71,,0¢ is primitive for W. Let 7, € W with 2z not parallel to £. Then

2

T = (T T ) (o)
= T%wUTZ(Z) )

a primitive glide reflection whose axis is parallel to . Let v = 71,04, and
2
V2 = T1,0n be primitive glide reflections with axes parallel to £. Since, 71,
2
commutes with the reflection in any line parallel to w,

Y2Y1 = TwOnOm = TwTu,

where u is twice the directed distance from m to n. In particular, 7, € W,
and u L ¢. The result now follows precisely as in Lemma 6.14.4. O

As we shall see, it is possible that there are essential glide axes parallel
to lines of symmetry. In this case, the following holds.

Proposition 6.14.9. Suppose W has an essential glide axis £ parallel to
a line of symmetry n. Then the line of symmetry is half way between two
closest essential glide axes parallel to £.
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Proof. Let w be a shortest translation parallel to £ and let v be a shortest
translation perpendicular to £. Since no essential glide axis is a line of
symmetry, there is an essential glide axis m parallel to ¢ such that n = 74,(m)
for t € (0,1).

Now, v = T1,0m is a primitive glide reflection with axis m, and

TnY = T1yOnOm = T, Totw € W.

: 1
Since Tiy ZgW, 1o, € W. But T;w EW, SO Tyty = 722tv eEW,sot=y3. 0O

The next result will follow as in Proposition 6.14.5.

Proposition 6.14.10. Let ¢ be an axis for an essential glide reflection for
a wallpaper group W. Let x be a point of symmetry for W with even period
such that x does not lie on an essential glide axis parallel to £. Then x
lies exactly half way between two closest such axes, i.e., if T, is a shortest
translation in T (W) perpendicular to £, then x lies on a line Tiv(m) where

m || € is the azis of an essential glide reflection in W.

Moreover, there is a line p orthogonal to £ that is the axis for an essential
glide reflection with glide Tlys and x lies on T%w(p), where w s the shortest
translation in W parallel to £.

Proof. As in the proof of Proposition 6.14.5, we may assume x € T74,(m)

where ¢ € (0, %) and m || £ is the axis of a glide reflection in W. In particular,

if w is a shortest translation parallel to £, then v = 71, 0y, is a glide reflection
2

in W. Let n = z + span(v), the line through x perpendicular to ¢ Then
Plx,m)Y = O'no-m,(m)T%wUm = O'nT%wo-Tm(m)O'm = o'nT%wTQtv = OpT2tv,

where p = n — iv = 7_1,(n). This is a glide reflection with axis p, so its
4

square is T4, a translation in W perpendicular to ¢, Thus, t = % and x

is half way between m and 1 ,(m) as claimed. Finally, we have the glide

reflection

(6.14.2) Y = plamy = TpT1y

whose axis, p, is orthogonal to ¢, and n = 71, (p), as claimed. O
4

6.14.1. Wallpaper groups with O(W) = Wj. Let W be a wallpaper
group with O(W) = Wy and let @« € W ~. W,. The nonzero translation
vectors in Wy of minimal length form a set S = {f+v, £w}, where v L w and
|lv]| = |Jw||]. So S is the vertex set for a square X centered at the origin. Let
a = 1,0¢4,. By Lemma 6.14.2, oy, is one of the reflections in the dihedral
group 8(X) = Dg, so €y = span(v), ¢y = span(w), £y = span(v + w) or
{4 = span(v —w). Thus, the axis of e must be parallel to one of v, w, v+w
or v — w.
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As shown in (6.13.5), a fundamental region R for 7 (W;) is given by

ro@)— @)
Jo — To(2)
T To ()

z

for any 2 € R?, and if 2 is a 4-center, the points of symmetry in R? are
the 4-centers x, y and their translates, and the 2-centers z, 2’ and their
translates.

Let us now consider the possibilities for a above to have the form a = gy
where ¢ meets R. By our analysis above, then in regard to the picture, ¢
must be vertical, horizontal or diagonal.

Since a € W, the isotropy subgroup W,(4) must equal W, for all a € R2.
So o, must take 4-centers to 4-centers and take 2-centers to 2-centers. Note
that the centers lie at the vertices of a grid made by vertical and horizontal
lines, where the distance between closest lines in either direction is |[v||.

Suppose first that £ is vertical. The reflection across £ must carry vertical
lines in this grid to vertical lines in the grid. Therefore, either £ must be one
of the grid lines, or it must be half way between adjacent grid lines. But
the latter case is impossible as o, would then take 2-centers to 4-centers and
vice versa.

Thus, if ¢ is vertical, it must coincide with one of the grid lines, and
therefore must go through a 4-center, say y. But then W, is dihedral, and
hence is Dg and there are four lines of symmetry through y: a vertical line,
a horizontal line, and two diagonal lines, as in the British flag.

(6.14.3)

Tracing these out in our fundamental region R, we see that every point
of symmetry has dihedral isotropy. The diagram (6.14.3) displays all the
lines of symmetry meeting R that result from this fact. Note that this
exhausts the possibilities for lines of symmetry meeting R, as additional
lines would intersect the ones displayed, producing new rotations. Note
that the presence of a reflection across any one of the lines displayed in
(6.14.3) would produce the entire array of lines of symmetry displayed here,
using the patterns associated with the lines of symmetry in Dg, since each
one of these lines contains a 4-center.
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Indeed, Wy together with the reflection in any vertical, horizontal or
diagonal line meeting a 4-center generates exactly this group. And it is
indeed a group, as the assumptions of Proposition 6.14.3 are satisfied. We
call it W}. A pattern whose symmetry group is W} is shown in Figure 6.14.1.

FIGURE 6.14.1. A pattern with symmetry group Wj

The only elements of W} that carry interior points of R to interior points
of R are the elements in the isotropy subgroup of y. Thus, a fundamental
region for W} is given by any of the small isosceles right triangles in (6.14.3),
e.g., the one with vertices x, y and z.

(6.14.4) re@— @)
o Y Tv(2")
s
T 7o (T)

z

Note that there are no identifications on S coming from elements of W} and
the orbit space is just S. We can think of the orbit space R?/W} as obtained
from the orbit space R?/Wj, a sphere, by making the identifications induced
by the reflections. These additional identifications amount to folding the
sphere over onto itself and flattening it out.

We’ve seen that W, together with the reflection in any of the lines dis-
played in (6.14.3) produces Wj. This covers all possible reflections in lines
parallel to v or w that preserve the arrays of centers. But it only covers the
diagonal lines going through a 4-center. Let

!
{=zz.

¢ is diagonal, but is not a line of symmetry for W}. The points of symmetry
on /£ are all 2-centers. Note that o, does preserve the set of 4-centers and
also preserves the set of 2-centers. Thus, Proposition 6.14.3 shows that
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W = Wy U Wyoy is a wallpaper group. We call it W2. Since z and 2’ lie
on £, their isotropy subgroups under W# are dihedral. So the diagonal lines
through z and 2’ perpendicular to £ must also be lines of symmetry for W3.
In the picture below, the dotted lines surround a fundamental region R for
T(W32) and the solid lines represent lines of symmetry for W3.

(6.14.5)

There cannot be any additional lines of symmetry, as that would introduce
new rotations. Thus, there are two T-orbits of 2-centers for WZ, represented
by z and 2/, each with isotropy D4, and two T-orbits of 4-centers for W2,
represented by x and y, each with isotropy Cs. A fundamental region S for
W2 is given by the triangle with vertices z, z and 2/, as indicated in the
picture. The identifications on S induced by W? are simply to identify zz
and z2/ via p(:c, g) The orbit space is a cone.

A pattern with symmetry group W2 is given in Figure 6.14.2. A funda-
mental region R for 7 (W?) is overlaid in dotted lines. Its vertices and center
point are 4-centers. The 2-centers are at the midpoints of its edges. Its lines
of symmetry are the vertical and horizontal lines through its 2-centers.

Our analysis above shows that W} and W2 are the only wallpaper groups
obtained from W, by adjoining a reflection. One can still ask if one can
obtain a different wallpaper group by adjoining a glide reflection. “Different”
here is key, as Proposition 5.5.22 shows that if p(, g) is a nontrivial rotation
and z ¢ £, then both p(, gy0¢ and o4p(, ) are glide reflections. In particular,
both W} and W# have numerous glide reflections.

Thus, we consider wallpaper groups of the form W = W, U W, «a with
a a glide reflection. So o = 7,0, with u || £, and a® = 75, must lie in
Ta = T(W,). The case where 7, € T is uninteresting, as then oy = 7, tar is
in W, so W is already known to be one of W} and W2. So the interesting
cases are where 7, is not in 75 but 79, is. As shown above, ¢ (and hence
u) must be vertical, horizontal or diagonal with respect to region R in the
layout

o@D @)

2! Tv(2")
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FIGURE 6.14.2. A pattern with symmetry group W3.

where z and y are 4-centers and z and 2’ are 2-centers. We shall assume
that ¢ intersects R in more than one point.

First, consider the case where /¢ is vertical. If £ contains one of the points
of symmetry in R, then oy is already known to preserve the periods of all
points of symmetry, and hence we have to translate by a multiple of 7,
to again preserve the periods. As above, this implies oy, € W and hence
W = W}. Thus, the only possibility for something new with ¢ vertical is
if £ passes half way between the vertical columns of centers, i.e., if £ passes
through either x + %v or x + %U. In either case, u must be an odd multiple
of %w in order to preserve the periods of the points of symmetry for Wj.
But then 7, = T2btly, = ThwTly: Since 71, € W, this implies T1,0¢ eW.

Thus, we may assume u = %w.

We shall show that these glide reflections lie in W3. To do so, we make use
of the following lemma, which gives a precise calculation of the composite
of a rotation by 7 with a reflection not containing the rotation point. The
lemma is actually a special case of Proposition 5.5.26, but it is simpler and
easier to picture than the general case, so we present it here in full detail.

Lemma 6.14.11. Let 0 # A € R? and let B = Plo E)(A). Let y € R? and
2

let ¢ be the line through y + A parallel to B: £ = (y + A) + span(B). Then
P(y,z)0 is the glide reflection which in standard form is given by T(p_ 4)0q,
2
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where q is the line through y+ A and y+ B, i.e., g = (y+ A)+span(B — A).

q y+B
l

y+A

Proof. Let m be the line through y parallel to ¢ and let n be the line
through y parallel to q.

Y y+A

Then p( )= 0n0m, hence

Y5
Ply,x)0C = on(omoy)
= 0pT_24
= OnT—(B+A)T(B-A)
= T(nt+5(B+4)T(B-4)
By Lemma 5.5.16, as (B + A) L n. In particular, Py,x)0t = OgT(B-A) for
qg=n+1(B+ A). Now n =y +span(B — A), hence

2
and it suffices to show that y + A and y + B are on ¢. But

q= (y+ 1(B + A)) + span(B — A),

1 1
y+§(B+A)+§(B—A):y+B,
1 1
y+§(B+A)—§(B_A):y+A- 0

We now apply Lemma 6.14.11 in W? with £ the line through z and 7,(2’)
in the fundamental region R:
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This gives A = 1(v — w) and B = (v + w). This gives Ply,z)00 = TqTL,
with ¢ = o + %v + span(w). This is one of the vertical glide reflections we
uncovered above. Since oy € W7, this glide reflection is as well.

A similar argument with ¢ the line through 2’ and 7, (2) shows the glide
reflection OqT_1, 15 In W? where ¢ = z + v + span(w). This is the inverse

of the vertical glide reflection through x + %v discussed above.

If instead we use the other two reflections in WZ that intersect R, we see
that the two nontrivial horizontal glide reflections that generate wallpaper
groups when added to Wy also produce WZ.

The only remaining possibility is glide reflections whose axis is diagonal
with respect to R. In the diagonal rows of points of symmetry, the isotropy
is the same for all points of symmetry in the row, and is different between
closest rows. So the axis for a diagonal glide reflection in a wallpaper group
containing W, must lie along one of the rows of centers rather than in
between.

One case is easy, as it already occurred in the frieze group ]-'22: if m is the
line containing the points z and 2z’ in R and if £ is the line containing x and
y, then pgy yom = 1 (ow)ts A glide reflection with axis /. In particular,

this glide reflection is in WW?. So are all other possible glide reflections along
diagonal lines of 4-centers.

Finally, we apply Lemma 6.14.11 with £ the vertical line through x. Here,
A= —%v, B = —%w, and Py, )0t = OqTL(p—w) @ glide reflection whose
axis ¢ is the line through z and 2’. So this glide reflection, along with all
other candidates for glide reflections through diagonal lines of 2-centers, is

in W}. We have proven the following.

Theorem 6.14.12. There are exactly two wallpaper groups obtained by
adding orientation-reversing symmetries to Wy: Wi and W3. In W}, the
two T -orbits of 4-centers have isotropy Dg and the two T -orbits of 2-centers
have isotropy Dy, so every point of symmetry lies on a line of symmetry.
The pattern of lines of symmetry in the fundamental region R for T(W}) is
given in (6.14.3), and a fundamental region for W} is indicated in (6.14.4).
The orbit space is just this fundamental region S.

In W2, the two T-orbits of 2-centers have isotropy Dy, but the two T -
orbits of 4-centers have isotropy Cy. So every 2-center is on a line of sym-
metry, but none of the 4-centers are. The pattern of lines of symmetry in
a fundamental region R for T(W?) is given in (6.14.5), and a fundamental
region for W2 is indicated by S there. The orbit space is a cone.

6.14.2. Wallpaper groups with O(W) = Ws. Let W be a wallpaper
group with O(W) = Ws and let « € W ~ Ws. The nonzero translation
vectors in Wy of minimal length form the vertex set for a regular hexagon
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X centered at the origin.

(6.14.6)

The identification of the upper left arrow as w — v may be obtained either
via algebra in C or by translating the equilateral triangle with vertices 0, v
and w by —v.

Let o = 7,04,. By Lemma 6.14.2, oy, is one of the reflections in the
dihedral group 8(X) = Dya, so {4 either coincides with the span of one of
the displayed vectors, or bisects the angle between an adjacent pair.

Suppose W admits a reflection through a 6-center x. Then the isotropy
subgroup W, is dihedral, and since the six reflections in W, must be parallel
to those preserving the regular hexagon X, the three lines emanating from
x in the following diagram of the fundamental region R for 7 (Ws) must be
lines of symmetry.

(6.14.7)

S

xT

Here, the figure gives a fundamental region R for 7 (W), with the 2-centers
indicated as o, the 3-centers as « and the vertices of the rhombus are z,
To(x), Tw(z) and Ty4w(z), the 6-centers in R. Every center that meets one
of the three lines of symmetry emanating from x must have dihedral isotropy,
which forces all the other indicated lines to be lines of symmetry.

There can be no other lines of symmetry meeting R, as that would in-
troduce new rotations. So any one of the little triangles in (6.14.7) is a
fundamental region for W, as indicated by S in the figure. A complete dia-
gram with these symmetries is given in Figure 6.14.3, showing that we have
in fact constructed a wallpaper group. We call it Wé, and (6.14.7) gives a
fundamental region for 7 (W{) with all its symmetries.

We can now ask if there are alternative ways we could add reflections to
W to obtain a wallpaper group. (6.14.7) makes a good guide for answering
this question, because the axis for any such reflection would have to be
parallel to one of the lines drawn in that figure. If a line £ meets R and is
parallel to the bottom edge of (6.14.7), then oy(x) is directly above z, and
cannot be a 6-center unless ¢ coincides with the upper edge of R.
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FIGURE 6.14.3. A figure with symmetry group W}. The
vertices of the small equilateral triangles are all 6-centers.

A similar analysis applies to all the other possible directions for lines of
symmetry. The only permissible reflections that carry 6-centers to 6-centers
are the ones displayed in (6.14.7). Thus, Wé is the only wallpaper group
obtained from Wg by adding reflections. We must yet consider the possibility
that glide reflections could be added to Ws to produce a wallpaper group
with no reflections. We repeat the diagram for the fundamental region R
for T(W¢) and label some points.

Tw—nv(T)

(6.14.8)

%9 23

T_o () P x

Up to symmetry, the glides we need to consider are as follows:
(1) The axis is the line containing zo and z3. The glide takes z3 to zs.
(2) The axis is the line containing z; and z3. The glide takes z3 to z;.
(3) The axis is the vertical line through zo. The glide takes 2o to
Tw—v<z3)-
By Propositions 5.5.26 and 5.5.27, these glide reflections all lie in W{. The
one in (1) is P(y,2n)0¢ where ¢ is the line through = and z3. The one in (2)
is Pz, 22)0m where m is the line through z3 and 7, _(z). The one in (3) is

Tnp(y,2x) where n is the line through z3 and 7, ().
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We have obtained the following.

Theorem 6.14.13. There is only one way to extend Ws to a wallpaper
group containing orientation-reversing isometries. The result is Wi. A
fundamental region for T(Wﬁl) showing its points and lines of symmetry is
shown in (6.14.7). There are three T -orbits of 2-centers, each with isotropy
Dy; two T-orbits of 3-centers, each with isotropy Dg; one T -orbit of 6-
centers with isotropy D12. A fundamental region for Wi is the small triangle
marked S in (6.14.7). There are no identifications on S induced by W, so
the orbit space is just S.

6.14.3. Wallpaper groups with O(W) = Wjs. As was the case for Wy
we will construct two different wallpaper groups W with O(W) = Ws (and
with W~ O(W) # 0) and then show there are no others.

First note that the translation subgroups of W3 and Wg coincide. Indeed,
Ws is a subgroup of Wg, and Ws~Wjs consists of rotations only. For instance,
if you remove the arrowheads from the diagram in Figure 6.13.4 (a diagram
whose symmetry group is Ws), you get a diagram whose symmetries are
W4, providing an embedding of Ws into O(W}) = Ws. The image of this
embedding consists of the obvious elements.

Thus, the nonzero translation vectors in W3 of minimal length form the
vertex set for a regular hexagon X centered at the origin.

(6.14.9)

Let W be a wallpaper group with O(W) = W3 and let a = 7,04, be in
W\ W5 with £y a line through the origin. Then by Lemma 6.14.2, oy, is one
of the reflections in the dihedral group 8(X) = D, so {4 either coincides
with the span of one of the displayed vectors, or bisects the angle between
an adjacent pair.

Precisely as in the case of Wg, the axis of a (either as a reflection or a
glide reflection) must be parallel to one of the lines in the following diagram
for a fundamental region R for T(Ws).

(6.14.10) T (z) P Tutw (2)
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Here, x can be any 3-center.

The complication here is that, just as the 4-centers in a W;-group needn’t
lie on lines of symmetry, a particular T-orbit of 3-centers in a Ws-group
needn’t lie on lines of symmetry.

Let us first assume that the 3-center x does lie on a line of symmetry.
Thus, the isotropy subgroup of x with respect to W is Dg. Thus, there
are exactly three lines of symmetry containing x, and they make unsigned
angles of 2% with one another.

Thus, there are exactly two possibilities:

(1) The long diagonal x7,4,(x) lies on a line of symmetry.
(2) The edges z7,(z) and x7,(x) lie on lines of symmetry.

In Case (1), representatives of all three T -orbits of 3-centers lie on z7,44,(x)
so the isotropy group for all three orbits is Dg. That gives us the following
lines of symmetry intersecting R in more than one point.

(6.14.11)

Here, the dotted lines represent the edges of R. Note that there can be no
further reflections meeting R in more than one point as that would introduce
additional rotations. We call this group Wj. Note that the equilateral
triangle labelled S gives a fundamental region for Wi, as its image under
iterated rotations and reflections can be seen to cover all of R?, and no
element of Wi carries interior points of S to interior points of S. In fact, no
two points of S are identified by elements of W% and the orbit space of W§
is just S.

Another way of seeing this is that the union of S with its reflection across
TTy+w() is the fundamental region for Wi given in (6.13.15). So S can
be seen as the result of folding a fundamental region for Ws in half along
the reflection line, and the orbit space of W§ can be seen as the result of
flattening out the spherical orbit space for Ws via this fold.

A pattern with symmetry group W% is given in Figure 6.14.4. Note that
the “local pattern” around the 3-centers is different for 3-centers in different
T-orbits. One T-orbit of 3-centers looks like a target for the arrows. Another
is a source. The third is the center of an empty hexagon. This underlines the
fact that 3-centers from different 7-orbits for Wi are not mapped to one
another by either rotations or reflections. That gives another verification
that the orbit space of Wi is just S.

In Case (2) the vertices of R all have isotropy Dg. Since the two specified
edges lie on lines of symmetry, we obtain the following lines of symmetry
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FIGURE 6.14.4. A figure with symmetry group Wi.

meeting R in more than one point.

(6.14.12) Tw($) Tv+u)($)

T T ()

There cannot be any additional lines of symmetry meeting R in more than
one point, as that would introduce new rotations on the boundary of R. Thus
the two T-orbits of 3-centers represented by the 3-centers in the interior of
R have isotropy Cs while the T-orbit given by the vertices of R has isotropy
Dg. Thus not all 3-centers lie on lines of symmetry, and it makes a difference
to our diagram that we chose x so it did. We call the resulting group Wg .

A fundamental region for S is given by the following triangle, where the
unlabelled vertex coincides with the unlabelled centroid in the lower (or
left-hand) equilateral triangle in (6.14.12).

(6.14.13) @)
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FIGURE 6.14.5. A pattern with symmetry group W3.

us

We have rotated the appropriate section of (6.14.12) by —& about 7,(x)
to suit our graphics generator. Note this is precisely the left half of the
fundamental region for W5 given in (6.13.15). The orbit space is obtained
by gluing together the two left-hand edges of S via the rotation about their
common vertex, and is topologically a cone.

A pattern whose symmetry group is W3 is given in Figure 6.14.5. Again
the three T-orbits of 3-centers have different local pattern, but two of them
are mirror images of one another and are identified via the reflection that
takes one center to the other.

All that remains now is to show that any wallpaper group W containing
orientation-reversing isometries with O(W) = W3 must be one of Wi and
W2. As shown above, this amounts to showing that there is at least one
3-center for W that lies on a line of symmetry.

Thus, suppose first that W admits a line ¢ of symmetry. We shall show
¢ must contain a 3-center. First note from Figure 6.13.3 that there are
three different possible orientations for a rhombic fundamental region R for
T (Ws). In the framework of that picture, the long diagonal in one of them is
vertical, while the long diagonals of the other two have positive and negative
slope, respectfully.

This implies that any line of symmetry for W is parallel to either the
long diagonal or the lower edge of some fundamental region R for 7 (Ws).
Suppose first that W admits a line of symmetry ¢ parallel to the lower edge
of R, and meeting R. So consider Figure 6.14.6, and suppose ¢ is parallel
to the line m through v and 7,(z). If £ = m, then the 3-center A lies on ¢
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T2w—v (A)

otz

Tw—v(A)

Totw(A)

A

v (A)

FIGURE 6.14.6. Array of 3-centers and translations for Ws.

and we're done. Otherwise, oy(A) lies on the line through A perpendicular
to £. Since oy(A) is a 3-center, it must equal either D, E or 79, _,(A). In
the first case, since C' lies on the perpendicular bisector of AD, the 3-center
C lies on £. In the second, since d(A, D) = d(D, E) is the shortest distance
between two 3-centers, D lies on . In the last case, 7,(A) lies on ¢. In all
of these cases, W = Wg .

Now assume ¢ meets R and is parallel to the long diagonal m of R, i.e.,
to the line containing A and 7,4, (A). The lines parallel to m either contain
no 3-centers or contain a whole line of 3-centers, so if £ is parallel to m, then
either ¢ contains a vertex of R, in which case we are done, or £ is half way
between two such lines of 3-centers. But in this case, oy takes either 7,(A)
or Ty (A) to the midpoint of the segment between them, which is impossible
as that point is not a point of symmetry for Ws.

Thus, it remains to show that if YW contains a glide reflection, it must
contain a reflection. The argument here is identical to the one given for Wjs.
Thus, we have shown the following.

Theorem 6.14.14. There are exactly two wallpaper groups obtained by
adding orientation-reversing isometries to Ws. In the first, W%, every T -
orbit of 3-centers has isotropy Dg. A fundamental region R for T(W3)
showing all points and lines of symmetry is given in (6.14.11). The equi-
lateral triangle S in that diagram is a fundamental region for Wi, and also
gives its orbit space.

In the second, Wg, two of the T -orbits of 3-centers have isotropy C3 and
the third has isotropy Dg. A fundamental R region for T(W3) showing all
points and lines of symmetry is given in (6.14.12). A fundamental S region
for W3 is given in (6.14.13). The orbit space is a cone.
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6.14.4. Wallpaper groups with O(W) = W,. Here, since the transla-
tion lattice can be arbitrary, there are more complications possible than in
the previous cases. In fact, there are four different wallpaper groups W con-
taining orientation-reversing isometries such that O(WW) = Ws. One of them
contains glide reflections but no reflections. But all of them are forecast by
the discussions above.

Recall that if A is a lattice in R? and if z € R?, there is a unique
orientation-preserving wallpaper group We = W, (A, z) whose points of
symmetry all have period 2 such that 7(W,) = Tp and x is a 2-center
(see (6.13.20)). If B = v,w is a Z-basis for A then a fundamental region
for T(Ws) is given in the following diagram. The marked points are its
2-centers.

(61414) Tv(%'i"rv-&-w(x)

Here, the marked point in the center is z + %(v + w), the midpoint of the
diagonal 27,4 (z). It coincides with the midpoint of the other diagonal
To () Tw ().

In the previous cases, the rotational symmetries determined the shape of
a preferred fundamental region for Tj. In this case and for Wi-groups, the
shape will be influenced by the orientation-reversing isometries present.

Recall from Lemma 6.14.4 that if ¢ is a line of symmetry for a wallpaper
group W, then there are infinitely many lines of symmetry parallel to £.
There are three cases:

(1) There are reflections in more than one direction, i.e., not all lines of
symmetry are parallel.

(2) There are reflections, and all lines of symmetry are parallel.

(3) There are no reflections, but there are glide reflections.

Let us first consider Case (1). Of course if £ and m are nonparallel lines
of symmetry for W, then 0y,0¢ = p(;,29) € W, where x = £N'm and 6 is the
directed angle from ¢ to m. In a Wh-group, 20 must equal 7, and hence ¢
and m must be perpendicular. By Lemma 6.14.4, we obtain a rectangular
grid of lines of symmetry. The lines parallel to ¢ are {Tgv(f) : k€ 7},

where 7, is a shortest translation in W perpendicular to ¢, and the lines
parallel to m are {7x,(m) : k € Z}, where 7, is a shortest translation in W
2

perpendicular to m (hence parallel to ¢). Note there can be no other lines
of symmetry for £ as we have ruled out additional lines parallel to either £
or m, and any other line would introduce a rotation by an angle other than
7, which cannot exist in a Ws-group.
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Each intersection point between lines parallel to £ and lines parallel to m
is a 2-center. We obtain a region 1" as follows.

(6.14.15) Tw () Tutw (2)
y
)4
x e 7o (T)

By construction, U,crow) 7:(T) = R? so T is a fundamental region for
T (W) if and only if there is no translation 7, € T(W) taking an interior
point of T' to an interior point of 7. However, each translation 7, € T(W)
preserves parallel lines, carries 2-centers of W to 2-centers of W, and carries
lines of symmetry of W to lines of symmetry of WW. Since 1, and T1, are
not in W, the only way 7, can carry an interior point of T" to an interior
point of T is if it takes some vertex of T" to the center point y of T'. In other
words, +z must equal either z; or zo where

1

2 = 5(1} + w)
1

z9 = 5(1} —w).

Note that z1 + z2 = v, so if either of 7,, or 7, is in 7 (W), so is the other.
Let u = T%w(a:). Then u is a 2-center, and if 7, € W, then T%z(u) is a 2-
center for W. In particular, if 7,, and 7,, are in VW, we obtain the displayed
2-centers in the centers of the four rectangles of (6.14.15), precisely as in
Proposition 6.14.5. Moreover, by Proposition 6.14.5, there are no other 2-
centers in 7', so the region bounded by the dotted lines below must be the

fundamental region for T (W) = Tp. In particular z1, zo must be a Z-basis
for A.

T2y ()

(6.14.16) Tw () T Totw ()
7 - h N
~ A S
7 - S > ~N
Ve y N
u Tz1+29 (u)
N 7
N 7
N 7
é = N 7 "
N 7
N 7
T 7o (2)
Taq () m

In particular, if 7,, and 7., are in 7 (W), then the fundamental region R
for T(W) is rhombic (its sides have equal length), and the two diagonals
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FIGURE 6.14.7. A pattern with symmetry group W;.

of this rhombus are lines of symmetry for YW. Note that any rhombus can
be obtained in this manner. We call this group Wi. It has two T-orbits of
2-centers with isotropy Dy and two T -orbits of 2-centers with isotropy Cs.

The triangle labeled S in (6.14.16) gives a fundamental region for Wi.
The only identification on S given by elements of Wj is induced by the
rotation about the midpoint of ur,, (u) by w. It folds the edge ur;, (u) in
half. So the orbit space is a cone. A pattern with symmetry group Wi is
given in Figure 6.14.7. A fundamental region for 7 (W3) can be taken to
have vertices at the center points of the bricks. Its edges are diagonal in the
picture.

The other possibility when there are reflections in two different directions
is that the region 7" in (6.14.15) is a fundamental region for 7 (W) = 7Tx.
In this case A has a Z-basis v, w. As shown above, there can be no further
lines or points of symmetry in 7.

(6.14.17) T (z) Tyt (2)

T 7o ()

We call this group W2. Its four T-orbits of 2-centers all have isotropy Di.

The small rectangle labelled S is a fundamental region for W2. There are
no identifications on S induced by W3, so S is the orbit space. A pattern
with symmetry group W3 is given in Figure 6.14.8. A single brick represents
the fundamental region R.

We now consider Case (2), where all lines of symmetry are parallel. There
cannot be any points of symmetry on a line of symmetry, as if x were such
a point, the isotropy group W, would be Dy, requiring a line of symmetry
through = perpendicular to the original line of symmetry.
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FIGURE 6.14.8. A pattern with symmetry group W22

Let £ be a line of symmetry for W. By Lemma 6.14.4 the lines of symmetry
for W are precisely {7’5 L) ke Z} where v is a shortest translation in W
2

perpendicular to /.
By Proposition 6.14.5 any point z of symmetry must be exactly half way
between any two such lines. Thus, there is a line m = 75 (£) such that
2

x € T%U(m). We now have 7p,p(3.x) = , providing a 2-center in

P(rg o))
each permissible location along z + span(v).

Since W is a wallpaper group, there is a translation 7, € W with z &
span(v). So there is a 2-center 7,(x) not on x + span(v). As above, this
produces a 2-center along 7,(z) + span(v) half way between each adjacent
pair of lines of symmetry for W, including a 2-center, u, between m and
T%v(m), i.e., in the same chamber as . But then p(, )0(z,x) = To(u—z) 15 @
translation parallel to /.

Let 7, be a shortest translation in W parallel to £. Then for each 2-center
z = T%v([E) along x + span(v) there is an infinite family {T%w(z) T €L}
of 2-centers along z + span(w). By the minimality of w, these are the only
2-centers between the lines of symmetry z + T1 ,(span(w)). Therefore, the

only 2-centers for W are
{T%(kv+rw)(aj) S Z}'

These are precisely the 2-centers in Wa(Ag, z) where B = v,w, so T(W) =
Tag, and the fundamental region R for 7 (W) is as follows.

(61418) Tw(x)r - - —e— — - ﬂTv—Q-w(x)
\ \
‘S . '
\ \
b — — —— — — Jﬂ,(x)

The solid vertical lines are the only lines of symmetry that meet R and the
marked points are its 2-centers, all of which have isotropy Cs. We call this
group Wj. A pattern with symmetry group Wi is given in Figure 6.14.9.
The marked points in it give all its 2-centers. The lines of symmetry are the
vertical lines between the columns of 2-centers.
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The left-hand quarter panel in (6.14.18), labelled S, is a fundamental
region for W3. The identifications on it glue its lower boundary to its upper
boundary via 7, and fold it’s left hand boundary in half via P(at bwr)>

2 b
producing a shape like a pillow case.

FIGURE 6.14.9. A pattern with symmetry group W;.

Finally, we address Case (3), where W contains glide reflections but not
reflections. Ws-groups are the first case in which that can occur.

First let v = 7,04 be a glide reflection in standard form. Suppose there
is a 2-center z on ¢. Then p(, ) = 0¢0Om, where m is the line through x
perpendicular to £, so

YP(z,m) = Tw00000m = ToOm = O(1y (m))s
2'U

as we saw in the frieze group F2. In particular, this cannot happen in a
wallpaper group without reflections.

So we now assume VYV has no reflections, but does have glide reflec-
tions. Thus, there is no 2-center on a glide axis, and we can apply both
Lemma 6.14.8 and Proposition 6.14.10. We obtain that there is a rectan-
gular grid of glide axes and that each rectangular box contains exactly one
2-center that occurs at its center. Moreover, if £ is a glide axis for W and
if m is a glide axis orthogonal to ¢, then the glide axes parallel to ¢ are
{Tgv(f) : k € Z} and the glide axes parallel to m are {Tgw(m) . k € Z},
where 7, is a shortest translation perpendicular to ¢ and 7, is a shortest
translation parallel to £. Thus, precisely as was the case for W3, the set of
2-centers for W is

{T%(kv—&-rw)(x) tkyr€ Z}-

These are precisely the 2-centers in Wa(Ap, x) where B = v, w, so T(W) =
Tag, and the fundamental region R for 7 (W) is as follows, where the dotted
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lines denote glide axes.

(61419) Tw(T) T T To+w ()

I I

I A
\ \
P
\ \

R e
\ \

T | . | Ty (x)

There can be no glide axes parallel to neither ¢ nor m, as if £ N ¢ # (), then
the product of a glide reflection with axis £ and a glide reflection with axis ¢
is the composite of 0,0, with translations on either side, and gives a rotation
about some point by twice the directed angle from ¢ to £. So (6.14.5) gives
the entire picture of the symmetries of W in R. We call this group W%.

Let us analyze the primitive glide reflections with the axes indicated in
(6.14.19). Specifically, let v = T1y06 V2 = T1,0p; V3 = T1,,0n and v4 =
T1,0m- Then

=T1,0pT1, Op = OpT1, T1 Op = O g = .
727 5V P sw £ p sw'5v [4 (T*—irw(p)) (T%v(g)) p(y,ﬂ)

Let S be the lower left rectangular block in (6.14.5). Then the following
illustrates that S is a fundamental region for W3.

(6.14.20) w (z) Tyt (2)
11(S5) Y271 (S)
1, (@) y
S 74(S)
T T%v @ 7o ()

The orbit space of Wj is perhaps the most interesting of all the orbit
spaces of wallpaper groups. (Some might prefer the Klein bottle, which is
the orbit space of W}, below.) The lower edge of S is identified to upper
edge by 71, which takes z to y and takes T%U(ZL‘) to T%w(.%‘). Thus, the upper
and lower edges are identified via the same twist used in making the M6bius
band. And the Mobius band is what we get if we make that identification
and nothing else.

Similarly, the left-hand edge is identified with the right-hand edge via 74,
which applies the same twist, taking = to y and T%w(l‘) to T%v(a?). So again,
if we made only this identification, but not the identification of the lower
edge with the upper, we would get a Mobius band.
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But here, we are making both identifications at once. The result is a
rectangle with the identifications indicated by the arrows below.

Thus, the double-headed arrows are identified with each other preserving
the direction of the arrowheads, and similarly for the single-headed arrows.
The result is what’s known as a real projective space, RP2. It is a surface,
or 2-dimensional manifold, as can be shown by methods similar to those
applied to the Klein bottle in Appendix A.

FIGURE 6.14.10. A pattern with symmetry group Wi.

A pattern with symmetry group Wj is given in Figure 6.14.10. The
marked points are its points of symmetry, and the dotted region superim-
posed on it is a fundamental region R for T (W).

From the isotropy data and reflections present we can see that the groups
Wi-Wj are all distinct. But we have exhausted all possibilities for adding
orientation-reversing isometries to W to obtain a wallpaper group. We have
obtained the following.

Theorem 6.14.15. There are exactly four different wallpaper groups ob-
tained by adding orientation-reversing isometries to Wa. In one of them,
W2, all four T-orbits of 2-centers have isotropy Dy. The fundamental re-
gions for T(W3) and for W32 are given in (6.14.17). The orbit space is S.
The fundamental region for T(W3) is rectangular.

In a second, W3, there are two T -orbits of 2-centers with isotropy Dy and
two with isotropy Co. The fundamental regions for T(W3) and for Wi are
given in (6.14.16). The orbit space is a cone. The fundamental region for
T(W3) is rhombic.
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A third, W3 has four T-orbits of 2-centers with isotropy Ca, but does
have lines of symmetry. The fundamental regions for T(W3) and for Wi are
given in (6.14.18). The orbit space looks like a pillow case. The fundamental
region for T(W3) is rectangular.

The fourth, W3, has no lines of symmetry, but does admit glide reflec-
tions. Each T -orbit of 2-centers has isotropy Cy. The fundamental region
for TOWV3) is given in (6.14.19) and that for for Wi is given in (6.14.20).
The orbit space is a real projective space RP?. The fundamental region for
T(W3) is rectangular.

6.14.5. Wallpaper groups with O(W) = W;. W, is just a translation
lattice:
Wi =TW) =Ty ={r:2z€ A}
for some arbitrary lattice A C R%. But the presence of orientation-reversing
isometries imposes stronger conditions on what lattices may occur.
Let us first suppose that WV contains a reflection oy. Since WW; has index
2 in W, this says

(6.14.21) W~ Wy = {100: 7, € Wi}.

Moreover, the isometries 7,0y are reflections if z | ¢ and are glide reflections
otherwise. Whether some of these glide reflections are essential will depend
on the relationship between ¢ and the translations that occur in Wj.

Let £4 be the line through the origin parallel to /. By Lemma 6.14.2,

(6.14.22) OUT0L | = Ty, (2

for any z € R2. In particular, if 7, € Wi = Ta, so is Tor, ()"

By Lemma 6.14.4, there is an infinite family of lines of symmetry parallel
to £, {Tﬁv(f) k€ Z}, where 7, is a shortest translation perpendicular to
2

£. These are the only lines of symmetry parallel to £, and there can be no
other lines of symmetry for W, as if two lines of symmetry intersect, there
is a rotation about their point of intersection.

So far, we know there are translations {7 : k € Z} in T perpendicular
to £ (and no other translations perpendicular to ¢, as 7, is a shortest such
translation). We next claim there are translations parallel to £. To see this,
suppose T, € Ty is neither parallel nor perpendicular to £. Then we obtain
the following situation.

(6.14.23)

O'% (Z)/ P
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By construction, ¢4 is the perpendicular bisector of zoy, (2), so the midpoint
F(z+ 01,(2)) is on £y, as is the origin. So z + 0y, (2) is on £y. But 2 € A, as
is 04, (2) by (6.14.22), so T(ator, (=) is a translation parallel to £ in Ty.

Let 7, be a shortest translation parallel to £ in T5. Then as shown earlier,
{7k . k € Z} is the set of all translations parallel to £ in Tj.

Lemma 6.14.16. Let W be wallpaper group with O(W) = Wy = Tp and
let oy € W. Let 1, be a shortest translation perpendicular to £ and Ty a
shortest translation parallel to £. Let 7, € W. Then

k
(6.14.24) z = §w+gv for k,r € Z.

Moreover, k and r are either both even or both odd.

Proof. Since v and w are perpendicular, they form a basis of R? as a vector
space over R. So z = sw + tv for s,t € R. Now 7,(¢) is the axis for the
reflection 7,0,7, ' by Theorem 5.5.20, so 7,(f) € {Tgv(g) :k € Z}. On the
other hand 7,(¢) = 7, (Tsw(¢)) = T (£), as sw is parallel to £. Thus, ¢ is an
integral multiple of %

Again by Theorem 5.5.20, Uﬂza[l = Ty, (2)> 50 01,(2) € A. Since w € £y
and v L £y, we have

op,(sw + tv) = sw — tv,

80 2+ 0y,(2) = 25w € A. So s is an integral multiple of 1 also.
We know that neither %v nor %w is in A. We claim this implies that if
z = gw + 5v € A, then either k and r are both even or k£ and r are both

odd. To see this, note that if z = %w + 27"1), then z — mw — nv = %w.

Similarly, if z = Qme + 2”;111, then z — mw — nv = %v. O

It is possible that v,w is a Z-basis for A, in which case k& and r must
always be even. Otherwise, there exists a pair of odd integers k,r with
%fw + 5v € A. But then, subtracting multiples of v and w as above, we see
that z; = %w + %v and zo = %w — %v are in A. Since w = 21 + 29 and
v = z1 — 29, the lattice Ag with B = z1, 290 must contain all sums %w + 50
with £ and r either both even or both odd. Since such sums do form an
additive subgroup of R?, the presence of a single such sum in which both &
and r are odd forces A = Ag.

Of course, zo = 0y, (21). We have shown that exactly one of the following
must hold:

(1) z1 = 3w+ 3v and 01,(21) = 22 = tw — v form a Z-basis for A.

(2) v and w form a Z-basis for A.
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In Case (1), for € ¢, we obtain a fundamental region R for T (W) as
follows.

(6.14.25) T
Teg (@)< : s>y (x)

Here, the dotted lines are the edges of R and the solid line ¢ is the only
line of symmetry meeting R in more than one point. Since zo = oy ¢(zl),
R is thombic. We can obtain any rhombus we like in this way by varying
the lengths of v and w. We call this group W}, and the triangle labelled S
forms a fundamental region for W}. Its orbit space is rather complicated,
as we identify the edge 7., (2)7s 42, () with the edge 7., (z) via the com-
posite oy7_,. This identification applies a twist, identifying 7., (z) to x and
identifying 7., +2,(x) to 7, (z), wrapping these two edges up into a single
circle.

Lemma 6.14.17. The orbit space of Wi is a Mébius band.

Proof. Write y = 7,,4,,(x) and z = 7,,(z). Then the orbit space is the
result of making the indicated identifications on S:

Yy
®

(6.14.26)

\/

[ ]
€T
Let m be the midpoint of Zy. We shall cut S along the segment mz:

Yy
[ ]

(6.14.27)

v/

[ ]
xT

This separates S into two right triangles, which we then glue to each other
along their hypoteneuses via that stated identification between 7z and Zz.
We obtain the follwing rectangle, where the opposite edges are to be identi-
fied with one another according to the orientations specified by the double
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arrows obtained from the cut we made:

(6.14.28) ok o
. > .
The result of this identification is a Mobius band. O

Another feature of W} is the presence of essential glide reflections.

Proposition 6.14.18. W} has essential glide azes half way between each
closest pair of lines of symmetry. These are the only essential glide axes for
WL

Proof. Let v, w, z; and 29 be as above. Let m be a line of symmetry for
Wi. Then Lemma 5.5.16 gives

T2 Om = TYTL0m = T4 0wy (m)

Since Tw ¢ A, this is an essential (in fact primitive) glide reflection. Its axis
is half way between m and Ty (m), a closest pair of lines of symmetry.

To see this gives all essential glide axes for W/, note that the orientation-
reversing elements of W} have the form 74, 1 ,..,00 with k,r € Z, by (6.14.21),
since z1, 29 is a Z-basis for A. Now,

kot =k swt so) 41 (tw—so) = AT, BT
21+ 129 = 2w 21} r 211) 21} =3 w 5 v,

so
Thkz1+rz000 = T%wo-nv
where n = Ti_r (€). If k +r is even, so is k — r. In this case n is a line
4

of symmetry for Wi and Tpar » € A, so the result is either a reflection or
an inessential glide reflection. If & + r is odd, so is k — r, and the result
is an essential glide reflection whose axis is 7y (m), where m is the line of
symmetry T%U(ﬁ). O

A pattern with symmetry group Wi is given in Figure 6.14.11. The lines
of symmetry in it are horizontal and follow the arrows.

In Case (2), v,w form a Z-basis for A, so a fundamental region R for
T (W) is given as follows.

(6.14.29) Tw(®)- — — — —j— — — — Totw ()
¢ 71,0 s o (0)
b - — - == - — = 7o ()

We call this group W2. A fundamental region for W} is given by the square
marked S. The only identification on S is the identification of it’s lower
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FIGURE 6.14.11. A pattern with symmetry group W;.
edge to its upper edge via 7. The orbit space is a cylinder. An argument
similar to that of Proposition 6.14.18 shows the following.
Proposition 6.14.19. There are no essential glide reflections in W3.

A pattern with symmetry group W12 is given in Figure 6.14.12.

FIGURE 6.14.12. A pattern with symmetry group W3.

We now consider the case where W has glide reflections by no reflections.
Let £ be a glide axis for W. Let 7, be a shortest translation parallel to £
and write 7 = 71, 0¢. By Lemma 6.14.7, the glide relfections in W with

2

2k+1
e

axis ¢ are precisely { = Toks1, 00 k € Z}. The glide reflections ~, and
2

Yo L are called primitive for £. Note v2 = 7.

If m is a glide axis parallel to ¢, then this same 7, is the shortest trans-
lation parallel to m, so the primitive glide reflections with axis m are
TYm = Ti,0m and its inverse. By Lemma 6.14.8, the glide axes parallel

to £ are precisely {Tg L) ke Z}, where v is a shortest translation perpen-

dicular to #.
These are in fact the only glide axes for W: if g is a glide axis not parallel
to £, then £ Nq # (. If 7,04 is a glide reflection with axis ¢, then

TL0qTR 0y = T040(Tw
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is the product of the rotation o,0, with translations on either side, and
hence is a rotation about some point by twice the directed angle from ¢ to
g. Since there are no nonidentity rotations in W, no such glide axis ¢ can
exist,.

Thus, having found the glide axes in W, and having identified the shortest
translations, v and w, perpendicular and parallel to these axes, respectively,
it suffices to determine the lattice A inducing Wi = Ty, to find its relatioship
to v and w, and to describe its fundamental region R.

Lemma 6.14.20. Let W be a wallpaper group with O(W) = Wy = Tj.
Suppose W contains no reflections, but does contain a glide reflection with
axis L. Let T, be a shortest translation perpendicular to ¢ and let T, be a
shortest translation parallel to £. Then v,w form a Z-basis for A. Thus, for
x € £ we obtain a fundamental region R for Tan = W1 as follows:

(61430) Tw(x)[ T \Terw(x)

I I I
I I I
I r I I

4 | %U(Z) | | Tv(‘e)
I I I
| | |

x| ! I'7, ()

Here, the dashed lines are glide axes and the solid lines are the other edges

of R.

Proof. As above we write v, = Twoy for a primitive glide reflection in W
with axis £.

The argument here is similar to that of Lemma 6.14.16. Let 7, € W.
Then z = sw + tv for some s,t € R. By Theorem 5.5.20,

TzfygTz_l = 727%0372_1 = T%TZO'gTz_l = TwOm,

where m = 7,(¢) = 7,(¢). This is a primitive glide reflection in W, so t
must be an integral multiple of % Again by Theorem 5.5.20,

'77'2’771 = T0'5¢(z)7

where oy, is the line through the origin parallel to ¢, as oy = 10y, for some
y L £. As in the proof of Lemma 6.14.16, this implies s an integral multiple
of % So z = %w +5v  for k,r € Z, and again as in the lemma, k and r are
either both even or both odd, as neither § nor § is in A.

But if k and 7 are both odd, then 213 = § + 5 € A. However,

TV = TETETLO00 = TwT30¢ = TuOry (¢),

as v L £. This is a glide reflection with axis 72 (¢), which is not a glide axis
for W. Thus, k and r must be both even, and v, w is a Z-basis for A. And
this implies (6.14.30) is a fundamental region R for 7y = Wj. O
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FIGURE 6.14.13. A pattern with symmetry group W;.

Lemma 6.14.20 completely characterizes the unique wallpaper group with
glide axis £ and with shortest translations 7, and 7, as stated. We call this
group W5.

Despite the similarity in appearance between the fundamental regions R
for translation in W? and W} (here, glide axes replace lines of symmetry),
the fundamental regions S are quite different. The fundamental region S for
W3, is the lower half of R. The glide reflection T2 Oy (0) carries the lower

half onto the upper half with a twist:

(61431) Tw () ‘ 1 To-+w (2)

\ \ \
| | |
\ \ \

4 : i : 7o (£)
[ [
[ # [
[ [

z | l JTU(I)

In particular, while the left edge of S is identified with the right edge by
translation, its lower edge is identified with its upper edge with a twist. So
the orbit space is a rectangle with the following identifications on its edges:
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These are precisely the identifications used to construct the Klein bottle in
Figure A.3.1. In particular, the Klein bottle is studied extensively in Ap-
pendix A. It is shown there to be a 2-dimensional manifold, or surface. We
shall confine ourselves here to noting that if we just make the identifica-
tion between the lower and upper edge, we obtain a Mobius strip, but if we
just make the identification between the left and right edges, we obtain a
cylinder. So we can either think of the Klein bottle as obtained by gluing
together the two edges of a cylinder with an orientation reversal, or can
think of it as obtained from an identification on the boundary of a Mdbius
strip. A pattern with symmetry group W is given in Figure 6.14.13.
We have shown the following.

Theorem 6.14.21. There are exactly three wallpaper groups VW contain-
ing orientation-reversing isometries such that O(W) = W;y. In the first of
them, Wi, there is a thombic fundamental region for T (Wi) with a line of
symmetry as its diagonal. See (6.14.25) for fundamental regions for T (W1)
and Wi. The orbit space is a Mébius band.

In the second, W2, the fundamental region for its translation subgroup,
shown in (6.14.29), is rectangular, with lines of symmetry parallel to one set
of edges. The orbit space is a cylinder.

Finally, W} has no lines of symmetry, but has glide reflections. The fun-
damental regions for T(W3) and W3 are shown in (6.14.30) and (6.14.31),
respectively. The orbit space is a Klein bottle.

6.15. Exercises.

1. Let C be a polytope in R¥ with centroid z and let D be a polytope in
R™* with centroid . Show that [%] is the centroid of C'x D C R™.
2. What are the isotropy subgroups of the following points under the
action of 8§([—1,1]%)? What points are these on the cube? (What
are the faces of which these are interior points? Are they centroids?)
(a) e1 + ea + es.
) e2 + es.
) %el 4 eg + e3.
(d) €3.
(e) Zes.
3. What is the orbit of e; + ez + e3 under the action of §([—1,1]3)?
What is the orbit of eg?
4. Consider the action of 8([—1,1]™) on [—1, 1]™. Describe the orbit and
isotropy subgroup of each of the following points.
(a) e1 + -+ en.
(b) epn.
5. Consider the action of 8(P,) on the regular n-gon P,.
(a) Describe the orbit and isotropy subgroup of the vertex v;.
(b) Describe the orbit and isotropy subgroup of the midpoint of an
edge.
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(c) Describe the orbit and isotropy subgroup of a point on an edge
that is neither the midpoint of the edge nor a vertex.
Show that both F? and F3 are isomorphic to subgroups of F3.
Show that Wi is isomorphic to a subgroup of Wj.

Show that W is isomorphic to a subgroup of Wj.
Show that both W} and Wy are isomorphic to subgroups of W3.

. Show that W? is isomorphic to a subgroup of W3.
11.
12.
13.
14.

Show that both Wi and W3 are isomorphic to subgroups of Wj.
Is W3 isomorphic to a subgroup of a W;-group?
Show that both Wi and W3 are isomorphic to subgroups of Wg.
The following are rosette patterns. Indicate the following for each:
e all lines of symmetry;
e the shortest rotation preserving the pattern;
e the name of the rosette group.

(a)
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15. The following are frieze patterns. For each one, indicate the follow-
ing:

The shortest translation, 7,, that preserves the pattern, X.

All points of symmetry.

All lines of svmmetry.

A fundamental region, R, for T (X).

A fundamental region, S for F = §(X).

Which translations are squares of a glide reflection in F7

What are the isotropy subgroups of the points of symmetry, if

any?

Which frieze group is F?
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16. The following are wallpaper patterns. For each one, indicate the
following;:
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Shortest translations, 7, and 7, in two different directions, that
preserve the pattern and form the boundary of a fundamental
region R for T(X).

e All n-centers for each possible n.
e All lines of symmetry.
o If there are glide reflections but no reflections, give the axes for

the glide reflections.

A fundamental region, R, for 7(X). If W = §(X) is a W3-group
that contains lines of symmetry, base it at a 3-center on a line
of symmetry. Otherwise base it at an n-center for the largest
possible n.

e A fundamental region, S for W.
e What are the T-orbits of n-centers for each n? What is their

isotropy?
Which wallpaper group is W?
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7. Linear isometries of R3

7.1. Linear orientations of R™. Let’s begin by reviewing what we know
about orientations in the Euclidean plane. We can think of the standard
orientation of R? as being given by the information required to identify the
counterclockwise direction for calculating angles. This in turn can be seen
as coming from the usual ordering of the canonical basis £ = ey, es. This
then determines the the sign of the directed angle from the ray Oe; to the
ray Oz by finding the unique 6 € [0, 27) with

T cos fei + sin fes.
[l

In the very same way, an (ordered) orthonormal basis will be seen to
provide an orientation for any 2-dimensional inner product space (e.g., any
2-dimensional subspace of R™).

Using the directed angle determined by the (standard) orientation, we
were then able to detect whether an isometry of R? preserves or reverses
orientation by seeing whether it preserves or reverses the signs of directed
angles.

Notice that the orientation of the plane does not provide a preferred
orientation to lines in the plane: not even for lines through the origin. Each
line £ in the plane has two orientations, each given by a choice of unit vector
parallel to £. In particular, the orientation of a line corresponds to a choice
or orthonormal basis for its translation through the origin.

We begin to see a pattern. An orientation of an inner product space V
should correspond in some way to a choice of orthonormal basis. And that
choice will not automatically orient the subspaces of V.

In fact, an inner product is not necessary for orienting a vector space. In-
ner products induce lengths and unsigned angles, but are not needed for
orientations themselves. Recall the one-to-one correspondence of Corol-
lary 1.2.8 between the bases of an n-dimensional vector space V' and the
linear isomorphisms from R™ to V. This correspondence takes the basis B
to the isomorphism ®5 : R™ — V. The inverse of this correspondence takes
the linear isomorphism f : R™ — V to the basis f(e1),..., f(en) of V.

Definition 7.1.1. The linear isomorphisms f,g : R® — V are orientation
equivalent if the determinant of ¢! o f is positive. The bases B and B’ are
orientation equivalent if ®5 and ®p are orientation equivalent.

This is easily seen to be an equivalence relation:

Lemma 7.1.2. Orientation equivalence is an equivalence relation between
linear isomorphisms R™ — V.

Proof. Write f ~ g if det(g~!f) is positive. Then certainly f ~ f as
det(I) = 1, so ~ is reflexive. To see it is symmetric, suppose f ~ g.
We wish to show g ~ f, i.e., that f~'g has positive determinant. But
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flg=(g71 )7, so
1

det(f~'g) = det(g 1)’

Since the latter is positive, so is the former.
Finally we show transitivity. Suppose f ~ g and g ~ h. We have h™' f =

(h™tg)(g™'f). So
det(h~ f) = det(h~"g) det(g ™" f)
is positive. -

Note that @l},lfbg is the linear transformation induced by the transition
matrix [I]p g and hence the bases B and B’ are orientation equivalent if and
only if this transition matrix has positive determinant.

Definition 7.1.3. A linear orientation of the n-dimensional vector space V'
consists of a choice of orientation equivalence class of linear isomorphisms
f:R™ =V (or equivalently of bases B of V'). A specific linear isomorphism
or basis in the given class is said to induce the orientation of V.

A vector space together with a choice of orientation is called an oriented
vector space.

The canonical orientation of R™ is the one given by the canonical basis
£ =eq,...,e,. This corresponds to the identity map of R"™.

Lemma 7.1.4. An n-dimensional vector space, n > 1, has exactly two
linear orientations. If B = wvy,...,v, represents one of them, then B' =
—v1,V9,...,U, Tepresents the other.

Proof. For B and B’ as above, the transition matrix is given by

-1 0 ... 0

0O 1 ... 0
[]ps = . ;

0 0 ... 1

which has determinant —1. So B and B’ lie in different equivalence classes
and it suffices to show there are at most two classes.

Thus, assume neither g nor h is orientation equivalent to f. Then g=!f
and h~!f both have negative determinant. Now,

det(g~'h) = det(g™" f) det(f~'h) = det(g~" f) det((h~'f)7")
is the product of two negative numbers, and hence is positive. O

We have seen that an orientation of R? does not induce an orientation of a
one-dimensional subspace. Nor, of course, does an orientation of a subspace
induce an orientation of the whole. What we have is the following. For
simplicity, we state the result in R"™, but any inner product space will do.
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Proposition 7.1.5. Let V be a subspace of R™. Then an orientation of
V' together with an orientation of V+ determine an orientation of R™ as
follows: if By = v1,...,v; s a basis of V and By = w1, ..., w,_k S a basis
of V£, then the basis B =wv1,..., U5, w1, ..., wy_j determines an orientation
of R™ that depends only on the orientation classes of B1 and Bs.

If we reverse the orientation on either one of V. and V=, the resulting
orientation of R™ is reversed, but if we reverse the orientation on both V
and V*, then the orientation of R" is unchanged.

Conversely, if we are given orientations on both V' and R", there is a
unique orientation of V- compatible with these under the above association.

Proof. If B} = vi,...,v; and By = w),...,w]_, are alternative bases of V
and V1, respectively, and if B’ = v}, ..., v}, w},...,w_,, then the transi-
tion matrix [I]z g is given by

g, | 0
I = 171
[ ]BB 0 ‘ [I]B’QBQ

So det[I]pp = det[I]g 5, det[I]|: 5,, hence reversing the orientation class of
1 2

exactly one of the two bases will reverse the orientation of the induced basis

of R™. Reversing both will preserve it.

Since there are exactly two orientations of R", fixing the orientation class
of the basis of V and allowing the orientation class on V- to vary, we obtain
the two orientations of R™ via this process, each uniquely associated with
an orientation of V. (|

Definition 7.1.6. Let V be an oriented vector space, with its orientation
induced by the linear isomorphism g : R® — V. Let f: V — V be a linear
isomorphism. We say that f is orientation-preserving if f o g induces the
same orientation as g, and orientation-reversing otherwise.

The following generalizes the orientation behavior of linear isometries of
R2.

Lemma 7.1.7. Let V' be an oriented vector space and let f : V — V be a
linear isomorphism. Then f is orientation-preserving if and only if det f is
positive. In particular, this is independent of the choice of linear orientation

of V.

Proof. Let g = ®5 : R™ — V induce the orientation of V. Then g~ 1o (fog)
is the linear transformation induced by the matrix [f]s and hence has the
same determinant as f. ([

7.2. Rotations. We first show every element in SO(3) is a rotation. But
what does that mean? Let’s first examine rotating about the north pole es.
Rotating about a pole should fix that pole and rotate in the plane orthogonal
to that pole. So we are fixing e3 and will rotate the zy-plane. If we rotate
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by the angle 6, the resulting matrix is

cosf) —sinf 0
Rie,0) = |sinf  cosf 0
0 0 1

This is indeed a special orthogonal matrix (i.e., orthogonal with determi-
nant 1), and induces a linear isometry

Ples,0) = TR, g

Note that we are implicitly orienting the xy-plane by looking down on
it. If we look up from the south pole, the displayed transformation would
rotate the orthogonal plane counterclockwise in the implicit orientation of
the plane given by looking up at it. We should begin by making this precise.

In this section we write elements of R3 as column vectors so we can use
linear algebra. Let u be a unit vector in R?, i.e., u € S?. Then {u}* =
span(u)* is a 2-dimensional subspace of R? and can be identified as the
nullspace of the row matrix u?’.

Let v be a unit vector in {u}*. Then u,v is an orthonormal set, so
span(u,v) is 2-dimensional. Thus, {u,v}* is 1-dimensional, and contains
exactly two unit vectors, say z and —z. Now u, v, z and u, v, —z are both or-
thonormal bases of R?, so [u|v|z] and [u|v|— 2] are both orthogonal matrices.
Since

1 0 0
fufol — 2] = [ulel] [0 1 0 |,
0 0 -1
det[u|v| — z] = — det[u|v|z]. So exactly one of [u|v|z] and [u|v| — 2] is special

orthogonal. Let w = 4z such that det[u|v|w] = 1. We have shown:

Lemma 7.2.1. For any orthonormal set u,v € R® there is a unique vector
w such that u,v,w is an orthonormal basis of R? and det[u|v|w] = 1. This
choice of w induces the unique linear orientation on {u}*, coming from
the orthonormal basis v,w of {u}*, such that the basis u,v,w induces the
standard orientation of R3.

Note that the uniqueness of the orientation on {u}+ was shown in Propo-
sition 7.1.5.

Remark 7.2.2. We shall refer to the orientation on {u}* given by the basis
v,w as the orientation induced by the pole u. If we replace w by —w we
get the opposite orientation on {u}L And —w is the unique vector with
the property that —u, v, —w is orthonormal and det[—u|v| —w] = 1. So the
orientation on {u}*+ = {—u}* induced by the pole —u is the opposite of the
orientation induced by u. This expresses the difference between “looking
down” from u and “looking up” from —u.
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Definition 7.2.3. Define p(, ), the rotation about the pole u by the angle
6, to be the unique linear transformation of R? with

(7.2.1) P(u,)(v) = (cosB)v + (sin O)w,
Pu,0)(w) = (—sin0)v + (cos O)w,
Pu0) (1) = u,

with v, w as above. In other words, if B = v, w,u, then the matrix of p(, )
with respect to B is precisely the matrix R(., gy above. We call span(u) the
axis of p(y,g)-

The proof of the following is immediate from the constructions.

Lemma 7.2.4. Since B is orthonormal and [p(u’g)][j’ = R(c; 9), an orthogonal
Matrix, p(y,g) 1S an isometry.
The matriz of pe,g) with respect to the standard basis of R3 is

Ruw0) = [P(up)] = PRy 0) P,
where P = [I|¢p = [v|w|u]. Note that
det[v|w|u] = — det[v|u|w] = det[u|v|w],

so B induces the standard linear orientation of R (i.e., [v|w|u] is special
orthogonal).

But we also wish to show this transformation is independent of the choice
of the unit vector v € {u}*.

Lemma 7.2.5. Letv,w € R™ be an orthonormal set and let V = span(v, w).
Then the unit vectors in 'V are precisely the elements

(7.2.2) x = (cos)v + (sing)w for ¢ € [0,27).

Moreover, given x satisfying (7.2.2), the unique orthonormal basis xz,y in-
ducing the same orientation of V as v,w s given by

(7.2.3) y = (—sin¢)v + (cos p)w = cos <<;5 + g) v + sin (qﬁ + g) w.
Finally, if n = 3 and [u|v|w] is special orthogonal, so is [u|x|y].

Proof. Let A = [v|w]. Then T : R? — V is a linear isometric isomorphism.
The vectors satsifying (7.2.2) are precisely T4 (S'), which are the unit vectors
of V' as Ty preserves the norm. T4 also preserves orthogonality, so the unit
vectors orthogonal to x are precisely +y. The transition matrix from x,y to
v,w is the standard rotation matrix Ry, which has determinant 1, so these
two bases induce the same orientation. Replacing y by —y reverses the sign
of the determinant of the transition matrix, and hence x, —y induces the
opposite orientation.

Finally, if n = 3 and [u|v|w] is special orthogonal, so is [v|w|u], and the
transition matrix from the basis x,y,u to the basis v, w,u is the rotation
matrix R, 4), which has determinant 1. The result follows. ([
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We must show the following.

Proposition 7.2.6. Let u € S%. Then the linear transformation Plug) de-
fined in (7.2.1) is independent of the choice of v € {u}™.

Proof. As stated above, if we use v to define p(, ), and if B = v, w,u,
then the matrix [p(, 0|5 of p(u,e) With respect to B is Ry, g). But if v" and
w’ are given by (7.2.2) and (7.2.3), respectively, and if B’ = v/, w’, u, then
[I]ps = Rcy,9)- S0

owe)ls = gy Pwe) sl ]ss
= R(€3,*¢)R(6379)R(63,¢)
= R(e3’9). O

Note that Remark 7.2.2 gives:
Lemma 7.2.7. p(,9) = p(—u,—0)-
Proof.
P(u,0) (V) = cos(=0)v + sin(—0) - (—w),
P(u,0)(—w) = —sin(—=0)v + cos(—0) - (—w),
Plup)(—u) = —u. O
We’ve seen in the planar case that fixed-point sets are important.

Lemma 7.2.8. Let u € S? and let § € (0,27) then the fived-point set of
P(u,0) s span(u), the axis of rotation.

Proof. The fixed-point set of a linear transformation f is the eigenspace of
(f,1). We know that u, and hence span(u) are fixed by p(,,g), so it suffices
to show the eigenspace is 1-dimensional.
cosf —sinf 0
Let A = [f]g = | sinf cosf 0 |. Then the eigenspace of (f,1) is
0 0 1
the image under ®z of the eigenspace of (A, 1), so it suffices to show this
last eigenspace, which is the nullspace of I, — A, is 1-dimensional.
1 —cosf sin 0
I,— A= —sinfd 1—cosf 0 |. Now,
0 0 0
det 1—cosf sin 6 ] — 2(1 — cosb),

—sinf 1 —cos@

which is nonzero for 6 € (0,27), so 1= ?OSQ sin 0 reduces via
—sinf 1 —cosf

Gauss elimination to the identity matrix. So A reduces to

O O =
o = O
o OO

which has rank 2, so its nullspace has dimension 1, as desired. O
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We next show that every element of SO(3) is a rotation. Let V be an
n-dimensional vector space and let f : V — V be linear. Recall that the
characteristic polynomial chy¢(x) = det(x — f) of f is a monic polynomial
of degree n, i.e.,

chy(n) = 2" + ap_12" 1+ -+ +ap
with ag,...,an—1 € R. Its roots are the eigenvalues of f. Recall also that
chy(x) = chyy, () for any basis B of V.
Lemma 7.2.9. Ifn is odd then f has at least one real eigenvalue.
Proof. This is just the standard result that every odd degree polynomial
over R has at least one real root. In this case note that
chy(z) Ap—2 ag

an—1
7:1_}_7_}_ = 4+ .4

an’

80 limy_s4 oo Chgéx) = 1. But this implies lim, 4o ch¢(z) = limy 400 2" =

+o0o when n is odd. In particular, ch¢(z) must take on both positive and
negative values, and hence must have a root by the intermediate value the-
orem. 0

Recall from Corollary 4.5.4 that if V' is an inner product space with or-
thonormal basis B then the linear function f : V — V is an isometry if and
only if [f]g is orthogonal.

Proposition 7.2.10. Let f : R? — R3 be a linear isometry of determinant
1. Then 1 is an eigenvalue of f.

Proof. Write f = T4 for A € SO(3). By Lemma 7.2.9, A has at least one
eigenvalue, which by Lemma 4.1.23 must be 1. If the eigenvalue is 1 we
are done. If not, let u be a unit eigenvector for A,—1. By Lemma 4.3.10,
span(u) is an invariant subspace of A. By Lemma 4.3.11, V = span(u)*
is A-invariant as well. Let B’ = v, w be an orthonormal basis of V and let
B = u,v,w be the induced orthonormal basis of R3. Since f is an isometry
and V is f-invariant, fly : V. — V is an isometry, hence [f|y]g is an
orthogonal matrix. Again, since {u} and V are f-invariant, by construction
of the basis B, [f]s is the block sum

-1 0
s = [ 0 [ [flvls ] ’
and hence det f = det[f]p = det[—1]det[f|v]|g = — det[f|v]p. So

det[f|v]s = —1.

By our analysis of O(2), this makes [f|y]s the matrix representing a reflec-
tion in a line ¢ through the origin. Since ¢ is pointwise fixed by [f|v]g, it
consists of eigenvectors for the eigenvalue 1. But then 1 is an eigenvalue for
f|v and hence also for f. O

We obtain:
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Theorem 7.2.11. Let f : R? — R3 be a linear isometry of determinant 1.
Then f is a rotation of R® about a unit eigenvector u of (f,1).

Proof. The proof is very similar to that of Proposition 7.2.10. Start with
a unit eigenvector u of (f,1) and let V = {u}*. Then f|y : V — V is an
isometry, so if B’ = v, w is an orthonormal basis of V, [f|y]p is orthogonal.
Now choose B’ so that det[v, w,u] = 1 to give the correct orientation data as
above. Now B = v, w,u is an orthonormal basis of R3, and since f(u) = u,

[fls = [ [f|‘6]8’ (1)}

We have
1 =det f = det[f|v]p - 1,
so by our analysis of SO(2), [f|v]g is a 2 X 2 rotation matrix Ry for some

0. But then, visibly, [f]g = Ry, ) and hence f = p(, ). To explicitly solve
for 6 we solve

cos = (f(v),v), sinf = (f(v),w). O

Remark 7.2.12. The proof of Theorem 7.2.11 can be carried out algorith-
mically. Starting with A € SO(3), the eigenspace of (T4, 1) is the nullspace
of I — A, which can be computed by Gauss elimination. Having chosen a
unit vector u € N(I — A), find an orthonormal basis v, w for N(u?), and
replace w by —w, if necessary, to get the correct orientations. We can now
compute 6 by calculating

Ta(v) = (Ta(v),v)v + (Ta(v), w)w
Ta(w) = (Ta(w),v)v + (Ta(w), wyw
and then using inverse trig functions.
In practice, one must do these calculations in order to compute the com-

posite of two rotations: given unit vectors u,v € R3 and angles 6, ¢, we
know that

P(u.0) © P(v,6)

is a linear isometry of determinant 1, and hence is equal to p(y, ) for some
w, . The above steps may be used to calculate w and .

7.3. Cross products. Cross products are a useful computational tool for
finding orthonormal bases in R3.

Definition 7.3.1. Write Homg(V, W) for the set of linear functions from
V to W, and note that Homg(V, W) is a vector space via
(f +9)(@) = f(z) +g(x),
(cf)(z) = cf(x).
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Lemma 7.3.2. Let f : R® — R be linear. Then there is a unique vector
y = o(f) such that

f(x) = (y,x)

for all x € R™. This gives a linear isomorphism

¢ : Homg (R, R) = R™.

Proof. f =Ty for A=[f]=[f(e1) ... f(en)], so just take
f(er)

(7.3.1) y=AT=| 1 |,
f(en)

as, for a row matrix A, Az = (AT, x) for all x € R". ¢ is linear by (7.3.1)
and is an isomorphism as a linear map is uniquely determined by what it
does to basis elements. ([l

Definition 7.3.3. Let u,v € R? and define d(u,v) : R> — R by
d(u,v)(x) = det[x|u|v].

Since the determinant is linear in each column when its other column entries
are fixed, d(u,v) : R®> — R is linear. Define the cross product u x v of u and
v to be p(d(u,v)), i.e., u x v is the unique vector in R3 such that

(u x v,x) = det[z|ulv]
for all z € R3.

Our main purpose in introducing cross products is (3), below, which has
obvious applications to rotations in R3. The other properties then allow
valuable calculations.

Proposition 7.3.4. The cross product gives a bilinear function
R? x R? — R3
satisfying the following properties:

(1) uxv=—vXxu.

(2) u x v is orthogonal to both u and v.

(3) If u,v is an orthonormal set, then [u X v|u|v] is a special orthogonal
matriz, i.e., u X v,u,v is an orthonormal basis of R inducing the
standard orientation.

4) u x v # 0 if and only if u,v are linearly independent.
) (u X v,w) = (u,v X w).

) (uxv) xw=(u,w)v — (v, wu.

) (u X v,w x z) = (u,w)(v, z) — (v, w)(u, z).

(
(5
(6
(7
Proof. The cross product is bilinear by the linearity of the map ¢ in

Lemma 7.3.2 together with the fact the determinant is linear in each column
when the other column entries are fixed.
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(1) follows because the determinant changes sign if you interchange two
columns of the matrix.

(2) follows because any matrix with two equal columns has determinant
0

For (3), let w,u,v be an orthonormal basis with det[w|u|v] = 1. Then

uxv=(uxvww+ (uxvuu+ (uXuvv)v
= det[w|u|v]w

:’u)’

as u X v is orthogonal to u and v.
For (4), u x u = 0 because any matrix with two equal columns has deter-
minant 0. It then follows that ux v = 0 if u, v are linearly dependent. At the
v

other extreme, if v and v are orthogonal and both nonzero, then HZ—H X T

has norm 1 by (3), hence u x v has norm ||u||||v]| by bilinearity. Finally, if
u,v are linearly independent, apply the first step in the Gramm—Schmidt
process. By the preceding case,

0# u x <U—EZ:Z;U>:uxw

where the equality follows from the bilinearity of the cross product and the
fact u x u = 0.

(5) simply says det[w|u|v] = det[u|v|w].

In (6), both sides are linear in w, keeping u and v fixed. We can now
calculate both sides when w is one of the canonical basis vectors, noting the
coordinates of u x v can be calculated from the expansions with respect to
the first column of det[e;|u|v] for ¢ = 1,2,3. Since both sides of (6) agree
when w is a canonical basis vector, they must agree for arbitrary vectors w.

(7) may now be obtained from (5) and (6). O

Either a direct calculation or (3) now gives:

Corollary 7.3.5. e; X eg = e3, eg X e3 = €1 and ez X ey = es. The
other cross products of canonical basis vectors can now be obtained from
Proposition 7.3.4(1).

We now give our application to rotations.

Corollary 7.3.6. Let u € S? and let v be a unit vector in {u}* (e.g.,

||Z>X<7?|| when u,e; are linearly independent). Then B = v,u X v,u is
1

an orthonormal basis inducing the standard orientation of R3, and hence
[P(w,0))8 = Ries,0)-

Vo=

7.4. Reflections. Reflections in R? behave very much like reflections in
R2. In R? we reflect over a line. In R? we reflect over a plane. What’s in
common is that we reflect across a set having a fixed normal direction.
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A linear reflection reflects across a linear subspace. A plane V C R3 is
2-dimensional, so V* is 1-dimensional. Thus, there are exactly two unit
vectors in V1, and we call them unit normals for V.

Definition 7.4.1. Let V be a 2-dimensional linear subspace of R3. Then
the reflection across V' is given by

oy(z) =2 —2(x, N)N
for N a unit normal of V.

This is easily seen to be independent of the choice of unit normal, as the
only other choice is —N. The bilinearity of the inner product shows oy to
be a linear function.

Proposition 7.4.2. oy is a linear isometry of determinant —1. If v,w is
an orthonormal basis of V and if B = N,v,w, then

-1 0 0
[ovls=10 1 0
0 01

Thus, oy is an involution, i.e., 0‘2/ = 1. Moreover, the fixed-point set of oy
is V.

Proof. If z € V, (z, N) = 0, so z is fixed by oy. Since (N,N) = 1,
oy(N) = —N. Thus, [oy]p is the displayed matix. Since that matrix is
orthogonal and B is orthonormal, oy is an isometry. We have

o] = [ov]E = In,

so 02 = I. To find the fixed-point set, note that V = span(N)+ = {N}+,
soV ={y €R3: (y,N) =0}, soif y ¢ V, then (y,N) # 0, and hence
ov(y) # y by the definition of oy . O

So what happens when we compose two linear reflections? The result will
have determinant 1 and hence be a rotation. But which one?

Lemma 7.4.3. Let V and V' be distinct 2-dimensional subspaces of R>

with unit normals N and N', respectively. Then V NV is the 1-dimensional

. !’
subspace whose unit vectors are i%.

Proof. V = {N}+ and V' = {N'}*. So
VNV ={veR?: (v,N)=(v,N') =0}
= {N,N'}+.
Since V' # V', span(N) # span(N'), so N, N’ are linearly independent. So
N x N’ is nonzero and span(N, N') is 2-dimensional. But then {N, N’}* is

1-dimensional. Since N x N’ is nonzero and lies in {N, N’}*, it must span
{N,N"}*. a
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We can now calculate the product of two linear reflections. Note how
useful the cross product is for keeping track of orientations.

Proposition 7.4.4. Let V and V' be distinct 2-dimensional subspaces of
R3 with unit normals N and N', respectively. Let u = % Then
(7.4.1) OVIOV = P(u2cos— L (N,N'))-

Indeed, we may interpret cos™ (N, N') as being the directed angle from V to
V' at the pole u. (At —u, the direction would be opposite, corresponding to
the reversal of the order of the cross product.)

Proof. Let v = N x u and v/ = N’ x u, so that v, N and v/, N’ are both
orthonormal bases of W = {u}* giving the orientation induced by u.

Since V is fixed by oy and V' by oy, VNV’ = span(u) is fixed by the
rotation oysoy, so the possible poles for ooy are u. We calculate the
matrix of oy oy with respect to the basis B = v, N, u. Since we know ooy
to be a rotation, it suffices to find [oyroy (v)|g. Write

v' = (cos@)v + (sin@) N,
N’ = —(sinf)v + (cos )N,
so that cos€ = (v',v) = (N’',N), sinf = (v/, N) = —(N',v). (That (v',v) =
(N', N) also follows from Proposition 7.3.4(7).) Since oy fixes v, we have
oyroy(v) = oy (v)
= v —2(u, N') N’
= v+ 2(sin )N’
= (1 —2sin®*0)v + 2(sin f cos ) N
= cos(20)v + sin(20) N,
so it suffices to show 6 = cos (N, N’). Since cosf = (N, N') it suffices to
show sinf > 0, i.e., (N,v') > 0. We have
(N, o) = (N, N" x u)
= —{ux N',N)
= —{u, N' x N)
= (u, N x N')
N x V|
by the definition of w. O

It is easy to reverse-engineer this process, and we obtain the following.

Corollary 7.4.5. Every linear rotation of R3 is the product of two linear
reflections.

The following is important in spherical geometry.
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Proposition 7.4.6. Let u # v € S2. Then there is a unique linear reflection
of R3 interchanging v and v. Specifically, if N = ﬁ and if V' is the 2-
dimensional subspace with unit normal N, then oy (u) = v.

Proof. If V is a two-dimensional subspace with unit normal N and if
oy (u) = v, then
v=u—2(u, N)N,

and hence N = 72”@“]\]). The denominator is nonzero, as u # v. Since N is
a unit vector,
[v — ull
L= [Nl = 7= 7—A7
| = 2(u, N)|
so —2(u, N) = %+||v — ul|. Thus, N = :l:ﬁ. This gives uniqueness.

It suffices to show that if N = ﬁ and if V = {N}+, then oy (u) = v.

Now

ov(u) = u—2(u, N)N
:u_2<<u,v>—<u,u>> v—u

o —ul| v —ull
-1
=u—2 {u, ) (v —u)
(v —u,v—u)
<u,v> —1
frg — 2 —
PR S e T A
—1
—u—Z%(v—u)—u—i—(v—u)—v.
Here, we have used twice that (u,u) = (v,v) =1, as u,v € 2. O

7.5. Rotation-reflections.

Lemma 7.5.1. Let V be a 2-dimensional linear subspace of R3 with unit
normal N. Then oy and p(yg) commute for all 6 € R.

Proof. Let v € V and let B = v, N x v, N. Then [ov]s and [py¢)]5
commute. 0

Definition 7.5.2. A rotation-reflection of R? is a composite
(7.5.1) OVP(NG) = P(N,0)OV
for V' a 2-dimensional linear subspace with unit normal N, and 6 € (0, 27).

Note that both V and span(/NV) are invariant subspaces for the rotation-
reflection oy p(y g)-
We can now complete our classification of the linear isometries of R3.

Proposition 7.5.3. Every orientation-reversing linear isometry of R3 is
either a reflection or a rotation-reflection.
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Proof. Let f : R? — R3 be an orientation-reversing linear isometry. Then
f has at least one real eigenvalue. Since both reflections and rotation-
reflections have an eigenvector for —1 we shall begin by supposing that
—1 is an eigenvalue of f. Let N be a unit eigenvector for (f, —1). Then
span(N) is an f-invariant subspace and hence so is V' = span(N)*. Let
veV andlet w= N xwv. Let B=wv,w,N. Since f|V :V — V is a linear
isometry, there exists § € R with f(v) = (cos#)v+ (sinf)w and f(w) = +w’
with w’ = (—sin6)v + (cos §)w.
If f(w) =—w', then

cosf sinf 0
[fls = |sin@ —cosf O |,
0 0 -1

which has determinant 1. So f(w) = w’, which gives

cos@ —sinf 0
[flg= |sin® cosf® O |,
0 0 -1

hence f = oyp(n,. When 6 is a multiple of 27 this is just the reflection
oy, and otherwise it is a rotation-reflection.

Suppose, then, that 1 is an eigenvalue of f and let u be a unit eigenvector
for (f,1). Again, span(u) is an invariant subspace as is V = span(u)*t. Let
w=uxvand B =v,w,u. Again f(v) = (cosf)v+ (sinf)w and f(w) = +w’
as above. If f(w) = w’, then

cos@ —sinf 0
[flg= |sin@® cos® 0],

0 0 1
which has determinant 1. Thus, f(w) = —w' so if B = v, w,
cosf  sinf
lvls = [sin& —cose} ’

a 2 x 2 reflection matrix. Every 2 x 2 reflection matrix has —1 as an eigen-
value, hence so does f|y. But any eigenvector for f|y is an eigenvector for
f with the same eigenvalue, so we are back in case one and we’re done. [J

Remark 7.5.4. The transformation a = oyp(yg) of (7.5.1) does not in
general determine the subspace V. Indeed, for any 2-dimensional subspace
V' with unit normal N, the composite oy p(y,r) is the isometry induced by
the orthogonal matrix —Is.

However, since a rotation-reflection has determinant —1, the eigenspace
of (o,—1) must have odd dimension. So if a # T_p,, the eigenspace of
(o, —1) must be 1-dimensional, and hence must equal span(N). This, in
turn determines V.
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7.6. Symmetries of the Platonic solids. The Platonic solids are the
regular polyhedra:'? the tetrahedron, the cube, the octahedron, the dodec-
ahedron and the icosahedron.

7.6.1. The cube and the regular tetrahedron. We first give some ba-
sics on the cube and its symmetries. Proposition 6.2.17 computes the sym-
metries of the n-cube: taking [—1,1]" as the model for the n-cube, the cen-
troid is 0, so the symmetries are all linear. The symmetries are induced by
the signed permutation matrices, which form the group O(n,Z) C O(n). The
elements of O(n,Z) are the matrices [e1€5(1)| - . . [en€s(n)], Where €; € {1}
fori=1,...,n,and o € ¥, the group of permutations of {1,...,n}. Note
that |O(n,Z)| = 2™n!, as there are 2™ choices of signs and n! permutations.

By Corollary 8.2.2 below, the topological notion of the orientation-pre-
serving property for a linear isometry of R” coincides with the linear one,
so the group of orientation-preserving isometries is given by

(7.6.1) O([-1,1]") = 0(n,Z) N SO(n) ={A € O(n,Z) : det A = 1}.

We shall denote it by SO(n,Z). Since O(n,Z) contains orientation-reversing
isometries, SO(n, Z) has index 2 in O(n,Z). and hence has order 2"~ !n!.

In particular, the symmetry group of the standard 3-dimensional cube
C = [-1,1]3 is O(3,Z) and has 48 elements, while O(C) has order 24. We
will show that O(C) is isomorphic to Xj.

For now, let us review the vertices, edges and faces of C. (For the re-
mainder of Section 7.6, the word “face” means two-dimensional face.) The
vertex set of C is

(7.6.2) S:{[Eg]:eie{jzl}forizl,...,S}.

The faces are
(7.6.3)  95C) = {[j €C:a;= e} fori=1,...,3 and e = £1.
In particular, the vertex

(7.6.4) v = H = 97(C) N9 (C) N 85 (C),
and lies in no other faces of C.

Each edge is the intersection of two faces, and is therefore given by spec-
ifying two coordinates by particular elements of {+1}. In particular, two
vertices share an edge if and only if they have two coordinates in common.

0
Let v = Eé] and w = [62] be vertices of C. Then

03

d(v, ’UJ) = \/(61 — (51)2 + (62 - 52)2 + (63 - 53)2

12Here, we take “polyhedron” to mean a 3-dimensional polytope.
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4  otherwise.

(6' . 5)2 o {0 if € — 51

Thus, d(v, w) = 2vk, where k is the number of coordinates in which v and
w differ. In particular, if v and w share an edge, the distance is 2. If they
agree on exactly one coordinate (and hence are diagonally apart on a face),
the distance is 21/2. If they agree in no coordinate (and hence v = —w), the
distance is 21/3.

Since each vertex is contained in exactly three faces, there are exactly
three vertices of distance 2v/2 from it.

7.6.2. The regular tetrahedron. We shall show that the regular tetrahe-
dron is the convex hull of some of the coordinates of the cube C = [—1,1]3.
We'll be able to use this to say more about §(C) and O(C).

Recall that the set of vertices of C is denoted by S. Consider the set

mon r={[}ALE [ es

Then each pair of distinct vertices in 1" agrees on exactly one coordinate, so
the distance between any pair of distinct elements of T is 2v/2.

So any three distinct elements of T' form the vertex set for an equilateral
triangle in R3. The triangles are all congruent, and assemble to form a
tetrahedron, T = Conv(7'). Since the faces of T are congruent to one
another, the tetrahedron is regular.

Since each vertex of C has exactly three vertices of distance 2v/2 from it,
T contains every vertex of distance 24/2 from any of its vertices.

Now let

T =8\T
and let T/ = Conv(T”). Then the same argument given above shows that
T’ is a regular tetrahdron and that for w € 7', T' . {w} is the set of all
vertices of C of distance 2v/2 from w. Moreover, T' = {—v : v € T}. For
v e T and w € T', either d(v,w) = 2 or d(v,w) = 2v/3.

Proposition 7.6.1. 8(T) is an index two subgroup of 8(C) and hence has
order 24.

Proof. First note that the sum of the vectors in T is 0, so the centroid of
T is 0. Thus, §(T) is a subgroup of the group of linear isometries of R3. So
if o € 8§(T)and v € T, a(—v) = —a(v) € T" So a permutes the vertices of
C, and hence a € §(C).

Now let @ € 8(C). Then o may not permute the elements of T, as

o (HD can be any vertex of S by our calculation of 8§(C).

1 . .
Let w = « (MD, and suppose w is not in 7. Then a must carry every

other vertex in T to a vertex of distance 2v/2 from w, which must lie in 7".
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So if w € T, then «(T) = T’, and hence «(T) = T’. Since a permutes S,
we must also have a(T") =T.

We see that 8(C) permutes the two-element set {T,7’'}. We obtain a
surjective homomorphism

f:8(C) = Z({T,T'}) = s,

with f(a)(T) = «(T) and f(a)(T') = a(T"). Since X3 has 2! = 2 elements,
ker f has index 2 in §(C). But ker f is the set of a € §(C) that permute
the elements of 7', and hence lie in 8(T). O

Corollary 7.6.2. The symmetry group 8(T) of the regular tetrahedron T
is isomorphic to the full permutation group of its vertex set, i.e., to 4.

Proof. Corollary 6.2.5 gives a homomorphism p : 8§(T) — 3(7'), which is
injective as Aff(T) = R? (it is easy to show that the vertices in T are affinely
independent), and hence an element of 8(T) is determined by its effect on
T

But both 8§(T) and ¥4 have 24 elements, so p is an isomorphism. O

We can now use this to derive information about O(C).

7.6.3. Calculation of O(C). Consider the pairs of points {£v} with v €
T. Then there are four such pairs. Write X for the four-element set they
comprise:

(7.6.6) X ={{tv}:veT}
Then §(C) permutes the elements of X, i.e., there is a homomorphism
(7.6.7) m:8(C) = X(X)

m(a)({+v}) = {£a(v)},
for a € §(C) and v € T. By Corollary 7.6.2, 7 restricts to an isomorphism
(7.6.8) mlsery : 8(T) = B(X).
We use this to obtain the following:
Corollary 7.6.3. The restriction of m to O(C) is an isomorphism:
(7.6.9) lo) : O(C) = £(X).
Thus, O(C) is isomorphic to ¥4.

Proof. Since O(C) and ¥(X) both have order 24, it suffices to show (7.6.3)
is onto. Since 7 restricts to an isomorphism from 8(T') onto X(X), it suffices
to show that for a € 8§(T), there exists § € O(C) with 7(a) = 7(5).

If « is orientation-preserving, take § = a. Otherwise, take 8 = —a, the
composite of & with multiplication by —1. Since —I3 is orientation-reversing,
B € O(C). And multiplication by —1 acts as the identity on X. O
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Remark 7.6.4. The boundary of the cube induces a tiling of the 2-sphere
S? by radial projection (i.e., the function that takes a nonzero vector v to
||UT||) The symmetry group of this tiling coincides precisely with $(C).

The projective space RP? is the quotient of S obtained by identifying each
x € S? with its antipode —z. Thus, we obtain RP? from S? by identifying
any two points that differ by multiplication by —I3. Since the action of —1I3
carries faces to faces in C, the tiling of S? induces a tiling of RP? with four
vertices, six edges and three faces.

The proof of Corollary 7.6.3 amounts to studying the induced action of
8(C) on RP?, where —I3 acts as the identity. The set X projects to the
vertex set for this tiling of RIP?, which is invariant under the action of 8(C).
The argument studies the action of §(C) on that four-element set. In fact,
both O(C) and §(T) map isomorphically onto the symmetry group of this
tiling of RP?, despite being different subgroups of 8§(C). (The isometry
group of RP? is the quotient group O(3)/(£13).)

Under this model, we can view RP? as obtained as follows. Let Y be the
union of the three faces of C containing the vertex vy = [ﬂ and identify the

six edges of Y not meeting vy as indicated in the following diagram: specifi-
cally, we identify these edges in opposite pairs according to the orientations
given in the following diagram:

So a, b and ¢ correspond to the three of the edges of RP? that don’t meet
vo; the other three edges of RP? come from the edges of the diagram that
emanate from vg. The identifications of the edges in Y correspond to mul-
tiplication by —1 in C. These identifications also reduce the six vertices
of Y \ g to three vertices of RP?, indicated by the endpoints of the edges
emanating from vg. Note that each pair of vertices in RP? is connected by
a unique edge.

Using this model, you can study the induced action of O(C) on RP2.
Corollary 7.6.3 shows this action is effective, meaning that no nonidentity
element of O(C) acts as the identity on RP?.

7.6.4. The dodecahedron. We shall make use of the golden mean

1+4+6
2

)
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studied in Section 6.3. As shown in (6.3.2) there, the multiplicative inverse
¢ = é satisfies
-1 5
p=0—1= SV
2
Thus,

1+v56  —1++5
(7.6.10) D4 o= +2\f+ ;”f:\/é<3.

Moreover, Lemma 6.3.3 gives the numerical estimates

® e (1.5,2), ¢e€(.5,.75).

We shall also make use of the following:

(7.6.11) P> =% — (d—1)> =20 - 1=1/5.
The last equality follows from ® = 1+T\/g Also,
(7.6.12) PP =02+ (P —-1)2 =20 20 +1=3.

Definition 7.6.5. The standard regular dodecahedron D is defined to be
Conv(V'), where

0 +& +¢ +1
(7.6.13) VZ{{ﬂ:d)},[O},{i@},[:tl}},

+o ¢ 0 +1

where the signs 41 in the various coordinates are independent of each other.
Thus, there are 20 elements in V', including the eight elements

(7.6.14) g — {[iﬂ}

+1
Recall that S is the set of vertices of the standard balanced cube

(7.6.15) C=[-1,13

Thus, C is a convex subset of the dodecahedron D. We single out two
elements of V for special consideration:

(7.6.16) vo = m v = [%}

Recall that $(C) consists of the linear isometries induced by the signed
permutation matrices O(n,Z). In particular, we have very good control over
these isometries. The subgroup 8(C) N 8(D) will help us get good control
on the geometry of D and on its full group of isometries.

We do not yet know that each v € V is a vertex of D. If we did, then
Proposition 6.2.5 would tell us that §(V') = §(D). But at this point we only
have the result of Lemma 6.2.1 that 8(V') C 8§(D). We shall use this to show
that every v € V is a vertex of D.
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Lemma 7.6.6. Let
H=(8(C)n8§(V)) C (8(C)n§(D)).

Then H consists of the isometries induced by the following specific signed
permutation matrices:

£1 0 0 0 0 =#£1 0 1 0
0 1 O|,(x1 0 O0f,]0 0 =1
0 0 =1 0 £1 0 +£1 0 0

Here, as above, the signs in a given matriz are independent of each other,
so the order of H is 24.

The action of H on the convex generating set V has two orbits: S = Huy
and V5 = Hvy.

Proof. The permutations in these matrices are either the identity or what
is called the cyclic permutations o = (123) and o' = (132):

=2 o(2)
o '(1)=3 o1 (3) =

3 o(3)=1
2 o 1(2) =1

These are precisely the permutations that preserve the “cyclic” ordering
of 0, » and ® encoded into the elements in V. So these are precisely the
matrices for elements of §(C) that preserve V.

Regarding the orbits, S is H-invariant and every element of S lies in the
orbit of vy. Similarly, V' ~\. S is H-invariant and each of its elements is in the
orbit of vy. O

The following calculations will be useful. They also provide evidence
suggesting that §(D) acts transitively on V. (Recall that a G-action on a
set V is transitive if V consists of a single G-orbit.)

Lemma 7.6.7. The inner products of elements of V' satisfy the following.

(7.6.17)
3 for v =g o
SR
ong={" o PRALBLELLY
-1 forv= [j] : [_11] : [—11] , [_%} ’ [_ch} 7[ 0 }
5 o= ] [5] [

—
o
—

-3 for v = —uvyg.
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(7.6.18) r
3 for v =1 e
¥ L1 - PR

T S G e SRR HENRUHE )
—1 forv:[_11]7[_11]’[_‘15}’[_0¢]7[_0¢’}’[_0¢}
-5 forv:—vo’[:lﬂj[_g@}
[ —3 for v = —u;

Proof. These are strightforward from (7.6.10). (7.6.11) and (7.6.12), along
with the calculations that ®—¢ = ®— (®—1) = 1 and ®¢p = ®2-d =1. O

Corollary 7.6.8. The elements of V' are all vertices of D. Thus, 8(V) =
8(D), and hence

(7.6.19) H = 38(C)n (D).

Proof. Since H C §(D) and since symmetries of a polytope carry vertices
to vertices, it suffices to show vy and vy are vertices.

We use Proposition 2.9.47. Let fo, fi : R* — R be the linear maps
given by fi(x) = (z,v;) for i = 1,2. By Lemma 7.6.7, f;(D) = [-3, 3] and
f71(3) = {v;}. So v; is a 0-dimensional face of D for i = 1,2. O

For each v € V, the negative —v is also in V, so the vectors in V' add up
to 0. We obtain:

Corollary 7.6.9. The centroid of D is the origin, so $(D) is a subgroup of
the group of linear isometries of R3.

Note that the vertices of D all have norm /3. Moreover, if v and w are
vertices of D, we have

(7.6.20) v —wl|? = (v,v) + (w,w) — 2(v, w),

so Lemma 7.6.7 gives a calculation of the distances between vertices of D.
The larger the inner product (v, w), the smaller the distance between v and
w. Since there are at most two orbits of V' under the action of §(D), we
obtain the following.

Corollary 7.6.10. The shortest distance between distinct vertices of D is

(7.6.21) \/3+3—2V5=26¢.

Each vertex v has distance 2¢ from exactly three other vertices. Moreover,
there are siz vertices of distance 2 from v, siz of distance 2v/2, three of
distance 2® and one of distance 2v/3.
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Proof. It suffices to verify the equality in (7.6.21) and to show that

6 + 25 = 2.

For the former, we have

6—2\/5:4(3_\/5> = 4(2 — ®).

2

But <;52 = 2 — ®. For the latter, we add /5 rather than subtract it and note
that 355 = ¢ +1 = 92, 0
We now determine the faces of D. We start by constructing one of the
three faces containing vy. Let v; = [f%]’ Vg = [%ﬁ}, vy = [—11}, Vg = [gﬂ,
and set
U = {wvg,v1,v2,v3,04}.
We shall show that F' = Conv(U) is a face of D.
Let N=wvg+ - -+vq4 = [:;(i} . Then the centroid of F' will be %N when

we show F' is in fact a face. We use the linear function f(z) = (z, N) to
show this. As the reader may calculate,

(7.6.22) flv;)) =49 +3 forv; € U.

o _ —1
Now let zg = [ 0 },xl = [&q,mz: [—¢<I>},ZL'3: [ 11} and x4 = [—1} Then
—¢ 0 0 1 1

an easy calculation gives

(7.6.23) fzi) =20 -1=vV5<4®+3 fori=0,...,4.
The other vertices are the negatives of these, so their values under f are
negatives of these. So f(D) = [-4® — 3,4® + 3] and Proposition 2.9.47

gives the following.
Proposition 7.6.11. F =D N f~1(4® + 3) is a face of D.
The following is useful in understanding what is going on.

Lemma 7.6.12. We have

(7.6.24) N=(@+2)[s].

Proof. (? +2)d =32 +20 =& +1+ 20 =3P + 1. a
Write

(7.6.25) PR = P<ﬁ%ﬂ>,

the rotation about A by Z2X. We shall show that pp lies in §(D) and

7]
permutes the vertices of F'. A key in doing this is that cos %’r = % as shown

in (6.3.4). Using this, the following can be obtained by a good computer
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algebra program (we used Maple) and can be verified by a tedious, but direct
calculation. But we can also use theory to simplify that verification a bit:

Proposition 7.6.13. The matrix inducing pr s given by

1o_e ¢
2 2 2
(7.6.26) Rp=|% ¢ _1
6 1 @
2 2 2

The rotation pr acts on the vertices v; and x; in 'V as follows:

(7.6.27) Vo > V1 > V2 = V3 — V4 — Vg
(7.6.28) o> X1 > T — T3 — T4 — X.

Since every vertex or its negative is one of these, and since pr is linear, pp
permutes the elements of V', and hence lies in $(D).

Proof. It is easy to verify (7.6.27) and (7.6.28) by hand and that Rp- N =
N. Since any three distinct elements of U are linearly independent, this
verifies that Rp has order 5 and fixes V. (The order is also verified in what
follows.)

It is also easy to verify that the columns of Ry are orthonormal, so that
Rp is an orthogonal matrix. To see it gives the desired rotation, we argue
as follows. Let

N 1 1
=3 = v L)

Then eg is orthogonal to v and an easy calculation shows that
UXey=————=10 |.
VOZ+1L1

We obtain an orthonormal basis B = es, w, u, with w = u X eg, and it suffices
to show that the matrix |Tr, | of Tk, with respect to B is R(e3 2n). Since
5

B is orthonormal and Rp is orthogonal and fixes u,

(RF -eg,e2) (Rp-w,ez) 0
(7.6.29) ‘TRF’B = (RF + €9, ’LU> <RF s w, ’LU> 0
0 0 1

If we accept the Maple calculation that det Rp = 1, then it suffices to notice
that (Rp-eg, e2) is the (2, 2) coordinate of Ry, which is % = cos Z by (6.3.4),
and that (Rp - e2, w) is positive. Without the determinant calculation, one
must additionally show that (Rp - w,e2) is negative. By (4.1.4),

(Rp - w,e2) = (w, Rpes),
which is again easy to calculate. ]

Corollary 7.6.14. 8(D) acts transitively on the vertices of D.
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Proof. Every element of V' lies in exactly one $(D)-orbit. Since pp(vg) =
v1, vo and v lie in the same §(D)-orbit. Since H C $(D), H -vy C $(D)-wp,
i.e., H-vy =S is contained in this 8§(D)-orbit, as is H - v; =V ~. S. So this
8(D)-orbit consists of all of V. O

Since vy and vy are 2¢ apart and pp is an isometry, the following is
immediate from Proposition 7.6.13.

Corollary 7.6.15. F' is a regular pentagon with edge length 2¢.
We now calculate the order of §(D).

Corollary 7.6.16. The isotropy subgroup of any vertex under the action of
8(D) has order siz and is isomorphic to X3. Thus, (D) has order 120.

Proof. Since §(D) acts transitively on the vertices, our isotropy claim will
follow if we prove it for vg. Since vg,v1,v4 are linearly independent, any
element in the isotropy subgroup of vy is determined by its effect on v; and
vg (it fixes vp). The only vertices of distance 2¢ from vy are vy, vg and

z = [%] So §(D),, embeds in the permutation group X({vi,v4,2}) = 3.

. . . 001
>3 has six elements. The cyclic permuation induced by [ (f 8] fixes vg, so

1
0
8(D)y, has order divisible by three.

Let
1 0 0
(7.6.30) c=Ty for A=|0 -1 0
0 0 1

Then o permutes the vertices of F' and fixes vy. o is the reflection across
the zz-plane and has order 2.
Write

(7.6.31) T = propg.

Then 7 permutes the vertices of F. fixes vg and has order 2. So the order of
8(D)y, is divisible by 2. Thus, §(D),, induces the full permutation group
Y ({v1,v4, z}) and has order six.

But 8(D) acts transitively on the vertices of D so the orbit §(D)wvg has 20
elements. By Corollary 6.7.9, §(D) has order |8$(D),,||S(D)vo| = 120. O

We next determine the symmetries of D that take F' to F', i.e., the group
S(D)NS(F).

Lemma 7.6.17. (D) N 8(F) is a dihedral group of order 10. Its elements
are

{p, P 1 0 <k <4},

where T is given in (7.6.31).
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Proof. Since both ¢ and pp are in (D) N8(F), so is 7. 7 fixes vg. It also
exchanges v1 and v4 and exchanges vs and vs. Since vy, v1 and vy are linearly
independent, a linear isometry of R3 is determined by its effect on vg, v1 and
vy, and hence by its effect on F. So 7 has order 2 and satisfies Tpp7 1 = p}l.
In particular, 7 and pp generate a group isomorphic to the symmetry group
of the standard regular pentagon Ps, which is the dihedral group D1g. Note
that adjacent vertices of F' are 2¢ apart, while nonadjacent vertices have
distance 2 from each other. So the argument given for the calculation of
8(P,) (Proposition 6.5.1) applies here to show there are no other elements
in (D) NS(F). O

By Proposition 6.2.12, an isometry a € 8§(D) carries the centroid of F
to the centroid of a(F). Thus, a(F) = F if and only if a(fN) = :N. We
obtain the following:

Lemma 7.6.18. Let K be a subgroup of (D). Then set of faces
K -F={aF):a€ K}

18 1n one-to-one correspondence with the orbit K - %N. So

K -F|=|K: Ky|=—-
’ ‘ [ N] ’KN‘

is the index of the isotropy subgroup, Ky, of N under the action of K.

Proof. For the last statement, we note that since the isometries in K are
linear the isotropy subgroups of N and %N coincide. O

By Lemma 7.6.17, §(D)x has order 10, so 8§(D) - F' consists of all 12
visible faces of the dodecahedron. This begs the question of whether there
are any other faces of D. In other words, if the convex hull of a subset of V
is a face of D, is it one of the faces a(F) for a € §(D)? (Le., does (D) act
transitively on the faces of D7)

We shall not give a detailed argument for this. One could use some more
advanced topology, but one can also use Proposition 2.9.39 to show the
following.

Proposition 7.6.19. Let v # w be vertices of D. Then the segment
[v,w] = vw = Conv (v, w)
is an edge of D if and only if the distance d(v,w) from v to w is 2¢. More-

over:

(1) If d(v,w) = 2, then (v,w) = Int([v,w]) is contained in the interior
of a face a(F') with o € §(D).

(2) If v,w € V have distance greater than 2 from one another, then
(v,w) lies in the interior of D.
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Proof. Since §(D) acts transitively on the vertices, we may assume v = vy.
There are exactly three vertices of distance 2¢ from vy: v1, v4 and z. They

are cyclically permuted by the symmetry p =T4, A = [g § é} , which lies in

H c §(D)."?

The segment [vg,v1] is contained in F N p?(F), the intersection of two
2-dimensional faces. Since these two faces are distinct, their intersection is
a face of dimension less than 2. As it contains a segment, F N p?(F) must
be an edge. Since vg and vy are vertices, they cannot lie in the interior of
an edge. Thus F N p?(F) = [vo,v1] is an edge. But [vg, v4] and [vo, 2] are
images of [vg, v1] under powers of p, and hence are edges also.

The vertices of distance 2 from vg are all images under powers of p of either
vy or v3. So (1) will follow if we show (vg,v2) and (vg, v3) are contained in
Int(F'). But this follows from Corollary 2.9.46, as both (vg,v2) and (vg,v3)
intersect (v1,vs4), so all three segments have the same carrier, which must
perforce contain the verticies vy, v1, v, v3, v4: the full vertex set of F.

Note that the map 7 of (7.6.31) fixes vy and exchanges vo and vs. It is
then easy to see that the isotropy subgroup 8(D),, acts transitively on the
vertices of distance 2 from vy. The vertices of distance 2v/2 from vy are
the negatives of those of distance 2. Since the isometries are linear, §(D),,
acts transitively on those of distance 21/2 as well. So in analyzing this case,
we may simply study [vg, w] for w = [—1” The midpoint of [vg, w] is the
canonical basis vector es. It suffices to show the carrier of e3 is D.

Note that [qgj is the midpoint of the vertices [g} and [—zﬂ , while [ 8@}

o
is the midpoint of their negatives, so both these points are in D. And both

0
ez and 0 lie in the interior of the segment from [é] to { ch}' So ez and 0

have the same carrier. Since 0 is the centroid of D, that carrier is D.

The segments of length 2® are easy, as their midpoints are easily seen to
lie in Int(C), which perforce must be contained in Int(D). The remaining
segment, of length 21/3, has 0 as its midpoint. ([

Corollary 7.6.20. The faces a(F') with o € (D) are the only faces of D.

Proof. Let G be a face of D with vertex set R C V. Then R cannot contain
a pair of vertices of distance greater than 2 from each other, as then G would
intersect Int(D).

Suppose there is a pair v,w € R of distance two from each other. Then
there is a face «(F') containing [v, w], so that GNa(F') has dimension at least
1. The intersection of two faces, if nonempty, is either a vertex, and edge or
a face. But [v, w] meets the interior of a(F), so it is not an edge. And «(F)
is the unique face containing any point in its interior. So G = «(F).

130ne can show that P = P(ug,2r) by the methods used in the proof of Proposi-
73
tion 7.6.13.
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Finally, it is impossible that each pair in R has distance 2¢ from each
other: there are at least three vertices in R. If u,v,w € R with
d(ua U) = d('U, w) = 2¢,
then, applying an isometry taking v to vg we see that d(u,w) = 2. O

The following is now useful.

Proposition 7.6.21. The subgroup H = 8§(D) N 8(C) acts transitively on
the 12 faces of the dodecahedron. So does, O(H) C H, the subgroup of
orientation-preserving transformations in H. As |O(H)| = 12, we obtain a
bijection from O(H) to the set of faces of D given by

a— afF).

Proof. The only signed cyclic permutation matrices that preserve N are I3
and the matrix A in (7.6.30). So the isotropy subgroup Hy has order 2, and
hence index 12 in H. Since det A = —1, O(H)y is the identity subgroup,
and the result follows. O

The following is a nonstandard definition we find useful here.

Definition 7.6.22. A chord in a face F’ of D is a segment 7w between
nonadjacent vertices v, w of F’ (i.e., 7w is not an edge of F”).

Note that each face of D has exactly five chords. Each has length 2.
(Each is the image under an isometry of the chord vyu3 of F.)

Corollary 7.6.23. Let I’ be a face of D. Then F' N C s both an edge of
C and a chord of F'.

Proof. Each face F’ of D has the form «(F) for some o € H. The face F
satisfies

F=Dnf14d +3)

where f is the linear function f(z) = (x, N) with N the sum of the vertices
of F. The image of f on D is [-4® — 3,4® + 3], and the same is true if we
restrict f to C. Indeed,

(7.6.32) f~1(4® +3) N C = Conv(vp, v3)

by our calculation of f on the vertices of C. Thus, our assertion is true for
F' = F. Since the elements of H are symmetries of C as well as D, the
same is true for F’. O

Corollary 7.6.24. Let o € 8(D) and let F' be a face of D. Then the
intersection of the cube a(C) with F' is both an edge of a(C) and a chord
of F'.

Proof. This is simply the image under o of C N a™1(F). O

We shall make use of the following.
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Lemma 7.6.25. A cube with centroid at the origin is determined by any
one of its edges.

Proof. Here, we define a cube as being a polytope similar to the standard
cube C. Let e be an edge of C and let u be a unit vector parallel to e. Then
the vertices of C are obtained by rotating the vertices of e by increments of

5 about u. The same relationship will hold in any similar polytope centered
at 0. (|

Indeed, a cube in R? is determined by its centroid and any one of its
edges.

Proposition 7.6.26. Let X be the set of cubes
X ={a(C):ac8§D)}

and let Y be the set of chords of F'. Then there is a one-to-one correspon-
dence g : X =Y given by setting g(a(C)) = a(C)NF. Thus, there are five
elements in X.

Proof. The map g is well-defined by Corollary 7.6.24 and is one-to-one by
Lemma 7.6.25. It is onto because each chord in F' is the image of vgvs under
a power of pp. O

We obtain the following.

Theorem 7.6.27. There is a group homomorphism

(7.6.33) £:8(D) = X(X) 2 ¥
e(a) = a(C).

The kernel of € is {+1I3}. The restriction
e:0D) — X5

s injective and induces an isomorphism
(7.6.34) e:0(D) = A5
of O(D) onto the alternating group As. The image of € : 8(D) — X5 is also
As.
Proof. The kernel of € is
kere =8(D)N [ $(a(C)),
ae8(D)

the set of isometries of D that also preserve each of the cubes a(C). Since
each o € §(D) is linear, {413} C kere. Moreover, kere C §(D)N§(C) = H,
a group we understand well. Indeed, kere C H N 8(pr(C)), so it suffices to
show that

(7.6.35) HN8(pp(C)) = {£I3}.
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An easy calcuation shows that the vertices of pp(C) are
0 P —¢ -1
=[] 2 [3]=[5] =[5
P Y 0 1
And 415 are the only elements of H that preserve this set. Since —I3 is
orientation-reversing, ¢ : O(D) — X5 is an injection onto a 60-element
subgroup of ¥5. So ¢(O(D)) has index 2 in ¥5. Corollary 6.6.13 shows that
Aj is the only index 2 subgroup of 5, and (7.6.34) follows.
Finally, O(D) has index 2 in §(D) and —I3 is orientation-reversing, so
every element of §(D) \. O(D) has the form A - (—1I3) for A € O(D). But
e(A-(—1I3)) =e(A) € A5, and the result follows. O

7.6.5. Duality. The octahedron and the isosahedron are what’s known as
dual polyhedra to the cube and the dodecahedron, respectively:

Definition 7.6.28. Let P be a 3-dimensional polytope. We write F(P) for
the set of (2-dimensional) faces of P. Similarly, we write £(P) and V(P) for
the sets of edges and vertices of P, respectively. For a face F' € F(P), we
write ¢(F') for its centroid and write

(7.6.36) cF(P) = {c(F) : F € F(P)}.

We define the dual, d(P), of P to be the convex hull of the centroids of
its faces:

(7.6.37) d(P) = Conv(cF(P)).

We can make one observation immediately: since isometries carry faces
to faces and carry the centroid of a face to the centroid of its image, we
obtain an inclusion 8§(P) C 8§(cF(P)) of subgroups of Z3. By Lemma 6.2.1
8(cF(P)) is a subgroup of 8(d(P)), even if the centroids ¢(F') are not vertices
of d(P). We obtain:

Lemma 7.6.29. Let P be a 3-dimensional polytope in R3. Then we have
inclusions of subgroups

S(P) C 8(cF(P)) C 8(d(P)) C Ts.

We shall not treat the theory of duals in any kind of general way, but will
show for each of the Platonic solids P that we’ve studied, the dual d(P) is
another Platonic solid. Moreover the above inclusion

$(P) C 8(d(P))

is the identity for a Platonic solid P, i.e., $(P) = 8(d(P)).

Moreover, we shall show that the dual of a tetrahedron is a tetrahedron,
and that the duals of the cube and dodecahedron are the octahedron and
icosahedron, respectively. And these five solids exhaust the collection of
Platonic solids.

The relationship between $(P) and 8(d(P)) has already been forecast in
the calculation of the symmetries of the n-cube C™ = [—1,1]" in Propo-
sition 6.2.17. It was shown that the symmetries of C™ are determined by
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their effect on the centroids of its (n — 1)-dimensional faces. These centroids
form the vertex set of an n-dimensional analogue of the duals we study here,
providing an interesting higher-dimensional analogue of the octahedron:

Definition 7.6.30. The n-cross, or n-orthoplex, is the convex hull of
{:I:el, RN j:en} CR"

(i.e., each of e; and —e; is in the convex generating set for i = 1,...,n). The
4-cross is also known as the 16-cell.

7.6.6. The octahedron. The standard regular octahedron is the dual of
the standard balanced 3-dimensional cube C. Let O = {%ej, tea, +es},
where eq, 2, e3 is the canonical basis of R? and each of e; and —e; is in O
for i =1,2,3. Then O = ¢(C), and the octahedron O is given by

(7.6.38) O = Conv(0),

Each of the six points ey, *eq, eg is a vertex of O, as +e; are the extreme
points in O of the linear function given by the projection onto the i-th
factor of R3. As in Proposition 6.2.17, the linear maps which permute O are
precisely the signed permutations matrices O(3,Z) = 8(C). So

(7.6.39) 8(C) = 8(0)
as subgroups of Z3.

We can use the geometry of dualization to study the structure of the
octahedron O. First consider the following. Its proof is obvious.
Lemma 7.6.31. Let f : R — R be the linear function f(x) = (x,vo), where
vy = [ﬂ as above. Then on O, we have f(e;) = 1 and f(—e;) = —1 for
i=1,2,3. Thus f(O) =[-1,1] and

(f|0)_1(1) = Conv(ey, e2,e3) and (f|0)_1(*1) = Conv(—ey, —€2, —€3)
are faces of O.

Note that vg is a vertex of C. We can repeat the argument with the other
vertices of C to obtain the following.

Lemma 7.6.32. The sets Conv(ejeq, €ae2,€3e3) are all faces of O, where
€1,€2,€3 € {—1,1}. Indeed, €1e1, exea, and eses attain the mazimum value

on O of the linear function f,(x) = (x,v), where v = Eﬂ s a vertex of C.
Thus, we obtain eight faces of O, each isometric to Conv(eq, ez, e3) = A2,

an equilateral triangle in R3. The symmetry group $(O) acts transitively on
them.

Proof. The last statement follows since the signed permutations in O(3,Z)
permute the vertex sets of these faces, and hence acts on this set of faces.
It is easy to check that the action is transitive. ([
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We've constructed a face of O = d(C) corresponding to each vertex of
C, just as there is a vertex of O corresponding to each face of C. We show
next that there are no other faces.

Lemma 7.6.33. Let S be a proper subset of O with at least three elements
that is not one of the vertex sets of the faces in Lemma 7.6.32. Then Conv(.S)
contains 0 and hence is not a face of O. In particular, all the faces of O
are given in Lemma 7.6.32.

Proof. Under our hypotheses, S must contain both e; and —e; for some 1,
so Conv(S) contains 0. Since S(0) = O, it lies in the interior of O. O

Every segment [te;, £e;] with ¢ < j, signs varying independently, is the
intersection of two faces, one with additional vertex ey, the other with addi-
tional vertex —ey, where k = {1,2,3} ~\ {4, 7}. In particular, these segments
are edges. The other vertex segments are [—e;, e;] which contain 0 and hence
are not edges. We obtain:

Lemma 7.6.34. The edges of O are the segments [te;, xe;] with i < j,
signs varying independently. Since there are (g) such pairs i < j and four
choices of sign for each pair, this gives 12 edges.

Finally, we note that the dual of O is a rescaled version of C. To see this,
note that the centroid of Conv(ejey, ezea, €3e3) is %(6161 + egeg + €3e3) =
% Eﬂ, a rescaling by % of the vertex Eé} of C. Since this is true for all

faces of O, we obtain the following.

Proposition 7.6.35. The double dual of C is the rescaling of C by a factor
of % ,
d(d(C)) =d(0) = §C.

%C has ezactly the same symmetry group as C (and O) as a subgroup of
the linear isometries of R3.

7.6.7. Dual of the tetrahedron. We compute of the dual of the standard
regular tetrahedron T. As above, we write S for the vertex set (7.6.2) of
the cube C and write 7' C S for the vertices of T given in (7.6.5):

r={[i]. 2] [5] . [F]}es

The vertex set 7" = S~ T is then the vertex set for the complementary
tetrahedron T".

The four faces of T are the convex hulls of each of the 3-element subsets
of T. And each 3-element subset is determined by the vertex it does not
contain: we write T, = T~ {v} for v € T'. Then the faces of T are:

(7.6.40) F(T) ={Conv(Ty) :v € T}.
Lemma 7.6.36. The centroid of Conv(T,) is —3v.
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Proof. The vertices in T add up to 0, so the sum of the vertices unequal to
v is —v. The % comes from taking their average. ([

The vertices in 7" are the negatives of those in T, so the following is
immediate.

Corollary 7.6.37. The dual of the tetrahedron T is the rescaling %T’ of the
tetrahdron T’. Iterating this, we see that the double dual d(d(T)) = %T, and
similarly for T'. All of these tetrahedra have the same group of isometries.
7.6.8. The icosahedron. The icosahedron is the dual of the dodecahe-
dron. Recall from Proposition 7.6.21 that the subgroup H = 8§(C) N §(D)
acts transitively on the faces of D. Here, (see Lemma 7.6.6 and Corol-
lary 7.6.8) H is the group of linear isometries induced by the matrices

+1 0 0 0 0 17 [0 1 0
0 +1 0,[x1 0o o],|l0 o0 1|},
0 0 1| |0 £1 0] |1 0 o0

where the signs vary independently of one another. (These are the signed
cyclic permutation matrices. They cyclically permute the coordinates and
add signs.) By (7.6.24), the centroid 1N of the face F' we have studied is

1 O+2711
7.6.41 N ===[0].
( ) 5 5 P

The set of all centroids of faces of D is the orbit of this point under the
action of H:

5

O +2 {i1}7<1>+2 [10@],(1);2 [ﬂ)}}’

(7.6.42) cF(D) = {5 K +d £l

where the signs vary independently.
To simplify notation, we shall rescale and set

(7.6.43) W:Hjﬁl},{fﬂ,[iﬂ},
+o +1 0
and define the standard icosahedron I to be the convex hull Conv(W). Since
the isometries of D are all linear and preserve ¢F (D), we have
(7.6.44) §(D) c §(W) C §(I).

Of course, H acts transitively on W.
Let’s give names to some vertices:

1 P 0
(7.6.45) UO:[’%}, ulz[é], UQ:[?].
Taking ug as our base vertex, define the linear function f : R® — R by
f(z) = (, uo).

The following calculation is left to the reader.



294 MARK STEINBERGER

Lemma 7.6.38. The restriction of f to W is given by

P42 for w = uy,
P
(7.6.46) f(w) = ? forw= [fl)l[

- forw:[—ol},

—® -2  forw= —up.

Thus, u = (flw) 1 (® +2) is a vertex of I, and since H acts transitively on
W, W =V(I), the set of vertices of 1.

To find faces of I we dot with vy = [ﬂ let g(z) = (z,vo).

Lemma 7.6.39. The values of the linear function g on W are given by

d+1 for w = g, u1, us,

-1 0 @
4] forw=1]o0|,|2|, —1! ,
(7.6.47) g(w) = B % —éj { 0
o o= [T
—®—1 forw= —ug,—u, —us.

Thus, G = Conv(ug, u1,u2) is a face of I with centroid
d+1r1
(7.6.48) (@) = —5— [%] .

(see (7.6.45) for this calculation). Since the orbit of vyg under 8(D) has 20
elements, there are 20 faces of the form o(G) with a € §(D).

Let us name some more vertices:
-1 0 oy
6.4 :[ ] :[_q,}, :[_1}.
(76 9) us c% U4 | us 0
The calculations in (7.6.46) now give us the following:

Lemma 7.6.40. Let w € W. Then

2 Jor w = uy, ug, u3, ug, us,
(7.6.50) d(up, w) = 2® for w = —u1, —ug, —ug, —us, —us,

2¢/®+2  for w = —up.
Since d(u1,u2) = 2, we have:
Lemma 7.6.41. G is an equilateral triangle with side length 2.

The rotation pg of Proposition 7.6.13 fixes ug and has order 5. Since it
preserves distance, it must permute the set {u1, us, us, uq, us}. A little group
theory shows this permutation must be cyclic. We can determine more with
brute force calculation (left to the reader):
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Lemma 7.6.42. pp permutes {uy, ua, us, us, us} as follows:
(7.6.51) UL > Uy > U > Uy > Us > U

Since pr s linear, it acts on their negatives by

(7.6.52) — UL —UQ —y —UZ > —Ug > —U5 > —UT.

Corollary 7.6.43. There are ezactly five faces of the form a(G), a € §(D),
with ug as a vertex: Gy, ...,Gs, where

(7653) GZ _ COHV(UQ, Uy, ui-i—l) :4p§7_1(G) fOT Z = 17 s 74}
Conv(ug, us, u1) = pp(G) fori=>5.
Proof. Of course G = Gy. These five faces are immediate from Lem-

ma 7.6.42. They are the only ones because they are the only equilateral
triangles with vertices in W with side length 2 containing ug. Any other
triple chosen from {ug, ..., us} will contain a pair of vertices 2& apart. [

Proposition 7.6.44. Let v # w € W. Then [v,w] is an edge of I if and
only if d(v,w) = 2. If d(v,w) > 2, then (v,w) C Int(I).

Proof. Since 8§(D) acts transitively on W, we may assume v = wug. If
d(ug,w) = 2, then w € {uy,u2,us, ug,us}. For2 <i <5, [ug,u;] = Gi—1NG;
and hence is an edge. Similarly, [ug,u1] = G5 N Gy is an edge.

If d(ug,w) = 2/P + 2, w = —ug. Since 0 € [ug, —up| and the carrier of 0
is I, the result follows.

If d(ug, w) = 2®, we rotate by powers of pp until w = —ug = [ é@}. But

the midpoint of [ug, —us] is e1, and it suffices to show the carrier of e is I.

The midpoint of [u,us] is Pey, and the midpoint of [—uy, —us] is —Pe;.
Since both e; and 0 are in (®e;, —Pe;), e; and 0 have the same carrier, and
the result follows. O

Corollary 7.6.45. The twenty faces {a(G) : a € 8(D)} are the only faces
of 1.

Proof. Let K be a face of I. Then K has at least 3 vertices, each pair of
which have distance 2 from one another. Moving one vertex to ug, we see
that K must then contain one of the GG;, and hence be equal to it. O

Corollary 7.6.46. The dual of the icosahedron 1 is a rescaling of the do-
decahedron D. So 8§(I) C §(D). Since the reverse inclusion also holds, the
two symmetry groups are equal.

Proof. By (7.6.48), the centroid of G is %Uo, where vy is a vertex of

D. So for a € §(D), the centroid of a(G) is %a(vo). Since 8§(D) acts
transitively on the vertices of D, the dual of I is the rescaling of D by the

factor %. O
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7.7. Exercises.
1. Show that each face of the dodecahedron D meets the cube C in an
edge and that the passage from a face F’ of D to F' N C gives a
one-to-one correspondence from the faces of D to the edges of C.
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8. Spheres and other manifolds

We now wish to generalize our study of Euclidean geometry to geometry
in more general settings. The general setting in which isometries are best
studied is that of Riemannian geometry. Everything is still based on the
inner product, but the inner product is allowed to vary from point to point.
The basic method is to study inner products of tangent vectors to curves.
The inner product used will depend on the point on the curve at which that
tangent is taken. That is the appropriate setting, for instance, to study the
classical “non-Fuclidean geometry” realized by hyperbolic space.

We will begin with the conceptually simpler case of spherical geometry.
The simplest example is the 2-sphere

S = {z € R3: |z|| = 1}.

This is the set of all unit vectors in R?, and forms a model for the surface of
the earth. This model is used for computing shortest flight paths between
two cities. The “great circle routes” are what is used, and they come directly
out of the geometry we develop here.

More generally, the (n — 1)-sphere is the set of unit vectors in R™:

sl = {zeR": 2] = 1}.

In this chapter, we will show that S*~! is what’s called a smooth submanifold
of R™ of codimension 1.

8.1. Some advanced calculus. Advanced calculus is the foundation for
the theory of smooth manifolds.
Recall that if U C R" is open and if f: U — R™, we write

f(@) = (fi(@), ..., fm(x)) € R™

and call f; the ith coordinate function of f. Explicitly, f; = m; o f where
m; : R™ — R is the projection onto the ¢th coordinate:

mi((x1,. ., Tm)) = 4.
The partial derivatives of f are defined by setting the partial of f; with
respect to x; to be

of; d
axfj (z) = @(fi(ﬂf +tej)) =0

whenever this derivative exists. Here, e; is the jth canonical basis vector.

Explicitly, gﬂ{; (x) is the derivative at 0 of f;or;(x), where ¢j(x) : (—€,€) = U
is given by ¢j(x)(t) = « + te;. Since U is open in R", this is defined for €

sufficiently small.

(8.1.1)

Definition 8.1.1. If gj:? () is well-defined for all ¢ = 1,...,m and j =
J
1,...,n, we say f is differentiable at = and we define the Jacobian matrix
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pie) = (Fw).

If f is differentiable at each x € U we say f is differentiable.

of f at x by

Let’s now briefly review the idea of continuity. For simplicity, we will
restrict attention to subspaces of Euclidean space.

Definition 8.1.2. Let X C R” and Y C R™. We say that f : X — Y is
continuous if for each zg € X and each € > 0 there exists § > 0 such that

e —zoll <6 = [If(z) = flzo)ll <e
The following is immediate from the definition of continuity.

Lemma 8.1.3. Let X C R and Y C R™ and let f : X — Y. Then f
is continuous if and only zf the composite f : X — Y C R™ is continuous.
Moreover, if X C X and f X =Y is continuous with f\X = f, then f is
continuous.

The above is useful by the following basic result from the calculus of
several variables.

Lemma 8.1.4. Let U C R™ and let f : U — R™ be differentiable. Then f
1§ continuous.

We can now discuss higher differentiability.

Definition 8.1.5. We say f is C!, or continuously differentiable, if the
function % : U — R is well-defined and continuous for all ¢ = 1,...,m
and j = 1,...,n. By Proposition A.6.13, this is equivalent to saying the
Jacobian matrix

Df:U — Mpyn(R)

is continuous where M, ,(R) is the space of m x n matrices with coefficients
in R, which we identify with R™" in the usual way.
If each ggj : U — Ris itself C', we say f is C2. Inductively, if each

gj:;_ : U — Ris C" for some r > 1 we say f is C"*!'. In other words,
all iterated partials of length r + 1 of all coordinate functions f; of f are
well-defined and continuous.

If fis C" for all » > 1, we say f is C'™° or smooth. It is also sometimes
customary to write C° for a continuous function.

The Jacobian matrix is indeed the higher dimensional analogue of the
derivative of a real valued function of one variable, and provides the best
“linear” approximation at x to the function f. Specifically, f is best ap-
proximated near xg by the affine function

f(x0) + Df(x0) - (z — x0),
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where the - represents the matrix product of D f(xg) with the column vector
Tr — Xg.

This approximation is used in the calculus of several variables to deduce
properties of f from properties of Df. This, of course, is analogous to the
first derivative test and mean value theorem for studying functions of a real
variable.

In order for Df to be the best linear approximation to f, we must have
the following.

Lemma 8.1.6. Let A = (ai;) be an m x n matriz and let T4 : R™ — R™ be
the induced linear function. Then DTs(z) = A for all x € R™.

Proof. Write A4; = [ail am} for the ith row of A. Then the ith

. . . oTy. . . .
coordinate function of T4 is T),. Now, 3;‘? is the derivative at 0 of the
J

function v : R — R given by
V() = Ta;(x + tej) = Ta, (x) + tTa,(e5) = Ta,(x) + tai

by linearity and direct matrix multiplication. But 4/(0) = a;; and the result
follows. (]

And now for some more examples of Jacobian matrices:

Example 8.1.7. A C" curve in R" is a C" map 7 : (a,b) — R™ with (a,b)
an open interval in R. The Jacobian matrix D+ is given by

7 (t)
Dy(t)=1| : |,
Tn(t)
where «; is the ith coordinate function of v. We write +/(¢) as a shorthand
for D (t).
An important example is the exponential map exp : R — R? given by
exp(t) = [Z?ﬁﬂ We have
N sint o 1
Dexp(t) = [ cost } = exp(t)—.

Note that both exp and D exp take value in the unit circle S'.
Example 8.1.8. Let U C R" and let f: U — R be C". Then

Df(@) = [2@) ... L@]=vi@)

the gradient of f at . As in the one-variable case, this is important in
finding local maxima and minima of f, which may occur only at critical
points: points where Vf(z) = 0 (or undefined, if f is not C! everywhere).
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An interesting example is given by f : R"” — R with f(x) = (z,z) for all
x € R™. Here,

0 d
8xi (:U) = a((l‘ + tei, T+ tei>)’t:0

d
= a(t2<€ivei> + 2t(e;, ) + (2, 2))|t=0

= (2t + 2a:i)|t:0 = 25171’-
Thus,
Vf(z)=2x
if we regard = as a row vector. So 0 is the only critical point of f, and gives
the absolute minimum. Note that f~!(1) = S*~!, the unit sphere in R".
Another easy calculation is the following.

Lemma 8.1.9. Let y € R" and let 7, be the translation by y: 7y(x) =z +vy
for all € R™. Then
Dry(z) =1,
for every x € R™.
Proof. The ith coordinate function (7,); is given by

(ry)i(2) = yi + @,
where y; and x; are the ith coordinates of the vectors y and x, respectively.
Thus

Yi + ifi#j
i tej) =
()il +te5) {y¢+azi+t if i = j.
Thus,
a(ty); 0 ifi#j
ol <x>={ i
Zj 1 ifi=y

= (SZ] O
A basic result from the calculus of several variables is:

Proposition 8.1.10 (Chain rule). Let U C R™ and V' C R™ be open. Let
f:U—>Vandg:V - RF be C", 1 <r < oco. Then go f is C" with
Jacobian matriz given by the matrix product of the differentials of g and f
as follows:

D(go f)(x) = Dg(f(x))Df(x).

This allows us to calculate the Jacobian matrix of any isometry of R™.
Recall that any isometry a : R® — R™ may be written as a composite
a = 7y o 3 where f3 is a linear isometry of R". 3, in turn, may be written as
T4 where A is an n X n orthogonal matrix.

Corollary 8.1.11. Let a = 7, 0 Ty be an isometry of R™ with A ann xn
orthogonal matriz. Then Da(z) = A for all x € R™.
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The following concept is useful both for orientation theory and for devel-
oping the theory of smooth manifolds.

Definition 8.1.12. Let U C R" open. A C" map f: U — R™, 1 <r < oo,
is an immersion at z € U if the columns of D f(z) are linearly independent.
(In particular, if m = n, then D f(z) is invertible.) f itself is an immersion
if it is an immersion at every x € U.

Example 8.1.13. The exponential map exp : R — R? is an immersion as
Dexp(x) # 0 for all z € R.

A fundamental property of C™ immersions R — R" is given by the inverse
function theorem.

Theorem 8.1.14 (Inverse function theorem). Let U C R™ be open and let
f:U—=R"beC", 1 <71 <o00. Then Df(x) is invertible if and only if there
are open subsets V.C U and W C R™ with x € V' such that fly : V — W is
bijective and f~1 : W — V is C". Moreover,

DN (f(y) = (Df(y)~"
forally e V.

Proof. The “only if” part is one of the fundamental results of advanced
calculus. See [12, Theorem 1.5.2] for a proof. The “if” part is easy, and
follows from the chain rule: if there are open subsets V C U and W C R"
with & € V such that f|y, : V — W is bijective and f~' : W — V is O,
then
I, = DI(z) = Df\(f(2))Df ()
and
I, = DI(f(z)) = Df(x)Df ' (f(x)),

as f71(f(x)) = z. Here, I is the identity function of R™. Thus Df(z) is
invertible with inverse Df~1(f(x)). O

Definition 8.1.15. Let U and V be open subsets of R™. A C"-isomorphism
f:U — V is a bijective C" map whose inverse function is also C". A C°-
isomorphism is called a diffeomorphism.

A C"map f: U — V us alocal C"-isomorphism if each z € U is contained
in a smaller open set U’ such that f|y : U — f(U’) is a C"-ismorphism
onto an open subset of V. The inverse function theorem may be restated
to say that if U is an open subset of R"™, then a C" map f : U — R" is an
immersion if and only if it is a local C"-isomorphism.

Corollary 8.1.16. Let U C R" open andlet f : U — R" be a C" immersion,
1 <r <oo. Then f(U) C R™ is open. If f is also one-to-one, then the
inverse function f=' : f(U) — U is also C", so f : U — f(U) is a C"-
isomorphism. When r = oo, this says that if U is open in R™, then a
one-to-one smooth immersion f : U — R"™ has open image and the map
f:U— f(U) is a diffeomorphism.
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Proof. That f(U) is open follows from the open sets W about each point
in f(U) obtained from the inverse function theorem. When f is one-to-one,
the inverse function theorem also shows f~! is C" on each such W, and
therefore is C” on all of f(U). O

8.2. Orientation properties of nonlinear mappings in R"™. We regard
R™ to have a natural orientation coming from the standard ordering of the
standard basis. We can think of open subsets U C R"™ as inheriting this
orientation and ask when a C™ map preserves or reverses this orientation.
Since a dimension-reducing linear map neither preserves nor reverses orien-
tation, we shall ask this question only for immersions. This intuition may
be fleshed out as follows:

Definition 8.2.1. Let U C R" open and let f : U — R™ be a C'' immersion.
Then f is orientation-preserving if D f(x) has positive determinant for all
zeU.

We say f is orientation-reversing if D f(z) has negative determinant for
allz e U.

This is, of course, consistent with the linear case by Lemma 8.1.6, and
is also consistent with the definition we gave for isometries of the plane
by Corollary 8.1.11. Indeed, Corollary 8.1.11 allows us to determine the
orientation properties of isometries of R™. Since every linear isometry is
induced by an orthogonal matrix, and since every orthogonal matrix has
determinant +1, the following is immediate.

Corollary 8.2.2. Let a € Z,, and write o = 7yoT's for A an nxn orthogonal
matriz. Then « is orientation-preserving if det A =1 (i.e., if A € SO(n)),
and is orientation-reversing if det A = —1. Recalling from (3.3.4) that
(1yTa) o (1,T8) = Tyra:Tap (and hence (1,Ta)"! = Ta-1yT4-1), we see
that the orientation-preserving isometries of R™ form a subgroup, O, C I,.

Unlike the linear case, if U is not path-connected, it is possible for a C!
immersion f : U — R to be neither orientation-preserving nor orientation-
reversing.

Example 8.2.3. Define f : R — {0} — R by f(z) = 22 for all x in the
domain. Then Df(z) = [2z], a 1 x 1 matrix with entry f/(z). Of course,
det Df(x) = 2z, so f is a smooth immersion, and is orientation-preserving
on (0,00) and orientation-reversing on (—oo,0).

In some cases, it is possible to test for orientation properties at a single
point. To see this we review some determinant theory. See [17] for the
details.

Recall the sign homomorphism sgn : ¥,, — {£1} of Definition 4.1.19. The
determinant satisfies the following formula ([17, Corollary 10.2.6]).
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Lemma 8.2.4. Let A = (a;j) be n x n. Then

(8.2.1) det A = Z sgn(0) A (1)1 - - - A(n)n-
oEX,

In particular, det is a polynomial in the n? variables giving the coordinates
of the matriz, and hence gives a smooth function

det : M, (R) — R.

Here M, (R) denotes the space of nxn matrices with coefficients in R, which
we identify with R,

As a bonus, we obtain the following. Recall that GL,(R) is the group of
invertible n x n matrices over R and that a matrix A is invertible if and only
if det A # 0.

Corollary 8.2.5. GL,(R) = det™}(R — {0}) is an open subset of M, (R).

Proof. Differentiable maps are continuous. R — {0} = (—00,0) U (0,00) is
an open subset of R. So det™ ' (R—{0}) is open by Lemma A.1.12 below. [

Definition 8.2.6. A subset X C R" is path-connected if for each z,y € X
there is a continuous map + : [0,1] — X with v(0) = z and (1) = y. Such
a =y is called a path from z to y.

Convex sets are certainly path-connected, so we have plenty of examples.

Proposition 8.2.7. Let U C R"™ be open and path-connected and let f :
U — R™ be a C! immersion. Let x € U. Then f is orientation-preserving
if Df(x) has positive determinant and is orientation-reversing if D f(x) has
negative determinant.

Proof. In other words, we claim the sign of det D f is constant on U when
U is path-connected and f is a C! immersion. To see this, note that f being
C! says Df : U — M,(R) is continuous, hence so is

detoDf : U — R.
Let v be a path from x to y. Then the composite
detoDfoxy:[0,1] - R
is continuous. Since f is an immersion, det(Df) is never zero. By the

intermediate value theorem, the sign of det(D f(v(t))) is constant. O

8.3. Topological manifolds; S~ 1. The basic objects of study in geomet-
ric topology are manifolds. We shall show that the unit sphere S*~! ¢ R”
is an (n — 1)-dimensional manifold.

The following is a basic topological concept.
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Definition 8.3.1. Let X C R" and Y C R™. Amap f: X — Y is a
homeomorphism if it is continuous, one-to-one and onto, and the inverse
function f~!:Y — X is also continuous. We write

X3Sy

for a homeomorphism and trust it will not be confused with an isomorphism
of vector spaces.

Example 8.3.2. Define f : R — R by f(z) = 23. Then f is a homeo-
morphism as the inverse function f~' : R — R is given by f~!(z) = ¥z,
a continuous function. Note that f~! is not differentiable at 0 because
f'(0)=0.

Continuous bijections exist that are not homeomorphisms (because their
inverse functions are not continuous). See Example 10.4.5 below.

Definition 8.3.3. Let X C R™. A subset V C X is open in X if there is
an open subset U of R™ with UNX = V.

If x € X a neighborhood of x in X is simply an open set in X containing
T.

Definition 8.3.4. A subset M C R™ is a topological n-manifold, or n-
dimensional manifold, if for each x € M there is a a neighborhood U of z

in M and a homeomorphism h : U =, V where V is an open subset of R"™.
The maps h : U — V (or their inverses, depending on one’s convention) are

called charts for M (and if z € U, we call it a chart about z). If h: U Sv
is a chart, we call U a chart neighborhood (of each x € U) in M.

Note that any open subset of a chart neighborhood is also a chart neigh-
borhood by restriction.

We sometimes write M"™ for M to emphasize that M has dimension n.
The reader is warned not to confuse this with the cartesian product of n
copies of M.

A 2-dimensional manifold is called a surface.

The following is implicit in the above definition, but is probably not in-
tuitive to a beginner.

Remark 8.3.5. R? is the 0-vector space, consisting of a single point. Its
only open subspaces are () and itself. So a subset M C R™ is a 0-manifold
if each point of M is a neighborhood of itself, i.e., if for each x € M there
is an open set U of R™ with U N M = {x}. Topologically, this says each
point of M is open in the subspace topology inherited from R™. This says
the subspace topology is what’s known as the discrete topology.

Topological manifolds have many nice properties, but they are hard to
verify, and the intuition in uncovering those properties came from the more
obvious properties of smooth manifolds. We will show that the unit sphere
S"=1 of R” is a topological manifold and use it as the motivating example
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in defining smooth manifolds. Consider e, the last of the canonical basis
vectors of R”, and think of it as the north pole N of S*~!. The following
shows that the complement of a point in S*~! is homeomorphic to R?~!.

Theorem 8.3.6. Let n > 2 and idenitify R"~! with the equatorial (n —1)-
plane in R™:
R = {(z1,...,2p-1,0) : 21,...,2y_1 € R}.
Let U = S""Y <\ {N}, the complement of the north pole in S*~1. Then there
is a homeomorphism hy : U — R given by
1

(8.3.1) h(e) = = (@ 01,0)
for x = (z1,...,2,). The inverse function gy of hy is given by
2
3.2 =1 1—-4)N t= ——F
(8.3.2) gu(z) =tz +( ) for T+ (@.2)

for x = (z1,...,2y-1,0).

Proof. We have defined hy to take x to the unique point on the ray ]79;

lying in R*~1: hy(x) = (1—t) N+tx for the unique ¢ such that 1—t+tx,, = 0.

gu, in turn, takes x to the unique point of norm 1 on ]Vac> other than N.

hy and gy both extend to C! (in fact C™ functions) defined on open sets

containing U and R"~!, respectively, and hence are continuous. Note that

iflgU(x)lz (Y1,---,Yn), then y, = 1 —t and (y1,...,Yn-1,0) = tz. Thus,
5 SO

17yn

1
hy OgU(x) = E(txla cee ,tl’n,1,0) =Z.

Similarly, since hy(z) = - (x1,...,2n-1,0), we have

Il
7 N
—

[
8
3
'
no

—

|

8

RN

But then it’s easy to see that m = 1 — x,, and that in turn
shows gy o hy = id. [l

The map hy is called the stereographic projection of U onto R"~!. The
following may now be used to motivate the definition of smooth manifold
and show that S"~! is one.
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Corollary 8.3.7. S"~! is an (n — 1)-manifold for n > 2. Specifically,
let V.= S""1 <\ {S} where S = —e,, is the south pole. Then there is a
homeomorphism hy : V. — R"™! given by
1
h =
v(®) 14z,
in the notations of Theorem 8.3.6. Since every point of S~ lies in either

U or V, this suffices to show S*~1 is a manifold.
Note that hyy(S) =0 = hy(N), and hence

ho(UNV) = hy(UNV) =R" ~ {0}

(1,...,Tn-1,0)

The composites
hy o hiy' : R™ {0} — R™ \ {0},
hy o hyt : R™~ {0} — R™ ~ {0},

are both given by the same formula:

(8.3.3) hy o hy(z) = hy o hyt (7)) =

(z,x)

Here, hy(UNV) =hy(UNV)=R""1 0.

Proof. We simply use the south pole in place of the north in the arguments
for Theorem 8.3.6. Thus, we set hy (z) equal to the unique point on the r@)f

H
Sz lying in R"~! and set gy () equal to the unique point of norm 1 on Sz
other than S.

The formula for Ay is then clear. As above, gy(z) = (tz1, ..., txy—1,1—1t)
for t = ﬁ, hence
t
thgU(I) = Q—tl"
The result then follows by calculating 2%t The same calculation works in
the opposite direction. O

In particular, S? is a surface and S! is a 1-manifold (the latter can also
be shown using the exponential map).

Note that we have not yet considered the O-sphere, S° = {+1} C R, the
unit sphere in R. Since {—1} = S°N (-2,0) and {1} = S°N(0,2), S" is a
0-manifold. We obtain:

Corollary 8.3.8. S™ is an n-manifold for n > 0.
8.4. Smooth manifolds.

Definition 8.4.1. A smooth atlas A on a topological n-manifold M is a
family of charts

h:U = h(U) CR" h(U) open in R"
such that:
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o~

(1) {U:[h:U — h(U)] € A} is a cover of M, i.e.,

M = U U.
he A

(2) Ifh:U S h(U) and k: V = k(V) are charts in A with U NV # 0
then the mapping

(8.4.1) gen =koh ™ :R(UNV) = kUNV)
is a diffeomorphism. Note that its inverse function is
gk =hok ™ E{UNV)=hUNV).

The maps gip, for h, k € A are called the transition functions of A. A is said
to provide a smooth structure M, and M together with its atlas is called a
smooth manifold. A smooth 2-manifold is called a smooth surface.

As above, we shall often abbreviate h: U —» h(U) e Aby h € A. So we
shall be careful to change the function name when we restrict the domain.
Indeed, it is sometimes desirable to allow the domains of two charts to be
equal. Otherwise, we would index everything by the open sets in question
and write gy in place of gip.

Examples 8.4.2.

(1) The mappings {hy : U SR by VS R" 1} from Corol-
lary 8.3.7 give a smooth atlas for S*~!. The transition maps are
specified explicitly in (8.3.3), and are smooth.

This gives what is known as the standard smooth structure of
Sn1.

(2) R™ is a smooth manifold, with atlas given by the identity map.

(3) If M is a smooth n-manifold and W is a nonempty open subset
of M then W is a smooth nm-manifold whose charts are given by

hlwau : WNU =N h(W NU) C R™ for each h in the atlas for M.
(4) The Klein bottle and the torus are shown to be a smooth 2-manifolds
(surfaces) in Corollary A.7.5, below.

We can define smooth maps between manifolds of different dimensions.
Definition 8.4.3. Let M be a smooth n-manifold with atlas A and let N

be a smooth m-manifold with atlas B. A map f: M — N is smooth if for
each h: U — h(U) € Aand k: V — k(V) € B the composite

frn

f k

(8.4.2) hUN V) un vy L v —ES k)

is smooth. Of course, any map out of () is smooth.
We say f: M — N is a diffeomorphism if it is smooth, one-to-one, onto
and the inverse function f~!: N — M is smooth.
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The property of being a smooth map is a local one.

Lemma 8.4.4. Let M and N be smooth manifolds and let f : M — N.
Then f is smooth if and only if for each x € M there exist charts h and
k such that (8.4.2) is smooth on some smaller open set containing h(x).

Moreover, the rank of the Jacobian matriz D fiy, is independent of the choice
of h and k.

Proof. If we replace h and k by charts A’ and k&’ about = and f(z), respec-
tively, then

Jn = Gk © fak © Ghn
near x. The result now follows from the chain rule. O

Lemma 8.4.5. If f : M — N is a diffeomorphism from an n-manifold to
an m-manifold, then n = m.

Proof. Suppose UNf~1(V) # 0. Since both f and f~! are smooth, one can
restrict the codomain of the maps fi;, of (8.4.2) to obtain a diffeomorphism

fen + h(U N fTHV)) = K(V 0 f(U))
with inverse

ke K(VOF(U) = R(U N f7HV)).
In particular, we may assume M an open subset of R” and N is an open
subset of R™. Now

Df ' (f(x))Df(z) =1, and Df(z)Df ' (f(x)) = I,
giving an isomorphism of vector spaces between R” and R™, son =m. U

Remark 8.4.6. The analogous result for homeomorphisms of topological
manifolds is also true, as a consequence of invariance of domain [8, Theorem
XVIIL3.1]. Specifically, homeomorphic topological manifolds must have the
same dimension.

Example 8.4.7. Define f : R — R by f(z) = 3. Then f is a homeo-
morphism and a smooth bijection, but not a diffeomorphism as f~! is not
smooth at 0. While f is not a diffeomorphism, the domain and codomain
are diffeomorphic. We could use f to define an atlas on R giving a smooth
structure different from the standard one, but diffeomorphic to the standard
one via f.

Remarks 8.4.8.

(1) John Milnor first showed there are smooth structures on a sphere,
ST in the first examples, that are not diffeomorphic to the stan-
dard smooth structure. Kervaire and Milnor then classified all such
structures on spheres of dimension > 6, laying the groundwork for a
theory called surgery theory. Surgery theory may be used to classify
the smooth structures on a topological manifold.
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(2) Kirby and Freedman, using work of Donaldson, showed there are
smooth structures on R* not diffeomorphic to the standard smooth
structure. Note, then, that whole of R* cannot be the domain of a
chart for such a structure.

Definition 8.4.9. Let M be a topological manifold. We say two smooth
atlases A and B on M are equivalent (and represent the same smooth struc-
ture on M) if the identity map of M gives a diffeomorphism between the
two atlases. In particular, then, either atlas may be used to describe the
smooth maps in or out of M.

If U C M is open, it is a smooth manifold with an atlas given by the
restriction to U of the charts of M, so we can talk about diffeomorphisms
of U. If h: U — R™ is such that h : U — h(U) is a diffeomorphism, we can
add h to the atlas of M without changing any of the constructions we shall
make below. We can also remove a chart if its domain is covered by other
charts in the atlas. We will allow ourselves this flexibility without further
discussion. In particular, if we say the smooth manifold M has an atlas with
a particular property, we mean an atlas equivalent to the original one.™

The following concepts are useful.

Definition 8.4.10. An open cover U/ of a space X is a set of open subsets
of X such that
x=vu

Ueu

An open cover V is a refinement of U/ if each V € V is contained in some
Uel.

The following may be obtained simply by restricting the domains of
charts.

Lemma 8.4.11. Let U be any open cover of the smooth manifold M. Then
M has an atlas A that refines U.

Remark 8.4.12. As shown in Exercises 2 or 3 below, every point in R™ has
arbitrary small neighborhoods diffeomorphic to R”. We can use these to
alter any given atlas so that the charts actually give diffeomorphisms from
their domains onto all of R™.

10one approach to defining the smooth structure on M is to insist that every atlas be
“maximal” in the sense that every smooth embedding h : U — R" of an open subspace of
M into R™ be part of the atlas. This is a huge amount of redundancy in that we have an
overabundance of open sets U, and for each such U and uncountable number of smooth
embeddings h : U — R" represented in the atlas. The reason one might do this is that if .A
and B are maximal atlases on M and if the identity map gives a diffeomorphism between
these atlases, then the atlases A and B are in fact equal. But that seems much too high
a price to pay for uniqueness. In fact, we personally prefer atlases that are locally finite
when possible, meaning that each point has a neighborhood that intersects only finitely
many of the open sets in the atlas.
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As shown in the Exercise 1 below, the displayed smooth structure on S”~!
coincides with its structure as a submanifold of R™ in the following sense:

Definition 8.4.13. Let NV be a smooth n-manifold. A smooth m-submani-
fold M of N is a subset M C N such that for each = € M there is a smooth
chart h: U — R™ = R™ xR* for N about z such that UNM = h~'(R™ x 0).
The maps h|ynas : U N M — R™ then assemble to give a smooth atlas for
M and the inclusion map M C N has Jacobian matrices of rank m at every
point in M.

The following is useful.

Proposition 8.4.14. Let M be a smooth m-submanifold of the smooth n-
manifold N. Let S be an s-submanifold of the r-manifold R. Let f : N - R
be a smooth map with f(M) C S. Then f|p : M — S is smooth.

In the case M = N, if f : M — S C R, then f: M — S is smooth if and
only if f: M — R is smooth.

Proof. If W C R™ is open and g : W — R" is smooth and if
gW N (R™ x0)) CcR*x0,

then glyyammxo) : W N (R™ x 0) — R® is smooth. In fact, its Jacobian
matrix is a submatrix of the Jacobian matrix of g.

In the case M = N and f : M — S C R, the above argument shows
that f: M — S is smooth if f : M — R is. But the converse follows by
composite, as S C R is smooth. O

A vitally important application is the following.

Corollary 8.4.15. Let a: R" — R" be a linear isometry. Then « restricts
to a diffeomorphism a|gn-1S"~! — SPL

Proof. Since S"7! is the set of points of distance 1 from the origin, and
since a preserves 0 and also preserves distance, a(S""!) C S*~!. But the
same is true of a1, s0 a|gn-1S""! — S"~! is a smooth bijection with inverse
atlgnaSPt — snol O

In fact, every smooth manifold is a submanifold of some Euclidean space.

Theorem 8.4.16 (Whitney Embedding Theorem). Every smooth n-mani-
fold is diffeomorphic to a smooth submanifold of R*™.

Of course, some n-manifolds are smooth submanifolds of much lower-
dimensional Euclidean spaces. For instance S™ is a smooth submanifold of
R™*!. In fact, S” is what’s called a regular hypersurface in R"*!, which
gives it some important extra properties. We will now flesh out this notion.

Definition 8.4.17. Let f : R® — R™ be smooth, with n > m. A point

y € R™ is a regular value of f if Df(x) has rank m for each x € f~1(y).
As shown in Corollary 10.4.10 below, this makes M = f~!(y) a smooth

submanifold of R™ of dimension n — m. We call it a regular submanifold of
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R™ If m =1, M is a codimension 1 submanifold of R", otherwise known
as a hypersurface in R™”. When n = 3, then M is a surface, and hence a
regular surface in R3.

Example 8.4.18. S" is a regular hypersurface in R"*! as S" = f=1(1),
where f : R"*! — R is given by f(z) = (z,z). As shown in Example 8.1.8,

(8.4.3) Df(z) =Vf(x)=2x

for all x € R™"!, so 1 is a regular value of f. By Exercise 1 below, this
smooth structure on S™ agrees with the one given in Corollary 8.3.7 via
stereographic projection.

We shall use this to obtain more information about the sphere after de-
veloping the notion of the tangent space of a manifold. We shall see (Corol-
lary 10.2.12) that the tangent space T,(S™) to S™ at a point u € S™ is the
orthogonoal complement of span(V f(u)) in R"*!, which is precisely {u}*.

8.5. Products of manifolds. Let M and N be smooth manifolds of di-
mension m and n, respectively. Then smooth charts h : U — R™ for M and
k:V — R" for N combine to give a chart for M x N:

hxk:UxV —>R"™xR"

which we identify with R™*" in the usual way. The transition maps from
h x k to b/ x k" are then simply gj;, X gk, Which has Jacobian matrix

Dagyp: 0
D(gnn % gik) = [ %hh Dawn } .

The block sum of two square matrices as above is called the Whitney sum
and has determinant det(Dgy;,) det(Dgpri). In particular, if each of gp/p, and
gr'r, preserves orientation, so does gnrp X grrg, but if each of gpp and gprg
reverses orientation, then gp/, X grrp, preserves it. gpp X grrp only reverses
orientation if gp, and g, have orientation behavior opposite from one
another.

We call this the standard smooth structure on M x N. By construction,
it satisfies the following.

Proposition 8.5.1. Let M, N and P be smooth manifolds. Then a map
f: P — M x N is smooth if and only if its coordinate functions fi =m0 f
and fo = mo o f are smooth, where my : M X N - M and mg: M x N = N
are the projections. In particular, for smooth functions fi : P — M and
fa : P — N there is a unique smooth function f = (fi, f2) such that the
following diagram commutes:

2N

M+—Mx N—— N.

T ™2
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Proof. For U ¢ R™, V c R*, W C R* and a map
f:W—=UxVCR™xR"=R™™"

the real valued coordinate functions of f when seen as taking value in R
are the coordinate functions of f; : W — U and fy : W — V taken in order,
i.e.,

_ | Ph
pr= || =

8.6. Oriented atlases. The following is a key in defining an orientation
on a manifold.

Definition 8.6.1. Let M be a smooth manifold. An oriented atlas for M
is an atlas A such that the transition maps gy of (8.4.1) are orientation-
preserving (i.e., their Jacobian matrices have positive determinant at every
point).

Example 8.6.2. For n > 1, the atlas given for S" in Section 8.3 is not
oriented. The transition map

hy o hy' : R™ — {0} — R" — {0}

is given by
T

(z,2)"

This is easily seen to be the identity map on the unit sphere

s»t ¢ R™ — {0},

hV o ]’LEl ((13) =

and exchanges the open subsets {|z| > 1} and {||z|| < 1} of R" — {0}. In
particular, the transition map may be thought of as the reflection of R” —{0}
across the unit sphere. As such, when n = 2, it plays an important role in
hyperbolic geometry. In Exercise 6 below, we show that D(hy o hy')(en)
has determinant —1. When n > 2, this shows the transition map to be
orientation-reversing by Proposition 8.2.7, as R" — {0} is path-connected
(Exercise 7).

For the case n = 1, R — {0} is the union of two path-connected pieces,
the positive and negative reals. Each piece has an element (£1) at which
D(hyo hal) has determinant —1, so the transition map is again orientation-
reversing by Proposition 8.2.7.

But now we can obtain an oriented atlas by composing the south pole
chart with an orientation-reversing linear isomorphism of R”.

An oriented atlas provides an orientation of M, and indeed any orientation
of M can be seen as coming from an oriented atlas. We shall develop this
further in our discussion of tangent bundles below.
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8.7. Exercises.
1. Let f:R" ! x (—o00,1) = R"! x (—o0,1) be given by

Flat) = (1= a1, ..., (1 — t)an_1,t) = (1 — t)(x,0) + tN,

with N the north pole.
Let k: R" ! x (—00,1) = R""! x (—00,1) be given by
Hat) = < (1= ul@))t + ula)),
(x,t +u(x)(1—1t))
with )
=1—-—F- —-1,1).
ua) = 1= i € (L)

(a) Compute the Jacobian matrices of f and k and their determi-
nants. Show that f and k are diffeomorphisms.

(b) Show that (f o k)|gn-14( coincides with the map gy of Theo-
rem 8.3.6.

(c) Deduce from this and the analogous result for gy that the
smooth structure on S*~! given in Corollary 8.3.7 coincides with
the structure of an embedded submanifold of R™.

2. Let B1(0) be the standard open ball of radius 1 in R™. Let f :
B1(0) — R"™ be given by
1

AR

Show that f is a diffeomorphism.
3. Let f:(—3,5)" = R" via

f(x1,...,2,) = (arctan(zy), . . ., arctan(zy,)).

Show that f is a diffeomorphism.
4. Let U C R"™, open, and let f : U — R™ be smooth. Let v : (a,b) — U
be a smooth curve.

(a) Show that D(f o)(t) depends only on ~(t) and ~/(¢t) for ¢t €
(a,b). In fact we refer to D(fo~)(t) as the directional derivative
of f at y(t) in the direction ~' ().

(b) Show that if 4/(t) = e;, the jth canonical basis vector, then
D(f ov)(t) is the jth column of Df(y(¢t)). In particular, if
m = 1, then D(f 07)(t) = £L(1(1)).

c1

(c) Suppose now that 7/(t) = | 1 | = cie1 + -+ + cpepn and that

m = 1. Show that

D(fem(t) =g (v(B) + -+ engy = (1(1)-
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5. Let n > 2. For j € {1,...,n — 1}, define ~; : (—g,g) — R"™ by
7v;(t) = cos(t)ey, + sin(t)e;.

(a) Show that ~;(¢) lies in the unit sphere S"~! for all t € (=%, %),

(b) Show that v;(0) = e, and +'(0) = ;.

(c¢) Deduce from Problem 4 that if U is a neighborhood of e,, in R™
and f: U — R™ is smooth, and if we restrict the domain of ~;
to an interval (—¢, €) contained in y~1(U), then D(f o~;)(0) is
the jth column of Df(e,).

(d) Deduce that if U C R™ is an open set containing S"~! and if
f : U — R" restricts to the identity on S"~!, then the jth
column of Df(ey,) is ej for j=1,...,n— 1.

6. Let n > 1 and let f: R" — {0} — R™—{0} be given by f(z) = Ty
Define « : (0,2) — R™ — {0} by ~(¢t) = te,. Write f; for the ith

coordinate function of f fori =1,... n.
(a) Show that f; o~ is constant for 1 < i < n and that f,ov(t) = 1
for all t.

(b) Deduce that the last column of Df(ey) is —ey,.

(c) Deduce from Problem 5 that if n > 2, Df(e,) is the diagonal
matrix whose first n — 1 diagonal entries are 1 and whose last
diagonal entry is —1.

(d) Show that if n =1, Df(1) = Df(-1) = [-1].

7. For n > 2, show that R™ — {0} is path-connected.
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9. Spherical geometry

The sphere S? is a reasonably good model for the surface of the earth.
Good enough that it can be used to calculate shortest flight paths for air-
plane flights. The point is that airplanes have to stay within a certain
distance of the surface of the earth and cannot, for instance, tunnel through
it. So the distance travelled along the surface is a good model for the total
distance flown.

So how do we calculate distance on the surface of the earth? Like distance
in the plane, it depends on the inner product. This time, we use the standard
inner product in R? and use it to calculate the arc length of curves on the
sphere.

We may as well generalize this to studying the unit sphere S™ of R"*!, as
the shortest paths in S” may be developed in a simlar way to those in S2.

We shall see later in our discussion of Riemannian geometry that shortest
paths may be given many different parametrizations, but the parametriza-
tions whose velocity vectors have constant length play a special role. They
are called geodesics. The geodesics in R"™ are the standard parametriza-
tions of lines (Proposition 11.3.13). Geodesics in S™ are the great circle
routes, which give parametrizations of great circles (Definition 9.1.3). For
this reason, we shall treat the great circles as the “lines” in our discussions
of spherical geometry. We shall discuss lengths of line segments, angles be-
tween oriented lines, etc., just as we did for R™. And the calculation of
shortest paths will allow us to show that Z(S™), the group of isometries of
S™, is isomorphic to the orthogonal group O,+1, i.e., to the group of linear
isometries of R"*! (Theorem 9.1.16).

The geometry of S” is easier to frame and understand than the geometry
of a general Riemannian manifold because S" is a smooth submanifold of
R"*! (e.g., by Exercise 1 in Chapter 8), and the geometry we care about
for S™ is induced by the inner product of R"*1. (This is called the subspace
metric on the submanifold.) In particular, we do not need to develop the
theory of geodesics (and the exponential map) in full generality to study
S™. Instead, we shall devote some time to developing simpler, and hopefully
more intuitive arguments that depend on the use of the subspace metric.
That is the substance of Section 9.1.

9.1. Arc length and distance in S™; isometries of S™. Let M be a
smooth submanifold of R"*!. We shall use the inner product in R**! to
calculate distances in M. We calculate them in terms of the arc lengths of
curves v : [a,b] — M.

Arc length is often studied in a first multivariate calculus class. One
can calculate the arc length of a piecewise smooth curve in R"*!. Here,
7y : [a,b] — R™" is piecewise smooth if there is a partition a = 2y < 1 <
-+ <z = b of [a,b] such that the restriction of v to [z;, z;+1] is smooth for
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1=0,...,k—1. Here, a map from a closed interval is smooth if it could be
extended to a smooth map on a slightly larger open interval.
Let v : (a,b) — R™™! be smooth. Write

s (1)

ie, y(t) =v(t)er + - -+ Yn+1(t)ent1. Then the velocity vector 4/(t) is the
Jacobian matrix of v at ¢:

71(t)
v(t) = : =y(t)er + - +vpi1(ens1-
Vi1 ()

We define the arc length of a piecewise smooth curve 7 : [a,b] — R" ! to
be

b
(9.1.1) o) = / I/ (01,

the integral over [a,b] of the length of the tangent vector of v at each ¢ €
[a,b]. The length ||7/(¢)]| is often called the speed of v at ¢. It depends, of
course, on the inner product in R**+1:

IV @O = V' (®),7 (1)

Allowing v to be piecewise smooth rather than smooth permits traversing
two sides of a triangle, for instance, and adding the distances travelled.

But, as discussed at the beginning of this chapter, if we want distances in
M, we must study the arc lengths of piecewise smooth curves v : [a,b] — M,
i.e., curves whose image lies in M, and it is natural to ask for smoothness
in terms of the smooth structure on M. But by Proposition 8.4.14, there
is no distinction between smooth maps into M and smooth maps into R**+!
whose image lies in M: a map f : N — M is smooth if and only if the
composite

N L mcret?
is smooth.

Definition 9.1.1. Let M be a smooth, path-connected submanifold of R™*!
and let x,y € M. Then the distance from x to y in M (in the metric induced
by the inclusion of M in R"*!) is given by

(9.1.2) d(z,y) = inf £(),
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where v runs over the piecewise smooth paths from x to y in M. Here, a
piecewise smooth curve 7 : [a,b] — M is a path from z to y if v(a) = = and
y(b) = y."?

We say that the piecewise smooth path v from x to y is distance minimiz-
ing if d(z,y) = £(y), i.e., if £(y) < ¢(A) whenever A is a piecewise smooth
path from z to y.

In (9.1.2), the arc length is calculated via (9.1.1), using the inner product
in R"*! to calculate the lengths of the velocity vectors. With that assump-
tion, (9.1.2) is the distance formula coming from the intrinsic Riemannian
geometry for a submanifold of R"*! in the subspace metric. In Chapter 11,
we will consider situations in which the inner product varies depending on
the value of the point (t), independent of any particular embedding of M
in Euclidean space. That will give the general case of the distance formula
in Riemannian geometry.

An obvious special case here is where M = R"*!. Here, we have been
calculating the distance from x to y as ||y — z[|. It will be helpful to show
that the distance formula (9.1.2) gives the same result here.

Proposition 9.1.2. Let x,y € R*""'. Then the straight line path
V() =z +tly—=), tel0,1],

is distance minimizing. Its arc length is ||y — x||.
Proof. Note that all paths from x to y are translates of paths from 0 to
y — x and that translation does not affect derivatives, and hence preserves
arc length. Translation also preserves straight line paths. Thus, we may
assume x = 0 and study the distance from 0 to some arbitrary point y.

Let uq = ﬁ, and extend it to a basis ui,...,u,41 of R*™1. Applying
the Gramm—Schmidt process, if necessary, we may assume uq, ..., Up41 1S

an orthonormal basis of R"™!. Let v : [a,b] — R"! be a piecewise smooth
path from 0 to y, and set

it) = (v(t), ua)
fori=1,...,n+ 1. Then (4.1.1) gives
V() = (y(&), ur)ur + - - + (Y(8), Unt1) tns1
=7(t)ur + -+ Y1 (Hunsa,
and hence
V() = (Our + -+ g (D
Moreover, the Pythagorean formula for orthonormal coordinates gives

IV (O = \/(%(75))2 +o (g (9))?

5gince M is path-connected, the Whitney approximation theorem ([13, Theorem 6.26])
shows there are smooth, and hence piecewise smooth paths from z to y.
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Thus,
I @) = /(1 (1) = In@)l,

and hence

1 1
013 = [ @l [ aiod =0 -0
by the fundamental theorem of calculus. Note that v(0) = 0 and

¥(1) =y = [lyllur + Ouz + - - - + Oupy1,

so 11(1) = |ly|]| and (9.1.3) gives () > |ly||. But if 5 is the straight line
path from 0 to y, 8(t) = ty for ¢ € [0,1], then §'(t) = y for all ¢, and hence

/ Iyl dt = [y, 0

This not only provides a reality check for this new notion of Riemannian
distance, it helps us understand the properties of that distance. A useful
notion of distance should satisfy the properties in Definition A.1.1, below:
symmetry, positive-definiteness and the triangle inequality.

The triangle inequality is the easiest to show, as if v : [a,b] — M is a
piecewise smooth path from x to y and A : [b,¢] — M is a piecewise smooth
path from y to z, then the arc length of the path obtained by traversing first
~ and then A is the sum of the arc lengths of v and A, demonstrating that

(9.1.4) d(z,z) <d(x,y) +d(y,z) for any z,y,z € M.

This is the triangle inequality, and is the reason we have considered piecewise
smooth paths instead of insisting on smooth ones.

Reflexivity says d(x,y) = d(y,z). But it’s an easy consequence of the
chain rule that traversing a path in the opposite direction does not change
arc length.

Positive-definiteness, the assertion that d(x,y) > 0 if = # y, is somewhat
difficult to prove in general Riemannian manifolds, but is very easy for
submanifolds M C R™"! with the subspace metric. The point is that any
piecewise smooth path from x to y in M is automatically a piecewise smooth
path in R**!, and therefore its arc length is greater than or equal to the
distance from z to y in R"*!. In other words the Riemannian distance from
x to y in M is greater than or equal to the distance from z to y in R"*1, a
fact we observed intuitively for the distance flown by an airplane in getting
from one city to another. Since the distance in R®*! is positive-definite, the
same must be true for the Riemannian distance in M.

The distance minimizing paths in S occur along great circles.

Definition 9.1.3. A great circle in S" is the intersection S" NV for V a
2-dimensional linear subspace of R"*!. Recall from Lemma 7.2.5 that if v, w
is an orthonormal basis for V of R™*!, then

S"NV = {costv +sintw : t € R}.
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Thus, for v,w € S™ with (v, w) = 0, the great circle route
(9.1.5) Yo : R — S”

Yo, (t) = cos tv + sin tw

parametrizes the great circle S™ N span(v,w). We shall also refer to the
restriction of 7, ., to a closed interval as a great circle route.

Great circles are the “lines” in spherical geometry, and the great circle
routes are their standard parametrizations. Since a given 2-dimensional
subspace V has many choices of orthonormal basis, there are numerous
great circle routes parametrizing V N S™, but they are nicely related. The
results in the following lemma follow from standard trigonometric formulae,
e.g., the formulae for cos(¢ + 1) and sin(¢ + ¢). The proof is left the the
reader.

Lemma 9.1.4. Let v,w be orthogonal vectors in S™. Then:

(1) The traversal of vy in the opposite direction satisfies
(9.1.6) Yo (—t) = costv — sintw = v,y (1).

Thus, ~yy,—w provides the reverse orientation of the great cirle S™ N
span(v,w) to that given by 7y .. This corresponds to the fact that
v, —w gives the opposite orientation to span(v,w) from that given by
v, W.

(2) Let © = vyu(c) and let y = vow(c+5). Then
(9.1.7) Youw(C+1) = Yo y(t)

for allt € R, Thus vy © Te = Y2y where 7. is the translation of R
by c. By Lemma 7.2.5, such pairs x,y give all the orthonormal bases
of span(v,w) that induce the same orientation as v,w. Thus, as ¢
varies, we obtain all the like-oriented great circle routes parametriz-
ing S™ N span(v, w).

(3) Again by Lemma 7.2.5, the curves v, —, with x,y as in (2) give
all great circle routes parametrizing S™ N spanv, w with the opposite
orientation. By (1),

(9.1.8) Ve, —y(t) = Yoy (1) = Yow(c —1t).
(4) The velocity vector to vy att satisfies
(9.1.9) Yo (t) = —sintv + costw = vy (t + g) .
Thus, Youw(t), Yow(t) is one of the bases of span(v,w) specified in

(2).

By (9.1.9), [74.,()|| = 1 for all £. (Curves with this property are said to
be parametrized by arc length.) Thus the speed of 7, ., is constantly equal
to 1, and we obtain the following:
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Corollary 9.1.5. Let v,w € S™ be orthogonal. Then the arc length of the
restriction of vy to a closed interval is given by

b b
(9.1.10) Oonlion) = [ Ifu(®llde= [ dt=b-a.

Moreover, by Lemma 9.1.4, all other parametrizations of Yywlap by great
circle routes have the same arc length.

Proof. For the last statement, two prametrizations of %,w|[a,b] by great
circle routes differ by precomposition with an isometry of R. O

Note that v, is periodic in the sense that 7, ,(t + 27) = v, 4 (t), so
if b —a > 27 then the length of 7, |4 is greater than the arc length of
the full circle traced out by <, 4, which is 27. In particular, for b — a large
enough, 7v,w‘[a7b] can wrap around the circle as many times as you like. We
will see that %,w|[a,b} is distance minimizing if and only if b —a < 7.

When b — a < m we can calculate the arc length of v, [ by a formula
that only depends on the points it connects in S”. Indeed, once we show
this path is distance minimizling, this will give us the Riemannian distance
between these two points.

Lemma 9.1.6. Ifb—a < m, then
(9.1.11) E('Yv,w’[a,b]) = COS?I«’YU,w(b)v ’Yv,w(a»)'

Proof. For simplicity, consider the case a = 0. Then ~,,(a) = v and
Yo,w(b) = cosbv 4 sinbw. Since v, w is an orthonormal set,

(v, cosbv + sin bw) = cosb.

If 0 < b < 7, the result follows from the standard properties of cos™!.
For the general case, expanding (cos av + sin aw, cos bv + sin bw) results
in the usual expansion of cos(b — a). O

We may as well at this point codify definitions about lines and line seg-
ments in S”, as the ideas are useful in showing great circle routes minimize
arc length.

Definition 9.1.7. A line in S” is a great circle. A line segment in S" is a
subset

(9.1.12) {Yup(t) 1t €la,b]} withu LveS"and b—a < 27.

Its endpoints are = v,,(a) and y = 7,,,(b). We say the parametrization
in (9.1.12) goes from x to y. Note that a parametrization from y to z is
then given by vy, —|[—p,—q- By Corollary 9.1.5, any two parametrizations of
a line segment by great circle routes have the same arc length. We define
the length of the segment to be this arc length.

The following is useful.
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Lemma 9.1.8. Let u # v € S". Then there is a unique great circle
containing u and v and exactly two line segments with u and v as endpoints.
The shorter of these segments has length cos™'((u,v)). We shall call it
the “minor segment” with endpoints u and v. The longer has length 2m —
cos 1 {u,v). We shall call it the “major segment”.

If u = —wv, then every great circle through one of them contains the
other. All the great circle routes with u and v as endpoints have length
cos 1 ({u,v)) = 7.

Proof. Suppose u # +v. Since both have norm 1, they are linearly inde-
pendent and V' = span(u,v) is a 2-dimensional subspace of R"*!. So V' NS”
is the unique great circle containing v and v. Let u,w be an orthonormal
basis of V. Then v = costu + sintw for some t € (0,27). Then 7, [y
gives one great circle route from u to v. It’s length is ¢, and cost = (u,v).
The two possible values of ¢ € [0,27) with this cosine are cos™!((u,v)) and
21 — cos ™ ({u,v)). The result now follows since vy | 2, Parametrizes the
other line segment with endpoints v and v.

If w = —v, then every linear subspace containing one contains the other.
If V is a 2-dimensional linear subspace containing u, simply choose an or-
thonormal basis u,w for V and calculate as above. ([l

Showing that great circle routes of length < 7 on S™ are distance mini-
mizing is surprisingly deep. Isometries will be useful, both for this and for
further study of the geometry of the spheres.

Recall from Corollary 8.4.15 that if o : R — R+ is a linear isometry,
then it restricts to a diffeomorphism ag = a|sn : S* — S™. If v : [a,b] — S™
is piecewise smooth, so is ag oy and we can compare their arc lengths. The
following shows « is an isometry in the same sense as the isometries of R”
studied in previous chapters.

Proposition 9.1.9. Let o : R*"1 — R" be a linear isometry and let
g S™ — S" be its restriction to S™. Then «g preserves arc length, and
hence preserves distance between points on the sphere.

More specifically, if « = Ta, the linear transformation induced by the
(n+ 1) x (n+ 1) orthogonal matriz A, and if v : [a,b] — S™ is piecewise
smooth, then the velocity vector (a0 v)'(t) is given by the matriz product
(9.1.13) (apoy)'(t)=A-~(t),
and hence has the same norm as +'(t).

Proof. Since the velocity vector for a map « : [a,b] — S™ is simply the
derivative of the composite

[a,b] L S" ¢ R"H,
we simply calculate our derivatives in R"*!. Thus

(a0 07)'(t) = (a0 7)'(t) = Da(y(t)) - 7'(t)
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by the chain rule. Equation (9.1.13) is now immediate from Lemma 8.1.6.
Since A is an orthogonal matrix,

(@0 0 7) @)1 = [/ @)1,
and hence the arc length integrals for ag o v and v are identical. Thus, «q
preserves arc lengths of paths. But the inverse of «q is also the restriction
to S™ of a linear isometry of R"*1, so ag preserves the Riemannian distance
between points in the sphere. ([

Remark 9.1.10. In fact, the proof of Proposition 9.1.9 shows that «q is
an isometry in the stronger sense (Definition 11.1.5) used in general Rie-
mannian manifolds, and therefore preserves angles between curves in S"
(Lemma 11.2.12). We shall discuss angles in greater detail in our devel-
opment of the geometry of S2. For convenience, however, we shall use the
following definition in this section.

Definition 9.1.11. An isometry of S" is a function « : S™ — S™ that pre-
serves the Riemannian distance. We write Z(S™) for the set of all isometries

of S™.

We shall see in Theorem 9.1.16 that every isometry of S™ is the restriction
to S™ of a linear isometry of R**1. Thus, every isometry of S” is a surjective
diffeomorphism, and Z(S™) is a group isomorphic to the orthogonal group
On+1-

To show that great circle routes are distance minimizing, we shall in-
troduce what turns out to be the exponential map for S”. Normally, the
exponential map is defined using geodesics in a Riemannian manifold. The
geodesics are specific parametrizations of distance minimizing curves. The
great circle routes as defined above are in fact geodesics.

We take an approach here that does not use Riemannian geometry, and
define a map that coincides with the Riemannian exponential map. We
will call it the exponential map, but will define it directly and verify its
properties directly.

Definition 9.1.12. Let S = —e,41, the negative of the last canonical basis
vector of R"*1. We identify it with the south pole of S”. The exponential
map for S™ at S is the map exp : R™ — S™ given by

(9.1.14) () S if v =0,
1. exp(v) =
P cos ||v|| S + sin ||| mp v #0.

Here, as in Theorem 8.3.6, we identify R™ with the equatorial n-plane in

R"™*1: the points whose last coordinate is 0. This identifies the unit sphere

in R™ with the equator in S™: the set of points in S” orthogonal to S.
Note, then that if ||v]| =1 in R", we obtain

(9.1.15) exp(tv) = cost S +sintv = vg,(t),

so t — exp(tv) is precisely the great circle route from S through v.
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Proposition 9.1.13. The exponential map
exp : R" — §"

is smooth. Its restriction to B;(0) = {w € R" : ||w|| < 7} gives a diffeomor-
phism

(9.1.16) exp |,(0) : Br(0) = "~ {ent1}-

Proof. Elementary calculus comes to the rescue here. Let

o= {F o

Then (9.1.14) gives
(9.1.17) exp(v) = cos ||v|| S + f(||v])v,

so exp is smooth if v — cos ||v|| and v — f(||v||) are smooth. Now

|
— (2k)!
o (=DF o 2
fr) = 2 p(a?),
— (2k+1)
where — vy (DR ok Ny (DR k
g(z) =>72, @mr e and h(z) =312, orr & are smooth on all of
R by the ratio test. While v — ||[v|| = y/(v, v) is not smooth at 0 because of

the square root, v — (v, v) is polynomial on the coordinates of v, and hence
smooth on all of R™. Thus,

exp(v) = g((v,0))S + h((v, v))v

is smooth on all of R™.

We claim next that exp|p, (o) : Br(0) = S" \ {eny1} is bijective. We
construct an inverse function as follows. Let ©w € S”. Then v = x + s5 with
x € R" (ie., with (x,S) = 0). Thus, z = u — (u, 5)S. Since (x,S5) = 0, we
have

1= (u,u) = (z,2) + (s5,58) = [[]|* + 5*.
Since s € [—1,1], t = cos™! s is the unique element of [—%, Z] with s = cost
and ||z|| = sint. If u # £5, © # 0 and cost > 0, so v = “;—” is the unique
element of S™ with u = exp(tv). Of course, 0 = exp~1(S).

Moreover, t = cos~!({u, S)) and v = % are smooth functions on
{u e R": |(u, )| < 1} ~ span(S),

an open set in R"™! containing S” \ {4S}. Thus, the inverse function exp~—*

is smooth on S™ \ {£S}.



324 MARK STEINBERGER

Thus, it suffices to show exp~! is smooth on a neighborhood of S. By

the inverse function theorem, this follows if the Jacobian matrix at 0 of the

composite
exp

BU( ) — S" {€n+1} —) R"
is invertible, where h corresponds to the chart hy for the smooth structure of
S™ given in Theorem 8.3.6. At this point, in calculating, Jacobian matrices,
we should drop the (n+1)-st coordinate of 0 that we have been carrying for
points in R™. We may express h by

(9.1.18) h(xlel +--+ $n+16n+1) = (x161 + -+ ﬂfnen).

I —xpp
Note this extends by the same formula to a smooth function

h:{xie; + -+ Tni1€ni1 € R g, # 1} - R"

and that h o exp = h o exp.

Write f = h o exp. Then the ith column of D f(0) is the velocity vector
at 0 of f oA where A : (—m,7m) — By(n) is given by A(t) = te;. (Here,
1 <i<n.) By (9.1.15), exp oA = vg,,, so the chain rule gives

(f o 2)(0) = DA(S) - (expor)'(0)
= DI(S) - 75, (0)
= Dh(S) - e;,
the ith column of Dh(S). By (9.1. 18) the jth coordinate function of h is
= for 1 <4 < n. Thus, Dh(S) - e; = 3e; for these values of i. Thus,
Df(0 )— 31n. O

The following is elaborated further in Corollary 10.2.12.

Lemma 9.1.14. Let v : (a,b) — S™ be smooth. Then (vy(t),~'(t)) = 0 for
all t.

Proof. Let f: R""! — R be given by f(x) = (z,z). Then S” = f~1(1), so
f o~ is constant. Thus,
0=(fo)(t)=Df(~(t)-(t)
— 201 (1) - yma ()] 7 (1) (3.4.3)
=2(y(t),7'(#))- O
Theorem 9.1.15. Let u # v € S™. Then the shortest path from u to v

is a great circle route, and therefore has length cos™((u,v)). Thus, the
Riemannian distance from u to v in S™ is cos~!({u,v)).

Proof. u # 0, so we can find a basis uq,...,u,+1 with u; = u. Applying
Gramm-—Schmidt if necessary, we may assume uq, . . ., Up41 is an orthonormal
basis of R"*1. Let A = [us]...|unt1| — u1], the matrix with columns as
listed. Then the transformation T4 induced by A takes the south pole S to
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u. Noting that linear isometries preserve great circle routes, we may assume
u = S by Proposition 9.1.9.

By Lemma 9.1.8, it suffices to show that if 7 : [a,b] — S™ is a piecewise
smooth path from S to some arbitrary w, then £(y) > cos™'({S,w)). If
~ visits S or w more than once, we may shorten it, so we may assume

v~ 1(8) = {a} and v~ (w) = {b}."°
Now first consider the case w = e,,11. Here, v maps [a, b) into S” \ {£S}
SO

exp toy: (a,b) — Br(0) ~ {0}
is smooth. Thus, there are smooth functions
¢ (a,b) = (0,m),
v:(a,b) » S =8"NR",
with v(t) = cos ¢(t)S + sin ¢(t)v(t) for ¢ € (a,b). But then
v (t) = —sing(t)¢' (t)S + cos ¢(t) ' (t)v(t) + sin p(t)W ().

Since v(t) € St C R, W(t) € R™, also. So S is orthogonal to both v(t)
and W (t). Moreover, v(t) is orthogonal to W (t) by Lemma 9.1.14. Thus,

IV (I = \/ G(t)(¢/(t))? + cos? p(t)(¢/ (1)) + sin® (1)

>/ (sin?(t) + cos?(1)) (¢/(1))?
> 16/(0)] > &/(0).

Now ¢(t) = cos_l(('y(t), S)) is continuous on [a, b], and the potentially im-
proper integral f ¢'(t) dt converges to ¢(b) — ¢(a) = 7 by the fundamental
theorem of calculus. Slnce 17/ (t)]] > ¢'(t) and since v is piecewise smooth,
l(y) =z .

For w # e,41 we may now assume e, is not in the image of : otherwise
£(y) > m. We may now repeat the argument above. O

Recall that the isometries of S are the (Riemannian) distance preserving
functions o : S™ — S™ and that the set of isometries of S” is denoted Z(S").
We obtain the following converse to Proposition 9.1.9.

Theorem 9.1.16 (Isometries of S™ are linear). Let ag : S* — S" be an
isometry. Then there is a unique linear isometry, o : R™1 — R with
alsn = ag. We obtain an isomorphism of groups

(9.1.19) L: Opy1 — I(S")
A TA’S"-

16Technicaully, this requires an understanding of the behavior of closed subsets of a
closed interval.
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Proof. Let ag : S” — S™ be an isometry. By Theorem 9.1.15,

{ao(u), ao(v)) = (u,v)

for all u,v € S™. Let v; = ag(e;) for i = 1,...,n + 1. Since all points on S"
have norm 1, vq, ..., v, is an orthonormal basis of R"*!, so
A= [Uﬂ e |Un+1]

is an orthogonal matrix. Moreover Ty(e;) = ap(e;) for all i, so T4 is the
only linear isometry of R™*! that could restrict to ag. To see that it does,
let v € S™. Since v1,...,vp4+1 is an orthonormal basis,

ap(u) = (ao(u), vi)vr + -+ - + (a0 (), Uns1)Vnta
= (ao(u), agler))v1 + -+ + (a0 (u), ao(ent1))vnt1
= (u,e1)v1 + -+ + (U, €nt1)Uny1,
since a preserves the inner product. But this is exactly T'4(u), as
u=(u,er)e; + -+ (u,ent1)enti- O
9.2. Lines and angles in S2. We have defined lines in S™ to be great
circles. The great circle route
Yo,w(t) = costv + sin tw

provides a parametrization for the great circle S"Nspan(v, w) when v, w € S"™
are orthogonal. In particular, this gives an orientation for the great circle.
Recall that angles between intersecting lines are not well-defined in R™.
For instance, in the following picture, the angle between span(v) and span(w)
could be taken to be the angle from v to w or the angle from v to —w.

In absolute value, the two angles add up to w. For this reason, we defined
angles as being between rays, rather than lines. Essentially, a ray is an
oriented line, so on the sphere, we shall define angles as being between
oriented lines.

Note first that in the picture above, the vectors v and w are velocity
vectors for specific parametrizations of the lines in question. And if « and
A are parametrized curves in S™ with v(¢t) = A(s), then +/(¢t) and A'(s)
are vectors in R"*!'. We shall define the angle between v and A at this
intersection point to be the angle between their velocity vectors. In general,
this is an unsigned angle, because there is no preferred orientation for the
two-dimensional subspace these two velocity vectors span.

We shall specialize here to studying the angle between two oriented lines
in S?. In this case, the point of intersection will provide an orientation
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for the plane containing the velocity vectors, allowing us to define directed
angles. Let us set up some conventions.

Conventions 9.2.1. A pair of unit vectors u,v € S? are antipodes if u =
—v.
Let ¢ be a line in S?, say £ = V N'S? with V a 2-dimensional subspace of
R3. Then V' is 1-dimensional and has two unit vectors, say +u. A choice
of unit vectors determines an orientation for V.

We shall refer to +u as the poles of £. Note that if u is a pole of ¢, then
V = {u}* and hence
(9.2.1) ¢ ={ves*: (u,v) =0}

As discussed in Remark 7.2.2; a choice of pole for ¢ determines an orien-
tation of V' (and vice versa, as the opposite pole determines the opposite
orientation of V'): if we choose u as our pole, then for any v € ¢, the orien-
tation of V' induced by u corresponds to the unique orthonormal basis v, w
of V such that detfu,v,w] =1, i.e., such that the orthonormal basis u, v, w
of R3 determines the standard orientation of R3.

Moreover, by Corollary 7.3.6, the cross product may be used to determine
an orthonormal basis of V' inducing the orientation of V' determined by the
pole u: For any v € ¢, the orientation of V' determined by u corresponds to
the orthonormal basis v,u x v of V.

This orientation of V' in turn orients ¢ via the great circle route

Yo,uxv(t) = costv +sint(u X v).
Choosing the opposite pole results in the reverse orientation as
(—u) X v=—(uXxv).

Note we can tell these two orientations apart by the velocity vector to the
great circle route:

(9.2.2) %,uXv(O) =UXv= —%/J,(—u)xv(o)-

Of course, the same relationship will hold if v is replaced by any other point
on ¢. Thus, by Lemma 9.1.4,

(923) 71/),u><v(t) = _’71/),(—u)><v(_t)
for all ¢. (The point here is that vy uxv(t) = Yy, (—u)xv(—t), S0 We are taking

velocity vectors at the same point.) Of course, this could also be verified
directly.

Interestingly, there is no analogue of parallel lines in S2.

Proposition 9.2.2. Let ¢ and m be distinct lines in S*>. Then £Nm consists
of the two points £u, where

B N x M
N x M|’

where N and M are poles for £ and m, respectively.

(9.2.4) u
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Proof. Let V and W be the planes in R? whose intersection with S? give
¢ and m, respectively. By Lemma 7.4.3, V. N W = span(u), with u as in
(9.2.4). Since span(u) N'S? = {#+u}, the result follows. O

This now allows us to define directed angles between oriented lines in S?.
The setup here is as follows. Suppose the lines ¢ and m are oriented by
the poles NV and M, respectively. Let u = % We shall analyze the
directed angle from ¢ to m at u with respect to these orientations.

Let v =N X u and let w = M X u. Then the orientations on ¢ and m
are parametrized by 7y, and 7, ., respectively. Note that by construction,
v and w are orthogonal to u, and lie in {u}*, a plane whose pole is u and
may be oriented by u. As defined above, the unsigned angle between the
oriented lines £ and m at u is given by the angle in R* between 7, ,(0) = v
and 7, ,,(0) = w. Since v and w lie in the subspace {u}*, which is oriented
by its pole u, we may calculate the directed angle as well:

Definition 9.2.3. Under the conventions above, the directed angle from
¢ to m is equal to the angle in the oriented subspace {u}* from v to w.
Specifically, if w = costv + sint(u X v), then the directed angle is ¢. In
particular, cost = (v, w).

But in fact, we can calculate this angle from N and M.
Proposition 9.2.4. Continuing the conventions above, the directed angle
from £ to m at u = % is cos 1((N, M)). The directed angle at —u is
—cos (N, M)).

In particular, at either u or —u the unsigned angle is cos™ ((N, M)).
Proof. First note that since v = N X u,

uxov=—(NxXu)xu
= ]V7

where the second equality is from Proposition 7.3.4(6) and the third is from
the fact that u, N is orthonormal. Similarly, u x w = M.

Moreover, Proposition 7.3.4(7) gives

(v,w) = (N X u, M X u)
= <N,M><U,U> - <U,M><N,’U,>
= (N, M).

Now apply the proof of Proposition 7.4.4. O
Corollary 9.2.5. Let ¢ and m be lines in S* with poles N and M, respec-
tively. Then the following conditions are equivalent.

(1) ¢ and m are perpendicular, i.e., the unsigned angle between them is
s

R
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(2) (N,M)=0.
(3) N e m.
(4) M e ¢.

Proof. The equivalence of (1) and (2) is immediate from Proposition 9.2.4.
The other conditions are equivalent via (9.2.1). O

9.3. Spherical triangles. In R? any three noncollinear points determine a
triangle. The same is true in S?. Here, u, v, w are noncollinear if they are not
contained in a single spherical line. Since a spherical line is the intersection
of S? with a 2-dimensional linear subspace of R?, this is equivalent to saying
u,v,w are linearly independent. In particular, no two of w,v,w can be
antipodes. The edges of the spherical triangle, A(u,v,w), determined by
u,v,w are defined to be the three minor segments whose vertices lie in
{u,v,w}. The following shows how to choose a pole for the minor segment
from u to v appropriate for calcuating the interior angle of A(u,v,w) at w.

Lemma 9.3.1. Let u # +v € S? then N = X% is a unit vector orthogonal

fluxo]]
to both u and v, and hence is a pole for the unique spherical line £ containing

u and v. Let w = N X u, so that the orientation on span(u,v) induced by
N is given by the orthonormal basis w,w. Then

v =cossu—+sinsw

for s € (0,m), and hence w5 s the minor segment from u to v. More-
over,

(9.3.1) |lu x v|| = sin s = sin(d(u, v)),
where d(u,v) is the Riemannian distance from u to v in S2.

Proof. Since u and v are linearly independent, u X v # 0, and hence N is
a unit vector. It is orthogonal to u and v. Independently if this, there is a
unique unit vector w orthogonal to u such that

v = CosSu+ sinsw
for s € (0, 7). By bilinearity of the cross product,

uXv=coss(uxu)+sins(uxw)=sins(ux w),

as u X u = 0. Since sins > 0, sins = ||u x v||, and hence u x w = N. But
then, N x u = w by Proposition 7.3.4(6). The second equality in (9.3.1)
follows as the distance minimizing path 7, .l s has length s. ]

The following is now immediate from Proposition 9.2.4.

Corollary 9.3.2. The interior angle Zwuv of A(u,v,w) at u has unsigned
measure

(9.3.2) m(Lwuv) = cos™ ! < uxw X > .

lw > wl” [lu x|

Equation (9.3.2) allows us to make the following calculation.
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Corollary 9.3.3 (Spherical law of cosines). In a spherical triangle /\(u, v, w),

cos(d(v,w)) — cos(d(u,w)) cos(d(u,v))
sin(d(u,w)) sin(d(u,v))) ’

Proof. Taking the cosine of both sides of (9.3.2) gives

(9.3.3) cos(ZLwuv) =

(u X w,u X v)

/ —
cos{Lwuv) = 1wl < ol

_ (u, u) (v, w) — (u, w)(u,v)

(Proposition 7.3.4(7))
[ x wlfux o]

(v, w) — (u, w)(u,v)

[[u < wl[[Ju < o

The denominator agrees with that of the right-hand side of (9.3.3) by (9.3.1).
The numerators agree by the distance formula in Theorem 9.1.15. ([

Corollary 9.3.2 is more than we need to analyze the following potentially
interesting example.

Example 9.3.4. Consider the spherical triangle A(eq, 2, e3). The poles for
the edges of this triangle are +e1, +e9 and +e3, depending on the orienta-
tions used to calculate the angles in question. Since these poles are pairwise
orthogonal, the three interior angles are all right angles, and hence the sum
of the interior angles is 37” In particular, the angle sum is greater than .
This is quite different from the behavior of triangles in the plane.

Note that the spherical triangle in this case may be identified with the

intersection of S? with the first octant of R3.

Of course, the three edges in a spherical triangle are segments in three
distinct spherical lines. We could ask a different question: what are the
spherical triangles determined by three distinct spherical lines? As this last
example illustrates, the three lines divide S? into eight triangular regions.

To see this, note that each spherical line meets each other spherical line in
two points. So each spherical line contains four vertices and hence is divided
into four edges. The other two lines meet each other in two vertices which
are antipodes of one another. So the original line meets four triangular faces
in each of the two hemispheres into which it divides SZ.

Note that each of the eight triangles is congruent to one of the others: the
one whose vertices are the antipodes of its own vertices. The congruence is
induced by the linear isometry —1I5 of R3.

9.4. Isometries of S2. By Theorem 9.1.16, the isometries of S? are iso-
morphic as a group to the linear isometries of R3. The isomorphism is given
by restricting a linear isometry to its effect on S2.

We have calculated the linear isometries of R? in Chapter 7. Therefore
we have everything we need to study the isometries of S?.
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We have seen in Section 7.2 that every linear isometry of R3 of determi-
nant one is a rotation p(, gy about some unit vector u by the angle ¢ This
rotation has two important invariant subspaces. On span(u), P(up) 1s the
identity, so that span(u) is contained in the eigenspace of (p(,,9),1). On the
orthogonal complement span(u)*, P(u) 1s the ordinary 2-dimensional rota-
tion by @ with respect to the orientation of span(u)* induced by u. Since
—u induces the opposite orientation on span(u)*, we have

(9.4.1) P(u,6) = P(—u,—0)-

All linear isometries of R™ have determinant +1. The linear isometries
of R3 of determinant —1 fall into two families: reflections (Section 7.4) and
rotation-reflections (Section 7.5).

A reflection of R3 reflects across a 2-dimensional linear subspace V. Here,
if N is a unit normal to V (i.e., a unit vector in V1), then the reflection in
V' is given by

oy(z) =z —2(x, N)N.

This is independent of the choice of unit normal, as —N gives the same
function.
Of course, ¢ =V N'S? is a line in S? and N is a pole of £. So we write

op:S? — §?
for the restriction of oy to S?. Proposition 7.4.4 and Proposition 9.2.4 now
give:
Proposition 9.4.1. Let ¢ # m be lines in S* with poles N and M, respec-

: _ NxM
tively. Let u = TN M]| Then

(9.4.2) Om0¢ = P(u,2cos—1((N,M)))»

the rotation about u by twice the directed angle, measured at u, from £ to m
with respect to the orientations induced by N and M, respectively.

Finally, as discussed in Section 7.5, a rotation-reflection is a composite

(9.4.3) P(N,0)T¢ = OLP(N,0)s

where £ is a spherical line with pole N and 6 € (0,27). N being a pole of ¢
is sufficient for p(y ) and oy to commute.

Recall from Remark 7.5.4, that for any spherical line ¢ with pole N,
the composite p(y o is the isometry induced by the orthogonal matrix
—1I3, s0 (9.4.3) does not in general determine the line /. But in all other
cases, span (V) is the eigenspace of the linear isometry inducing the rotation-
reflection, and hence ¢ is determined by the isometry.

Recall that Z(S?) is the group of isometries of S?. If X C S?, we write
S(X) for the symmetries of X:

S(X)={acZ(S*) : a(X) = X}.
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Since linear isometries of R™ preserve the inner product, we obtain the fol-
lowing.

Lemma 9.4.2. Let ¢ be a line in S* with pole N. Then

(9.4.4) S() ={acI(S*) : a(N) = £N} = S({£N}).
Corollary 9.4.3. Let ¢ be a line in S? with pole N. Then
(9.4.5) S(l) ={pwe 0 € R} U{ppqx u€lyU{oy:m LI}

Ufoong 0 € RYU{(T 1)lg2}

Proof. Let A € O3. By Lemma 9.4.2, (T4)|s2 € S(¢) if and only if N is
an eigenvector for A. We first consider rotations. If 6 is not a multiple
of 27, then the eigenspace of (p(,¢),1) is span(u), while the eigenspace of
(P(ug), —1) = 0 unless 0 is an odd multiple of . In this last case, the
eigenspace of (p(uﬂ), —1) intersects S? in the line whose pole is u, which
contains N if and only if u € ¢ by Corollary 9.2.5.

We next consider reflections. Here, for a plane V' in R3 with unit normal
M, the eigenspace of (o, 1) is V. This contains N if and only if £ L (V NS?)
by Corollary 9.2.5. The eigenspace of (oy,—1) is span(M ), which contains
N if and only if £ = V N S2.

Finally, we consider rotation-reflections o = owp(prg) with M a unit
normal for W and 6 € (0, 7). Here, the eigenspace of («, 1) is empty, and if
0 # 7 then the eigenspace of (a, —1) is span(M), which contains N if and
only if £ = W N'S2. In the remaining case § = 7 and hence o = T_,. O

Remark 9.4.4. As shown in Example 8.6.2, S™ admits an oriented atlas,
and hence is an orientable manifold in the sense of Definition 10.5.2, below.
It is not too difficult to show that if A € O,41, then (74)|s» is orientation-
preserving if det A = 1, and is orientation-reversing otherwise.

9.5. Perpendicular bisectors. Recall that if £ is a line in R? then / is

the perpendicular bisector of the line segment between x and o,(x) for any

x € R? ~ £. Moreover, ¢ then consists of the set of all points equidistant

from x and oy(x). This becomes useful in studying congruences of triangles.
Here, we will establish analogous results for reflections in S2.

Proposition 9.5.1. Let ¢ be a line in S* with pole N and let v € S? ~ /.
Then £ perpendicularly bisects all segments with endpoints u and op(u).

Proof. The keyword “all” is relevant in case u = £ N, and then op(u) = —u
and there are infinitely many segments with these as endpoints. Since each
one contains N, it is perpendicular to ¢ by Corollary 9.2.5. For each one
of them, its point of intersection with ¢ is orthogonal (as a vector) to each
of fu, as it lies on ¢, and hence its spherical distance from each of +wu is
cos™(0) = Z. Thus, it bisects the segment.

If u# +£N, u, N are linearly independent, and hence N x u # 0. Now,

(9.5.1) oo(u) x u=(u—2(u, N)N) x u=—2(u, N)N X u,
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as u X u = 0. Since u & ¢, (u,N) # 0, amdhence]\fz%ES2 is a
pole for the spherical line m containing u and oy(u). Moreover, by (9.5.1),
M is orthogonal to N, and hence /¢ is perpendicular to m at both points
of intersection. But the next result shows that these points of intersection

bisect the two segments in m with endpoints u and og(u). O

Proposition 9.5.2. Let ¢ be a line in S*> with pole N and let v € S? ~ /.
Then

(9.5.2) ¢ ={veS?:d(u,v) = d(og(u),v)},
where d is the Riemannian distance.

Proof. Of course, d(u,v) = d(oy(u),v) if and only if (u,v) = (op(u),v).
Since oy(u) = u — 2(u, N)N, this holds if and only if (v, N) = 0, which is
equivalent to v € £. O

9.6. Exercises.

1. Give the vertices of an equilateral triangle in S? whose angle sum is

greater than 57”
(a) What is the angle sum?
(b) What are the lengths of its sides?

2. Repeat the last problem for an equilateral triangle whose angle sum
is less than 37”

3. Prove the side-side-side theorem in S?. Specifically, if we have trian-
gles NABC and ADEF with AB = DFE, BC = EF and AC = DF,
then there is an isometry of S? carrying A onto D, B onto E and C
onto F'.

4. Prove the side-angle-side theorem in S?. Specifically, if we have
triangles AABC and ADEF with AB = DE, AC = DF and
m(/BAC) = m(ZEDF), then there is an isometry of S? carrying
A onto D, B onto E and C onto F'.

5. Prove that a triangle in S? with two equal sides has two equal angles.

Write Pey, T Pey, = S AN explicit rotation around an explicit axis.

7. Find the vertices of an inscribed regular tetrahedron in S? one of
whose vertices is e3. Call them es, v1, v2,v3 (note the potential con-
nection with problem 1).

(a) What are the angles in the spherical equilateral triangles formed
by the vertices of this tetrahedron?

(b) Find the matrix for Ples, 2) with respect to the standard basis
and show it permutes the vertices vy, v, v3.

(c) Find the matrix for Plvr, 25 with respect to the standard basis

&

and show it permutes the vertices es, vo, v3.
(d) Use these matrices to compute the composite Ples,25) © Py, 25
73 3
What rotation is the composite? Write it in the form p(,, g for

specific w and 6.

271').
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(e) Let oy be the reflection that interchanges es and v3. Find the
matrix of oy and show it permutes the vertices vy, vo.

(f) Let ow be the reflection that interchanges es and v. Find the
matrix of oy and show it permutes the vertices v1, v3.

(g) Find the matrix of the composite oy o oy. What rotation does
it represent? Write it in the form p(,, ) for specific w and 6.

(h) Let 8 = Ples,2x) © TV with V' as above.

(i) Show that § is a rotation-reflection. Write it in the stan-
dard form 8 = p(, ) © 0z, where Z = {w}t. (Le., please
specify w and 6. Z is then implicitly defined.)

(ii) Calculate the effect of 8 on the vertices es, vy, va, v3.

(ili) What rotation is 32? (Write it in the form p(, ) for spe-
cific u and ¢.) What is 547



A COURSE IN LOW-DIMENSIONAL GEOMETRY 335

10. Tangent bundles

The tangent bundle is the key concept underlying both differential topol-
ogy and differential geometry. It is the underlying concept behind orienta-
tions and also behind the notion of straight lines in spherical and hyperbolic
geometry.

The basic idea is this:

10.1. The local model. Let U C R™ be open. Then we can think of
U x R™ as a representation space for the tangent vectors of smooth curves
in U. In particular, if 7 : (a,b) — U is smooth, then for each ¢t € U, the pair
(v(t),7/(t)) lies in U x R™ and represents the tangent vector to v at v(t):
the tangent line at v(t) to the image of v is the line v(t) 4 span(y/(t)). So
the pair (y(¢),7/(t)) does specify the tangent line. Moreover, every point in
U x R™ arises this way.

We take this as a local model for the tangent space of a smooth manifold.
Specifically, we write TU = U x R™ and write m : TU — U for the projection
onto the first factor. In particular, 771(z) = {2} x R" is called the fibre
over x and has the structure of a vector space of dimension dim U. We call
U x R™ the tangent space of U and call 7 the tangent bundle of U. We write
T,U for 7~!(z) and call it the tangent space of U at x. We suppress the
{z} and write T, U = R"™.

Given open sets U C R"” and V C R¥ and a smooth map f: U — V, we
define the tangent map T'f : TU — TV by

(10.1.1) Tf(x,y) = (f(z), Df(x)y).

Thus, the following diagram commutes:

v -y
|
v—1 v

In particular, T'f takes the tangent space of U at x to the tangent space of
V at f(z) by the linear transformation

(10.1.2) T.f:R" —» R*
induced by the Jacobian matrix D f(z).
If g: V — W is smooth with W C R™, open, then T(go f) =TgoTf by
the chain rule:
TgoTf(z,y) =Ty(f(x),Df(x)y) = (9o f(x),[Dg(f(x))Df(2)]y)
= (g0 f(z), Dlgo fl(x)y) =Tlgo fl(z,y).

Example 10.1.1. Let v : (a,b) = U C R™ be a smooth curve. The tangent
space of (a,b) is (a,b) x R, as above, and for (¢,s) € (a,b) x R,

Ty(t,s) = (v(t), 7' (t)s).
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In particular, Tyy : R — R™ is multiplication by the n x 1 matrix +/(¢). So
the image of Ty is span(y/(t)). Moreover, +/(t) = Tyy(1), the image of 1 € R
under Tyy : R — R™.

In the above example, ¢ varies throughout (a,b). Let’s now fix € U and
insist v : (—¢,€) — U with v(0) = .

Lemma 10.1.2. Let x €¢ U C R” and let v € R® = T, U. Then there is
an € > 0 and a smooth curve v : (—e,e) — U with v(0) = x and +/(0) =
Toy(1) = v.

Proof. Set v(t) = z + tv. For € small enough, the image of ~ lies in U. O

By the chain rule, if f : U — V is smooth, with V' C R¥, open, and if
v="Tyy(1) € T,U, then T, f(v) = To(f o~y)(1). Thus, we may use smooth
curves to calculate T, f. In fact, this is exactly what we did in Exercises 46
of Chapter 8.

10.2. The tangent bundle of a smooth manifold. Let A be an atlas

for the smooth n-manifold M. Then for each h: U —» h(U) C R™ in A we
can use T'(h(U)) = h(U) x R™ as a model for TU. We can then assemble
these local models into a single space as follows: let

T™ = [] h(U) x R",
heA

The disjoint union over all the charts h : U 5 h(U) of the tangent spaces of
the open subsets h(U) C R™. We put an equivalence relation ~ on TM as
follows. If z € UNV and if b : U = h(U) and k : V = k(V') are charts in A,
we set (h(z),v) € h(U) x R™ equivalent to (k(x), Dggp(h(z))v) € k(V) x R™.
Here, gy, is the transition map (8.4.1) from h to k.

The tangent space of M is given by

TM =TM/~ = (H h(U) x R”) /N.

heA

In Proposition A.7.7 below, we show that if ~ is the equivalence relation
on [[,c 4 M(U) given by setting h(z) ~ k(x) for x € U NV as above, then
there is a homeomorphism

(10.2.1) 7 (]_[ h(U)) /~ 5M
he A

that restricts on each h(U) to h™!, i.e., 7j(h(x)) = x for h(z) in the image
of the standard inclusion h(U) C [];,c 4 M(U).
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We can relate these as follows. Since equivalence in T'(M) implies equiv-
alence in [ [, 4 h(U), there is a commutative diagram

(10.2.2) Hpea h(U) x R* —— ([pea h(U) x R™?)/~

[hea MU) ———— (pea M)/~

where the horizontal maps are the canonical maps for the equivalence rela-
tions in question, the left hand vertical is the disjoint union of the projec-
tions onto the first factor, and 7 takes the equivalence class of (h(x),v) €
h(U) x R™ to the equivalence class of (h(z)) € h(U).

The upper right corner of (10.2.2) is by definition TM. Define 7 : TM —
M to be the composite m = 7o 7, with 7 the mapping in (10.2.1). We refer
tom : TM — M as the tangent bundle of M and refer to 7=!(z) ¢ TM
as T, M, the tangent space of M at x € M. We also call it the fibre of the
tangent bundle over x.

We have constructed a commutative diagram

(10.2.3) h(U) x R* — <]_[ h(U) x R") /~ - TM

heA

iy J(ﬁ— s

WU) — (]_[ h(U)) /~ " M,

heA

IR =

h—l
where i is induced by the standard inclusion h(U) x R™ C [[,c4 h(U) x R™.

Proposition 10.2.1. The map i : h(U) x R" — T'M of (10.2.3) is a home-
omorphism onto 71U C TM. Moreover, the following diagram commutes:

(10.2.4) WU) x R —— x=1U
|
h(U) —U.
In particular, [ restricts to a homeomorphism
(10.2.5) P {h(z)} x R" = ThyyU = T M.

Proof. The equivalence relation defining T'M does not identify distinct
elements of h(U) x R", so i is one-to-one. Moreover, if x € U, then
any element of 7—!(x) is an equivalence class of the form [(k(z),v)] with
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(k(z),v) € k(V) x R™ for a chart k:V =N E(V) C R™ about z. But
(k(2),v) ~ (h(x), Dgni(k(x))v) € h(U) x R",

so i maps onto 7~ (U) as claimed. It suffices to show i is an open map. To
see this, write

p: [ rU) xR — (H h(U)xR“) /N

heA heA

for the canonical map taking each element to its equivalence class. (We
call it p to avoid too many maps 7.) We wish to show that for W open in
h(U) x R™, p~tp(W) is open in the disjoint union. Now, the intersection of
p~ip(W) with k(V) x R" is the image of W N (h(U N V) x R™) under the
map
(10.2.6) Jkh ch(UNV) xR - E(UNV) xR"

(h(z),v) = (k(z), Dggn(h(z))v)

= (gkn(M(2)), Dgrn(h(z))v).

This map gip is in fact smooth if we regard its domain and codomain as
open subsets of R” x R® = R?", as matrix multiplication is polynomial in
the coefficients of the matrix and vector in question.

But that shows gip to be a diffeomorphism, as its inverse function is gp.
Since a diffeomorphism is an open map, we are done. [l

In fact, we have also just shown:
Proposition 10.2.2. T'M is a smooth manifold with the charts given by
h=i"1: 7 N U) S h(U) x R* C R¥".

The transition maps gy, are precisely the maps grp of (10.2.6). The tangent
bundle projection map w: TM — M 1is smooth.

Note that (10.2.5) provides T, M with the structure of an n-dimensional
vector space. In fact, it provides a basis, coming from the canonical basis of
R™ = Tj)U. To emphasize the dependence on the particular chart h, write

(10.2.7) Thwyh ™ ThwU — TueM

for (10.2.5). This notation is meant to be compatible with (10.1.2). We will
expand on it below.
If we vary the chart neighborhood to a chart V' containing x, by (10.2.6),
we get a commutative diagram
D h
(10.2.8) R™ @) gm

o

Th(z)hx‘ Aﬂf‘l

T,M.
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Since Dggp(h(z)) is a linear isomorphism, the induced vector space structure
on T, M is independent of the choice of chart. Moreover, if each Dggp,(h(z))
has positive determinant, then different charts induce the same orientation
on T, M. We obtain:

Proposition 10.2.3. An oriented atlas for M provides a linear orientation
for each T, M compatible with the isomorphisms (10.2.7).

We now associate a map of tangent spaces to any smooth map.

Definition 10.2.4. Let M be a smooth n-manifold and N a smooth m-
manifold. Let f: M — N be a smooth map. Then T'f : TM — TN is the
smooth map defined as follows. Given smooth charts

h:U = h(U) C R,
k:V S k(V)CR™,

for M and N, respectively, Tf is defined on 7=1(U N f~1(V)) to be the
composite

T U N FHV)) o (U N FHV)) x R 5 (V) xR A 21y,
where fz;(h(z),v) = (kf(z), D fyn(x)v), with fip the map of (8.4.2). This
is easily seen to be compatible with the change of chart neighborhoods, and

defines a smooth map T'f : TM — TN such that the following diagram
commutes:

™ L TN

M—t N

Moreover, the map (T'f)z; of (8.4.2) is just the map f3; above. Note that
the map To,f : TuM — Ty, N obtained by restricting T'f is given in local
coordinates by multiplication by the matrix D fi;,(z) and hence is linear. In

other words, T, f is the linear map whose matrix with respect to the bases
provided by the charts h and k is D fip(x).

Thus, the tangent map is a coordinate-free way of expressing the deriv-
ative of a smooth function f. The following is immediate from the chain
rule.

Lemma 10.2.5. Let f : M — M’ and g : M’ — M" be smooth maps of
smooth manifolds. Then T'(go f) =TgoTf.

Since T'(idps) is the identity map of T'M we obtain the following.

Corollary 10.2.6. Let f : M — N be a diffeomorphism. Then Tf is a
diffeomorphism and Ty f : ToM — T\ N is a linear isomorphism for each
x e M.
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Example 10.2.7. If M" is a smooth submanifold of N*** and ifi : M — N
is the inclusion, then for each € M we can choose a chart k : V — Rk
for N at z with kil(R" x 0) =V N M, hence h = kyrpr : VO M — R is
a chart for M at x, and the Jacobian matrix Digp, is just the matrix of the
standard inclusion of R™ in R"t*. Thus, T,i : T,M — T, N is the inclusion
of an n-dimensional linear subspace.

It is very useful to express the tangent map 7T, f in terms of tangents to
curves in M. The following is consistent with the local model.

Definition 10.2.8. Let 7 : (a,b) — M be a smooth curve in M. We define
the tangent vector to v at t € (a,b) by

(10.2.9) v'(t) = Tiy(1) € TypyM
The chain rule gives:

Lemma 10.2.9. Let v : (a,b) — M be a smooth curve and let f: M — N
be a smooth map. Then

(10.2.10) Ty f (' (@) = (fo)(?)

for allt € (a,b).

Note that if b : U = h(U) C R" is a chart for M then h=': h(U) — U C
M is smooth and the map i of (10.2.4) is precisely Th~!, thus justifying the
notation (10.2.7). In fact, h=! : h(U) — U is a diffeomorphism. (We note
here that any open subset of a smooth manifold has a smooth structure
induced by restriction of charts.) In particular, if x € U then a curve
v : (—€,€) = U with v(0) = z is smooth if and only if ho~y : (—e,e) — h(U)
is smooth. So we can use the analysis of the tangents to curves in the
local model to study T,M. In particular, the following is immediate from
Lemma 10.1.2.

Corollary 10.2.10. Let M be a smooth n-manifold. Let x € M and v €
T,M. Then there is an € > 0 and a smooth curve v : (—€,€) — M with
v(0) = = and v/ (0) = v.

We can use this to study the tangent space of a regular hypersurface
S c R, Here, we are given a smooth map f : R""! — R and a regular
value y € R"*! for f, meaning that for all € f~1(y), the Jacobian matrix
Df(x) = Vf(x) is nonzero (and hence of rank 1, as it is a row matrix).
In this case S = f~!(y) is called a regular hypersurface in R"*! and is a
smooth submanifold by Corollary 10.4.10 below.

If i : S C R*! is the inclusion of a regular hypersurface, we can use
Corollary 10.2.10 to study Tyi : TS — T,R"*! = R**! for each = € S,
and to identify exactly which n-dimensional linear subspace of R"*! is the
tangent space to S at x.
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Proposition 10.2.11. Let S C R™! be the regular hypersurface induced
by the smooth map f : R"™1 — R, with S = f~1(y) for a reqular value y of
f. Then for x € S, the tangent space TS is the nullspace of the row matriz
Vf(x). (Implicitly, we have identified T,,S with its image under Tyi, with i
the inclusion of S in R"+1.)

An equivalent description may be given as follows. Let v(x) be the trans-
pose of Vf(x), so that v(z) is a vector in R" !, and is nonzero since y

is a regqular value. Let N(xz) = IIZ%II' Then T,(S) is the set of vectors

orthogonal to N(x), i.e.,
T,S = span(N (z))~*.

Since f is smooth, so is N : S — R"1. We call it the unit normal to S
induced by f. Note that the unit normal induced by —f is —N, which gives
the other unit normal to each T,S.

Proof. Let w € T,S. Then T,i(w) € T,R"! = R*"*!. We wish to show
the matrix product

Vf(x)- Tyi(w) = 0.

Let v : (—¢,€) — S be a smooth curve with v(0) = x and 4/(0) = w. By
Lemma 10.2.9 and Example 10.1.1, T,i(w) is the standard velocity vector
7'(0) to v : (a,b) — R"*1. But

V(@) -7'(0) = Df(v(0)) - +'(0) = D(f 0 7)(0) = (f 2)(0)

by the chain rule. But since the image of 7 is contained in S = f~1(y), fo~y
is constant, so its derivative is 0, as desired.

Thus we have shown that 7,(S) is contained in the nullspace of V f(z).
Since S is an n-manifold, 7},S is an n-dimensional subspace of R"*!. Since
V f(x) is a nonzero 1 x (n + 1) row matrix, its nullspace also has dimension
n, so the two subspaces must be equal.

The equivalent formulation just uses that V f(z)-z = (v, z) for any vector
z € R*HL, O

Corollary 10.2.12. Let v € S® Then the tangent space of S™ at v is
span(v)t = {v}+ c R"*,

Proof. S" is the regular hypersurface induced by f : R"*! — R, f(z)
(x,z). Here N(z) =z for x € S™.

Ol

10.3. Tangent bundles of products. Let M and N be smooth mani-
folds. As shown in Section 8.5, the product M x N has a smooth structure
whose charts are given by the product of a chart for M and a chart for N.
In particular, the projection maps 71 : M X N — M and 7o : M x N —- N
are smooth submersions. The tangent maps Ty : T(M x N) — TM and
Tmy : T(M x N) — TN then give the coordinate functions for a map
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(T'my,Tmy) : T(M x N) — T'M x TN making the following diagram com-
mute:

Ty, T
(10.3.1) T(M x N) (m Tme) TM x TN
\ TXT
M x N.

Here, the maps 7 are the tangent bundles of M x N, M and N, respectively.
Under the assembly procedure (10.2.3), the diagram (10.3.1) is given locally
by

(10.3.2)  h(U) x E(V) x Rt — 2 (h(U) x R™) x (k(V) x R")

\ %
hU) x k(V),
where a(u,v, (T1,...,Zmin)) = (U, (X1, ,Zm), U, (Tmt1y - s Tmgn)). In
particular, « is a diffeomorphsim and induces a linear isomorphism
Tiww)y(M X N) = T,M & T,N
on fibres. We can now assemble this to get global information:
Proposition 10.3.1. Let M and N be smooth manifolds. Then the map

(T'm, Tma) of (10.3.1) is a diffeomorphism and induces an isomorphism of
vector spaces

(10.3.3) Tiuwy(M x N) = T,M © T;,N.
Let P be a smooth manifold and let f: P — M and g : P — N be smooth.
Consider the smooth map

(f,g): P—>MxN
of Proposition 8.5.1. Then taking (10.3.3) as an identification, we have

Tx(fv g) = (Tva ng)
(in the notation of Proposition 1.7.4) for all x € P.

10.4. Immersions and embeddings; submersions. We can now define
immersions and submersions between smooth manifolds.

Definition 10.4.1. Let f : M — N be a smooth map from the m-manifold
M to the nm-manifold N. Then f is a smooth immersion at z if T, has
rank m and is a smooth submersion at z if T, has rank n. We say f is a
smooth immersion if it is so at each of the points in M, and similarly for
submersions.

Note that if f is a smooth immersion then m < n and if f is a smooth
submersion then m > n. When m = n, then f is a smooth immersion if and
only if it is a smooth submersion. This motivates another definition.
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Definition 10.4.2. Let f: M — N be a smooth map from an m-manifold
to an m-manifold. Then the codimension, codim f, of f is n —m.

Definition 10.4.3. A smooth embedding f : M — N is a one-to-one

smooth immersion such that f : M =N f(M) is a homeomorphism of M
onto the image of f.

The inverse function theorem gives:

Corollary 10.4.4. Let M be a smooth manifold. Then a one-to-one codi-
mension 0 smooth immersion f : N — M is a diffeomorphism onto an open
submanifold of M. Thus, a one-to-one codimension 0 smooth immersion is
a smooth embedding.

Proof. It suffices to consider a one-to-one codimension 0 smooth immersion
f:N—= M. Let k: V — R"™ be a smooth chart of M and consider the maps
frn of (8.4.2). By assumption, they have rank n and hence are invertible.
By the inverse function theorem, the image of fi;, is open in k(V'). Taking
the union over all charts of N and applying k~!, we see that f(N)NV is
open in V and hence in M.

Taking the union over all chart neighborhoods V' in M we see f(INV) is open
in M. By the inverse function theorem, the inverse function f~! : f(N) - N
is smooth in each chart, and hence is smooth. Here, we give f(N) the smooth
structure given by restricting the charts of M to the open set f(N). We see
that f: N — f(IN) is a diffeomorphism. O

Smooth immersions in higher codimension can be more complicated.

Example 10.4.5. Let f: (—3,—1) U (0,1) — R? be given by
(07$+2) S (_37_1)7
flz) = .
(z,sinl) xe(0,1).
Then Df is never 0, so f is an immersion. Despite being one-to-one, f is
not an embedding, as every point in f((—3,—1)) is the limit of a sequence of

points in £((0,1)), so f~! is not continuous on the image of f. The closure
in R? of image of f is sometimes called the topologist’s sine curve.

On the good side, here are two consequences of the inverse function the-
orem, whose proofs may be found in [2].

Theorem 10.4.6 (See [2, Theorem 7.1]). Let f: N™ — M™ be smooth and

an immersion at x € N. Then there are smooth charts h : U 2 R™ about z
and k : V — R™ about f(x) such that the following diagram commutes:

U——YV
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where ¢ is the standard inclusion of R™ in R™:
x1y. . xy) = (1,...,2p,0,...,0).

Note that what goes wrong in Example 10.4.5 is that for points = €
(—3,—1) we cannot have U = f~1(V), as every point in f((—3,—1)) is a
limit of points in f((0,1)).

Theorem 10.4.7 (See [2, Theorem 7.3]). Let f : N™ — M™ be smooth and

a submersign at x € N. Then there are smooth charts h : U i R™ about x
and k : V. — R™ about f(z) such that f(U) =V and the following diagram
commutes:

v v

f{ lk
R* 5 R™,
where w is the projection onto the first m coordinates.

There are some very nice consequences of these results.

Corollary 10.4.8. Let f: N — M be a smooth embedding. Then f(N) is
a smooth submanifold of M and f: N — f(N) is a diffeomorphism.

Proof. Let h and h be the charts from Theorem 10.4.6. Since f : N — f(NV)
is a homeomorphism, f(U) is open in f(NN), so there is an open set W in M
with W N f(N) = f(U). Now cut down the chart k to VNI and it satisfies
the requirements of Definition 8.4.13. (]

A nice application of Theorem 10.4.7 comes from regular values.

Definition 10.4.9. Let f : N — M be smooth. An element y € M is a
regular value for f if f is a submersion at every point in f~1(y).

Corollary 10.4.10. Let y be a reqular value for f : N™ — M"™. Then
f~Y(y) is a smooth submanifold of dimension n — m.

Proof. Let h and k£ be the charts given by Theorem 10.4.7. Then
hlp-1(xgn-my s F7H0 x RP™) 550 x RV

gives a chart for f~1(y) at 2. Here, of course, 0 x R"~™ is the set of points
in R™ whose first m coordinates are 0. (]

As shown in Example 8.1.8, 1 is a regular value for the map f: R” — R
given by f(x) = (x,z). This gives another proof that S*~! = f~1(1) is a
smooth submanifold of R™.
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10.5. Orientation of manifolds.

Definition 10.5.1. An orientation for a smooth n-manifold is a choice of
linear orientation for each T, M coming from some oriented atlas of M. If
M admits such an atlas, we say M is orientable. We can then obtain the
opposite orientation by composing each chart with an orientation-reversing
linear isomorphism of R™.

A manifold M together with an orientation is said to be oriented. A
codimension 0 smooth immersion f : M — N between oriented manifolds
is then said to be orientation-preserving if T, f is orientation-preserving for
all x € M and to be orientation-reversing if T, f is orientation-reversing for
all z € M.

Remark 10.5.2. As shown in Example 8.6.2, the sphere S™ is orientable for
n > 1. The example provides a specific orientation. We are not so lucky with
the Klein bottle or the real projective space RP?, which are not orientable.
Each of them contains an open Mdbius band as an open subset. The Mobius
band is often used as an intuitive illustration of nonorientability. (The open
band is obtained by removing the boundary circle from the usual Mobius
band.) It is easy to see that any open subset of an orientable manifold is
orientable, as the restriction of an oriented atlas to an open submanifold is
still oriented.

Remark 10.5.3. Let M and N be oriented smooth manifolds and let f :
M — N be a codimension 0 smooth immersion. For x € M, T, f is a linear
isomorphism between oriented vector spaces, but we do not have preferred
bases for either T;; M or T,y N. Instead, we have choices of basis, compatible
with the orientations, coming from any choices of charts U about z and V
about f(z). These charts are assumed to come from our chosen oriented
atlases of M and N, so if we choose different charts, the matrix for T, f
coming from the new bases differs from the old one by multiplication by
matrices of positive determinant. Thus, while det T, f is not well-defined,
its sign is well-defined. So we shall feel free discussing the “sign of det T, f”
in the discussion below.

As shown in Example 8.2.3, a codimension 0 immersion may be neither
orientation-preserving nor orientation-reversing, but if M is path-connected
and M and N are oriented, then it must be one or the other:

Proposition 10.5.4. Let f : M — N be a codimension 0 smooth immersion
of oriented manifolds with M path-connected. Then f is either orientation-
preserving or orientation-reversing.

Proof. We wish to show the sign of det T, f is independent of the choice
of x € M. Since M is path-connected, we are asking that if z and y are
connected by a path in M then det T, f and det T} f have the same sign. If
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M and N are open subsets of R”, this follows from the proof of Proposi-
tion 8.2.7. Thus, detT, f and det T, f have the same sign if they are con-
nected by a path in a chart neighborhood U with the property that f(U) is
contained in a chart neighborhood V' of N. Note that such U form an open
cover of M.

We now apply a standard technique in topology called the Lebesgue num-
ber. Let v : [a,b] — M be a path from x to y and consider the sets y~1(U),
where U is a chart neighborhood in M such that f(U) is contained in a
chart neighborhood of N. This forms an open cover of the closed interval
[a,b]. By [8, Theorem XI.4.5], this cover has a Lebesgue number A, with the
property that any subinterval of [a,b] whose width is less than A is carried
into a set in this cover.

Let b_T"“ < A, and let x5 = a—l—kb_T“ for k € {0,...,n}. Then xy = z,
xn, = y and for for each k € {0,...,n — 1}, v([zk, Tk+1]) is contained in a
chart neighborhood U of M with the property that f(U) is contained in a
chart neighborhood V' of N. By the above, det T}, f and detT;, . f have
the same sign. So inductively, det T}, f and det T}, f have the same sign. [

10.6. Vector fields.

Definition 10.6.1. A section of a function f : X — Y is a function s : Y —
X such that fosis the identity map of Y. If X and Y are topological spaces
and f is continuous, a continuous section is simply a section s : Y — X that
is continuous. Similarly, if f is a smooth map between manifolds, we can
ask that a section be smooth.

A vector field on a smooth manifold M is a smooth section of its tangent
bundle 7 : TM — M.



A COURSE IN LOW-DIMENSIONAL GEOMETRY 347

11. Riemannian manifolds

A smooth manifold, by itself, has topology but not geometry. For in-
stance, the upper half plane H = {[g] eERZ:y> 0} can be given a hyper-
bolic geometry that realizes the axioms of “non-Euclidean” geometry. But
H is diffeomorphic (i.e., equivalent as a smooth manifold) to R?, which has
the standard Euclidean geometry.!” The study of manifolds up to diffeo-
morphism is called differential topology.

We derived the standard Euclidean geometry of R? from the standard
inner product on R2. We can derive the hyperbolic geometry on H via a
different inner product that varies from point to point.

11.1. Riemannian metrics. Recall that if M is a smooth n-manifold,
then the tangent space T, (M) of M at a point x € M is a real vector space

of dimension n, and if b : U = h(U) C R™ is a smooth chart about z, then
Thwyh ™" R = Ty(M)

is a linear isomorphism of vector spaces.
In particular, we can put an inner product on 7, (M), meaning a bilinear,
symmetric, positive-definite function

(11.1.1) T,(M) xT,(M) = R,
(v, w) = (v, W),
In fact, we could put many different inner products on T, (M), and any one
of them admits an orthonormal basis via the Gramm—Schmidt process. So
the result is linearly isometric to R™ with the usual inner product, but not
in an obvious way.
Note that if f: V — W is an injective homomorphism of vector spaces

and if (, ) is an inner product on W, then there is an induced inner product
(, ) on V given by

(11.1.2) (v1,09) = (f(v1), f(v2))

for vy, v9 € V. We call this the pullback by f of the inner product on W.

Now suppose that h : U — h(U) C R™ is a chart for the smooth n-
manifold M. Then h is a diffeomorphism, and we get a commutative diagram

(11.1.3) T(U) —2 T(h(U)) = h(U) x R"
U - WU),

inducing a linear isomorphism of vector spaces

(11.1.4) Tuh: To(U) = Ty (W(U)) = R”

175 diffeomorphism f : H — R? is given by f ([7]) = [15y]-
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for each z € U. Of course, T,,(U) = T,;(M) as T(U) is the full inverse image
of U under the tangent bundle map 7 : T(M) — M. In particular, if (, ),
is an inner product on T, (M) we can pull it back over Th(x)h*1 to obtain
an inner product (, )x(z) on Ty (h(U)) = R™. Specifically, if y = h(z), we
have

(11.1.5) (v,w)y = (T,h (), Tyh ™ (W)
for v,w € R™. With this as setup we can make the following definition.

Definition 11.1.1. A Riemannian metric on a smooth manifold M is a
choice of inner product for the tangent space at each x € M that varies

smoothly as z varies. This latter means that if h : U — h(U) C R"is a
smooth chart for M, then the composite

(11.1.6) hU) xR" xR" - R
(y,’l),'UJ) = <U7w>y

is smooth, where (, ), is the inner product defined by (11.1.5).

Note that by (10.2.8), it suffices to show (11.1.6) is smooth as U varies
over an open cover of M by chart neighborhoods. Moreover, (11.1.6) gives
a Riemannian metric on h(U). We call it the local model for the metric on
M.

A smooth manifold equipped with a Riemannian metric is said to be a
Riemannian manifold. The metric is said to put a Riemannian structure on
M.

As in the case of H, a given smooth manifold can have Riemannian struc-
tures with very different geometric properties. As in the case of Euclidean
geometry, the study of distances and angles will be important in studying
the geometry of a Riemannian manifold. The characterization of “straight
lines” is surprisingly complicated, but is vital for understanding the geom-
etry. Let’s begin by giving some examples and then study their geometric
properties.

Examples 11.1.2.

(1) R™ with the standard inner product at each point is a Riemannian
manifold, as

(11.1.7) (x,u,v) — (u,v)

is a smooth map from R™ x R™ x R™ to R.

(2) If i : M C R™ is any smooth submanifold of R”. Then we can pull
back the standard metric on R™ by T% as in (11.1.2). We call this
the subspace metric on M.

More generally, if n : N — M is a smooth immersion, then any
Riemannian metric on M may be pulled back by Tn to a Riemannian
metric on N. Many other, nonrelated metrics are of course possible
on N.
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(3) In particular, the restriction of the standard Euclidean metric to the
unit sphere S” ¢ R"*! gives the standard Riemannian structure on
the n-sphere, S™.

(4) Consider the upper half-plane H as a subset of the complex numbers.
Thus,

(11.1.8) H={z=x+1iy:z,y €R, y>0}.

here, it is customary to write z = Re(z) and y = Im(z), the real
and imaginary parts of z, respectively. The standard metric on the
hyperbolic space H sets

1
- Im(z)2<

for z € H, v,w € R2, where the (v,w) on the right-hand side is
the standard inner product of v,w in R?. Thus, the standard inner
product is scaled by the reciprocal of the square of the Euclidean
distance from z to the z-axis. We think of the z-axis as lying on the
boundary of H (but the z-axis is not part of H). Since z — Im(z) is
smooth and since Im(z) # 0 for all z € H, this prescribes a smooth
metric on H.

(11.1.9) (v, W), v, w)

Definition 11.1.3. A smooth immersion (or embedding) f : M — N of
Riemannian manifolds is isometric if for each = € M, the metric on T, (M)
induced by f (via pullback) coincides with the existing metric there, i.e., if

(11.1.10) (v, W)z = <wa(v)7T:Ef(w)>f(l’)

for all v,w € T,(M). Note the dependence of this on Jacobian matrices. If
hU S h(U) CR™ and k : V =N k(V) C R™ are charts about x and f(x),
respectively, this says

(11.1.11) (v, w)y = (D fin (), D fion(y)w) fy, )

for all y € R(UN f71V) and v,w € R™, where fry, = ko foh™! as in
(8.4.2). Here, the metrics are the local metrics induced by those on M and
N, respectively, as in (11.1.5).

John Nash (of A Beautiful Mind fame) proved the following. See [10] for
a proof.

Theorem 11.1.4 (Nash embedding theorem). Every Riemannian manifold
m-mamnifold M embeds isometrically in R™ for n sufficiently large. If M
is compact, we may take n = m(3m + 11)/2. Otherwise, we may take
n=m(m+1)(3m+11)/2.

Our basic object of study here is isometries.

Definition 11.1.5. An isometry of a Riemannian manifold M is a diffeo-
morphism f : M — M that is isometric in the sense of Definition 11.1.3.
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It is not immediately obvious that this coincides with the notion of surjec-
tive, distance-preserving maps we studied in our work on Euclidean geome-
try. We shall see below that any isometry in the sense of Definition 11.1.5
does preserve distance, and is certainly surjective, as all diffeomorphisms
are. In the Euclidean case we have verified that every distance-preserving
surjection « : R™ — R"™ is the composite of a translation and a linear isom-
etry, each of which has been shown to preserve the Euclidean inner product
in the sense of Definition 11.1.5. So our definition here does generalize the
isometries of Euclidean space.

By the chain rule, if f : M — M is an isometry, so is f~! : M — M.
Isometries are also closed under composition.

Definition 11.1.6. Let M be a Riemannian manifold. We write Z(M) for
the group (under composition) of isometries f : M — M.

Isometries give us another source of examples of Riemannian manifolds.
We say a group G acts by isometries on the Riemannian manifold M if for
each g € G the map py : M — M, pgy(x) = g, is an isometric.

Proposition 11.1.7. Let G act by isometries on the Riemannian manifold
M. Suppose this action is free and properly discontinuous. Then there is a
Riemannian metric on M/G given by setting

(11.1.12) (0, )@y = (Tom) ™ () (Tom) ™ (w))a

for all x € M and v,w € Ty (M/G). The map 7 : M — M/G is an
1sometric immersion.

Proof. The elements in 7~ !7(z) are those in the orbit Gx. Since G acts

isomometrically on M, the metric induced by (11.1.12) is independent of
the choice of z € 717 (z). The induced metric is smooth, as 7 restricts to a
diffeomorphism from a neighborhood of x onto a neighborhood of 7(x) (as,
in fact, is true of any codimension 0 immersion). O

In particular, our studies of the standard metric on R? will enable us to
study the geometry of the Klein bottle and T2, including their isometries.
Similarly, the Euclidean geometry of R™ will give us geometric information
about T", and our studies of spherical geometry will have implications for
projective geometry.

11.2. Arc length, distance and angles. Let M be a Riemannian man-
ifold. We wish to study the lengths of curves in M. A natural thing to
do would be to insist that we consider only smooth curves, but a goal here
would be to calculate the perimeters of polygons in M. For instance, we’d
like to show a triangle inequality, that says the length of one side of a tri-
angle in M is less than or equal to the length of the path that traverses the
other two sides. That is most easily done if we consider that traversal as a
single path, rather than the sum of two separate lengths.
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Thus, we assign an arc length to a piecewise smooth curve v : [a,b] — M.
This means there is a partition a = 29 < 21 < -+ < z = b of [a,b] such
that the restriction v|j, | 2,] of ¥ to [;—1,%;] is smooth for i = 1,... k.
Here, a map from a closed interval to a manifold is considered smooth if it
may be extended to a smooth map on a slightly larger open interval.

Recall that 4/(t) is our notation for Tyy(1) € T, ;) M. Here, in the local
model, if M = U C R", then Tyy : R — R™ is multiplication by the velocity
vector 7/(t) (considered as a column matrix, hence a linear map from R to
R™), hence Tyy(1) is precisely that velocity vector, hence the notation.

In particular, we may define

IV Ol = /07 Oty »

the length of 7/(t) evaluated in the inner product on T (M) in the Rie-
mannian metric.

Definition 11.2.1. Let 7y : [a,b] — M be a piecewise smooth curve in the
Riemannian manifold M. Then the arc length of ~ is

b
(11.2.1) o) = / I (810 .

Note that the piecewise smooth assumption implies that ¢ — [|7/(¢) ||, is
piecewise continuous, with at most finitely many jump discontinuities, and
hence is Riemann integrable.

We now show the arc length is independent of the parametrization of ~.
Recall that a function f : [a,b] — R is increasing if f(z) < f(y) whenever
x <y, and is decreasing if f(x) > f(y) whenever x < y. It is monotonic if
it is either increasing or decreasing.

Lemma 11.2.2. Let vy : [a,b] — M be piecewise smooth and let u : [c,d] —
[a,b] be surjective, piecewise smooth and monotonic. Then

() = £y ou).

Proof. Subdividing [a, b] finely enough, we may assume 7 is smooth and
takes value in a chart neighborhood U C M. Thus, we may simply use the
local model and assume M = U C R™. The inner product still varies over
different points in U.

Suppose u is increasing. Then «/(t) > 0 for all ¢ by the first derivative
test. So

d
Uy ou) = / (v 0 @)’ (8) 5 ouge) dt
d
[ ) O oy

c
d

= | IV @®)llyour u'(t) dt
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u(d) ,
:A)wwmwm

But this is ¢(vy) because u : [¢,d] — [a, b] is surjective.
If w is decreasing, ||u/(¢)|| = —u/(t) by the first derivative test, so

u(d)
f(you) = /’ I )l
/ 19 () () du = £(7) O

Thus, the arc length depends on the path traced out by ~. But note that
~ can go around in circles, wrapping around a given circuit multiple times.
So its arc length doesn’t necessarily measure the size of its image.

Since we can reparametrize vy at will, it can be useful to do so in such a
way that its velocity vector always has unit length.

Definition 11.2.3. We say 7 : [a,b] — M is parametrized by arc length if
17 () ly¢) = 1 for all t € [a,b]. Of course, in this case,

t
>=/n¢wwwww=t—a

Definition 11.2.4. A curve 7 : [a,b] — M is nonsingular if it is smooth
and +/(t) # 0 for all ¢ € [a, b].

for all ¢ € [a, b].

Of course, any curve parametrized by arc length is nonsingular. The
following shows a nonsingular curve may be reparametrized by arc length.

Lemma 11.2.5. Let vy : [a,b] — M be nonsingular. Then there is a smooth,
increasing function T such that v o T is parametrized by arc length. We call
~v o T the parametrization of v by arc length.

Proof. Define s: [a,b] — R by

xwzawwpzjuywwmmu

Since s'(t) = [|7/()lly¢) > 0, s is strictly increasing with image [0, d] with
d = /{(~). Let 7 : [0,d] — [a, b] be the inverse function of s. Then the inverse
function theorem gives

' (u) = — :
=@ @y
(ror)(w = e

17/ (7 () [ ¢y
is a unit vector in T’y (;(,)) (M) for all u € [0, d]. O
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We now show that isometries preserve arc length.

Lemma 11.2.6. Let f : M — N be an isometric immersion of Riemannian
manifolds and let 7y : [a,b] — M be piecewise smooth. Then (f o~y) = £(y).

Proof. The isometric condition is that

for all v,w € T,,(M), and hence

1T f ()l @) = V]l
for all v € T,(M). Thus,

b
(7o) = [ 17 oY @lgonyo
b
=/ 1T y0) f o Tev) (Dl (o ey di

b
- / 1T (W)l e de = () 0

We can now define Riemannian distance.

Definition 11.2.7. Let M be a path-connected Riemannian manifold and
let z,y € M. A piecewise smooth path from = to y is a piecewise smooth
curve v : [a,b] — M with y(a) = x and y(b) = y. Since M is path-connected,
the Whitney approximation theorem ([13, Theorem 6.26]) shows there are
smooth, and hence piecewise smooth curves from z to y.

The distance from x to y with respect to the Riemannian metric on M
(otherwise known as the Riemannian distance from z to y) is defined by

(11.2.2) d(z,y) = inf &(7)

as -y varies over all the piecewise smooth paths from z to y.

We say the piecewise smooth path v from z to y is distance minimizing
if d(x,y) = £(7), i.e., if £(y) < () for all piecewise smooth paths § from z
to y.

Remark 11.2.8. We will see that the distance minimizing curves in a Rie-
mannian manifold are what’s known as geodesics. The theory of geodesics
is fundamental in the development of differential geometry. Geodesic curves
are the analogue in Riemannian manifolds of the straight lines in R™. As
such, they will form the edges of triangles in the appropriate analogue of
Euclidean geometry for the manifold in question.

Having defined a distance function, it is natural to ask if it defines a metric
for a topology as in Definition A.1.1. The triangle inequality is obvious from
the piecewise smooth assumption, and symmetry follows from Lemma 11.2.2.
The theory of geodesics will show it is positive-definite. We shall also show
that the topology on M induced by this distance function coincides with its
topology as a smooth manifold.
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Proposition 11.2.9. Let f : M — M be an isometry on a Riemannian
manifold M. Then f preserves distance:

(11.2.3) d(z,y) = d(f(z), f(y))
for all xz,y € M.

Proof. Let 7 : [a,b] — M be a piecewise smooth path from z to y. By
Lemma 11.2.6, £(v) = £(f o) > d(f(x), f(y)), so

d(z,y) = d(f(x), f(y))-
But f~' : M — M is also an isometry, so the same argument shows

d(f(z), f(y)) > d(z,y). O

Remark 11.2.10. Note that it is essential in Proposition 11.2.9 that f~!
also be an isometry. Indeed, if f: M — N is an isometric immersion, then

d(f(x), f(y)) < d(z,y)

by the argument given. Here, the distance on the left as in IV and that on
the right is in M. But these distances need not be equal, as there may be
piecewise smooth paths in N shorter than those in M.

For instance if f : S — R3 is the standard embedding and v € S?, then
the distance in S? from v to —v will be seen to be 7, as any path from v to
—v in S? must stay in S? and hence go around the sphere. But in R? we can
cut through the interior in a straight line path, and we see that the distance
from f(v) to f(—v) in R3 is 2.

We now define angles in a Riemannian manifold.

Definition 11.2.11. Let 7; : (a,b) — M and 72 : (¢,d) — M be smooth
curves through z in the Riemannian manifold M. Suppose 77 '(z) = {s}
and v, '(x) = {t} and that v} (s) and v4(t) are nonzero. Then we define the
angle from 71 to 72 at x to be the the angle from ~{(s) to v4(t) in T, (M)
with respect to the inner product there. This is a well-defined signed angle
if n =2 and M is oriented, but is unsigned otherwise.

Note by the proof of Lemma 11.2.2 that this angle is unchanged if we
reparametrize our curves with respect to increasing functions with nononzero
derivatives at the relevant points. But if we reparametrize one of the curves
with respect to a decreasing function, it changes the orientation of that curve
and adds 7 to the angle.

The chain rule again gives the following.

Lemma 11.2.12 (Isometries preserve angles). Let f : M — N be an iso-
metric embedding. Let vy : (a,b) — M and s : (¢,d) — M be smooth curves
through * € M with ;' (z) = {s} and r5 ' (z) = {t} and +,(s) and v4(t)
nonzero. Then the (unsigned) angle from f o~ to f oy is equal to the
(unsigned) angle from 1 to va.

The case of signed angles is more delicate.
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11.3. Geodesics. The geodesics in a Riemannian manifold provide dis-
tance-minimizing paths between points. Thus, they play a role like that
of straight lines in R™. In particular, in R™ with the standard metric, the
straight lines are the geodesics.

A thorough treatment of geodesics requires more differential geometry
than we wish to present here. A very good source is do Carmo’s book [3].
We shall summarize the most important details so we can use the theory to
study “straight lines” and angles in a Riemannian manifold.

11.3.1. Geodesics in the local model. The easiest way to understand
geodesics is in terms of the local model. Let us study a Riemannian metric
on an open subset U C R”, so that TU is just U x R™ and the tangent
bundle 7 : U x R™ — U is the projection map. For each z € U we have an
inner product (, ), : R” x R" — R such that the map

UxR"xR" =R

(z,v,w) = (v,w),

is smooth.
In particular, this gives smooth functions g;; : U — R via
(11.3.1) g,-j(ac) = (ei,ej>$,

with e; and e; the canonical basis vectors. These functions in fact determine
the Riemannian structure. Let v = a1e1+- - -+ane, and w = bie;+- - -+byey,.
Then bilinearity gives

n
(11.3.2) (v,w)e = Y aigij(x)b;.
ij=1
This can be expressed as a matrix product as follows. Let G(z) be the
matrix whose ijth coordinate is g;;(x), then (11.3.2) just says

(11.3.3) (,w), = v - G(z) - w,

where v? is the transpose of v. Note the matrix G(r) is symmetric, i.e.,

G(z)T = G(x) by the symmetry of the inner product. G(z) is also invertible
since the inner product is positive-definite: if G(z)v = 0, then

(,v), = v - G(z)-v=0,

and hence v = 0.

The group GL,,(R) of n x n invertible matrices over R is an open subset of
the n2-dimensional Euclidean space M, (R) (the space of all n x n matrices
over R), as GL,,(R) = det ' (R~ {0}), and det : M, (R) — R is a polynomial
function in the n? variables ((8.2.4) — see [17, Corollary 10.2.6]). As an open
subset of R, GL,(R) is a manifold.

Definition 11.3.1. A Lie group G is a group which is also a smooth man-
ifold, such that the following hold:
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(1) The multiplication i : G x G — G, p(x,y) = x -y, is a smooth map.
(2) The inverse map x : G — G, x(z) = 2! is a smooth map.

We already know that the coefficients of the product of two matrices are
polynomials in the coefficients of the matrices, so the multiplication map on
GL,(R) is smooth. The following completes the proof that GL,(R) is a Lie

group.
Proposition 11.3.2. The map x : GL,(R) — GL,(R) given by x(A) = A~!

18 smooth.

Proof. It suffices to show that the coefficients of A~! are quotients of poly-
nomial functions (i.e., rational functions) in the coefficients of A. By [17,
Corollary 10.3.6], the ijth coefficient of A~ is

-, det Aj;

-1 +) Jt

(=1) det A’
where Aj; is the (n — 1) X (n — 1) matrix obtained by deleting the jth row
and 7th column of A. O

Corollary 11.3.3. Suppose given a Riemannian metric on the open set
U C R" and let G(x) = (gij(x)) be the matriz given by (11.3.1). Define
g7 : U — R by setting g (x) equal to the ijth coordinate of G(z)~'. Then
g% is smooth.

We use this to define important smooth functions in the local model that
depend on the Riemannian metric.

Definition 11.3.4. Suppose given a Riemannian metric on the open set
U C R” and let G(x) = (gij(x)) be the matrix given by (11.3.1). For
i,j7,k € {1,...,n}, the Christoffel symbol Ffj : U — R for this metric is the
smooth function given by

1<~ (g5 | Ogu Ogi
11.3.4 rk == Lo T gl
( ) K 2 Z (8.%'1 + 8xj 8.%'[ g

=1

where ¢'¥ is the lkth coordinate of the inverse matrix G~

Note that in R™ with the standard metric, G(z) = I, for all z, so the
partial derivatives of its coordinate functions are constantly 0. We obtain:

Lemma 11.3.5. In R" with the standard metric, I‘fj 18 constantly equal to
0 for alli,j, k.

The Christoffel symbols are the coefficient functions for what is called the
Riemannian connection obtained from the metric. They also occur in what
is known as the covariant derivative, which we shall define here, as it is used
in the definition of geodesics. We must first discuss vector fields over smooth
curves.
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Definition 11.3.6. Let v : (a,b) — M be a smooth curve in a smooth
manifold M. A smooth vector field over 7 is a smooth map V : (a,b) — T'M
making the following diagram commute:

(11.3.5) TM

L
(a,b)ﬁM.

We write X(vy) for the set of smooth vector fields over +. Since each T, M
is a real vector space we can add vector fields pointwise: we set (V+W)(t) to
be the sum of V(¢) and W (t) in T',;) M. An examination of the local model
shows that V + W is a smooth vector field for V, W smooth. Similarly, if
V € X(y) and ¢ € R we set (cV)(t) = ¢V (t). We see that X() is a real
vector space under these operations.

In fact, if V € X(y) and f : (a,b) — R is smooth, we may define a vector
field fV € X(v) by setting (fV)(t) = f(t)V(t), multiplication on V (t) by
the scalar f(t). This operation satisfies the expected distributive laws:

(f+9)V=[fV+4+gV
FV4+W) = fV+ fW.

The following obvious example is important.

Example 11.3.7. Recall that if v : (a,b) — M is smooth and t € (a,b), we
write 7' (t) € Ty M for Tyy(1). Here, we identify the tangent space of (a, )
with (a,b) x R, obtaining the tangent map 7y in the following digram:

(11.3.6) (a,0) x R — 5 TM

(a,b) — M.

So +/(t) is the tangent vector Ty(¢,1) in the tangent space to y(t) € M. We
define the tangent verctor field 4/ to v to be the vector field ¢ — ~/(¢). This
is smooth, as Ty is smooth.

In the local model, this really is the standard tangent vector field. Here,
if M =U CR”, then TM = U x R" and we have

(11.3.7) Tv:(a,b) x R—UxR"
(t,5) = (v(2),7(8)9),

where +/(t) € R™ is the usual tangent vector to 7 at ¢t. Specializing to s = 1,
we see the tangent vector field 4/ is given by

t— (y(t),7'(t) € U x R"™.

We now look more carefully at arbitrary vector fields over curves in the
local model.
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Notation 11.3.8. Let U C R" be open. Then TU = U x R™. Thus, if
v : (a,b) — U is smooth, then a smooth vector field over v is a smooth map

(11.3.8) V:(a,b) > U x R”

t = (v(t), (1))
with v : (a,b) — R™ an arbitrary smooth map. In this context, we will write
V = (v,v) and we note that both v(¢) and v(¢) lie in R™. We write 7;(t)
and v;(t) for the ith coordinates of v(t) and v(t), respectively.

We can now make use of the Christoffel symbols.

Definition 11.3.9. Let U be an open subset of R™ equipped with a Rie-
mannian metric. Let 7 : (a,b) — U be smooth. The covariant derivative on
X(v) with respect to this metric is the operator

D X(y) = X(7)

given as follows. For V = (v, v) as above, (V) = (v, w), where the coordi-
nate functions of w are given by

(11.3.9) wi(t) = vj(t) + D vtV ()T
i,k

Note that w(t) is equal to the sum of v/(¢) with a term that depends
on the metric. Since this latter term is expressed entirely in terms of the
Christoffel symbols it vanishes for the standard metric on R”. We obtain:

Lemma 11.3.10. The covariant derivative for the standard metric on R™
s given by
D(y,v) = (7,0).
We may now define geodesics in the local model.

Definition 11.3.11. Suppose given a Riemannian metric on the open subset
U C R™ and let 7 : (a,b) — U be a smooth curve in U. As above, write ~/
for the tangent vector field to v. Then 7 is geodesic if D(y') = 0, i.e., the
covariant derivative of 4’ is constantly 0.

The following is immediate from (11.3.9).

Lemma 11.3.12. Suppose given a Riemannian metric on the open subset
U CR" and let v : (a,b) — U be a smooth curve in U. Then vy is geodesic
if and only if

(11.3.10) WE) + D T () ()vk() =0
k=1

for allt € (a,b) and fori=1,... ,n.
In the standard metric on R™, we have Ffj = 0, so this just says v = 0,

so that 7/ is a constant vector, and hence there are vectors v,z € R" with
v(t) = tv + x for all t. We obtain:
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Proposition 11.3.13. In R™ with the standard metric, a geodesic is either
a constant function or the standard parametrization of a line:

~y(t) = tv + x.

11.3.2. Geodesics in general Riemannian manifolds. Now let M be
an arbitrary Riemannian manifold and let « : (a,b) — M be smooth. Let
h :U — h(U) C R™ be a chart for M with v(t) € U and let ¢ > 0 with
v(t —€,t +¢€) C U. Then (11.1.3) gives us a communtative diagram

(11.3.11) T(U) —2 h(U) x R™
v T
(t—et+e) U hU).
“/|(t—e,t+e) h

Thus, Th o V|i—cite) € X(V|(t—e,t+¢)) 18 a vector field over ¥|;_¢ e in the
Riemannian metric on h(U) induced by h~1. Write

Dnw) : XV (t=etre)) = XV (t=e,t4e))
for the covariant derivative induced by this metric. Note that

(11.3.12) Th™'o D) (V] t—et+e))

provides a smooth vector field over v|(;_c ¢e)-
The following now defines the covariant derivative in a general Riemann-
ian manifold. It is proven in [3].

Theorem 11.3.14. Let M be a Riemannian manifold and let vy : (a,b) — M
Then there is an operator

D X(y) = X(7)

obtained by setting D(V)(t) = Th™" o Dpw)(V]g—etre)(t) for any chart
h : U — h(U) containing v(t) and for € sufficiently small. In particular,
this is independent of the choice of chart about ~(t). Moreover, this co-

variant derivative © satisfies the following properties for V,\W € X(vy) and
f:(a,b) = R smooth:

(11.3.13) DV + W) =D(V) +D(W)
(11.3.14) D(fV)=f'V+fOWV)
(11.3.15) %w, W) = (D(V), W) + (V,D(W)).

Here, as expected, (V,W) : (a,b) — R takes t to (V(t), W(t))()-

Note that (11.3.13) and (11.3.14) are immediate from (11.3.9). Equation
(11.3.15) is more work, and shows the relationship of the covariant derivative
to the metric. The following is, of course, expected.

Definition 11.3.15. Let M be a Riemannian manifold. A smooth curve
v : (a,b) = M is geodesic if its tangent vector field +' satisfies D(v") = 0.
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Theorem 11.3.14 gives the following.

Corollary 11.3.16. Geodesics have constant speed: if v : (a,b) — M is
geodesic, then t — ||V ()|, is a constant function on (a,b).

Proof. By (11.3.15) 4(+',9/) = 0. O

However, since any nonsingular curve can be parametrized by arc length,
the converse is wildly false. Geodesics are in fact somewhat scarce, as can
be seen from the following theorem. While there are many smooth curves
through a particular point with a particular tangent vector, only one of them
is geodesic.

Theorem 11.3.17. Let M be a Riemannian manifold and let v € Ty(M).
Then for some € > 0, there exists a unique geodesic Vg : (—€,€) — M with:

(1) Y2w(0) = .
(2) 73,,(0) = v.

Proof. The point here is that the covariant derivative is globally defined on
M, independent of the choice of charts, and that ©(v") = 0 if and only if
(11.3.10) holds in any given chart about z. The result now follows from the
fundamenal existence and uniqueness theorem for solutions of differential
equations. Ul

We can now eliminate e from the above.

Corollary 11.3.18. Let v1,72 : (a,b) — M be geodesics in M and suppose
1 and 2 have the same value and velocity vector at some ty € (a,b). Then

Y1 =72 on all of (a,b).

Proof. Let s = inf{t: v1 = v2 on [to,t)}. Then s > ¢y by Theorem 11.3.17,
and 1 = 2 on [tg,s). If s < b then 3 = 72 on [tg, s|] by continuity, and
hence ] = ~4 on [tg, s] by the continuity of the velocity fields. But then
Y1 = 72 on [tg,s’) for some s’ > s by Theorem 11.3.17, so s = b. Similarly
v1 = 2 on (a,to]. O

Corollary 11.3.19. Let M be a Riemannian manifold and let x € M and
v € T,(M). Then there is a unique largest interval containing 0 on which
the geodesic vy for which v;,(0) = x and v, ,(0) = v is defined.

Proof. If (a,b) and (c,d) are two intervals about 0 on which such a ge-
odesic is defined, then the two geodesics must agree on (a,b) N (¢,d) by
Corollary 11.3.18. So they define a smooth curve on (a,b) U (¢, d), which is
geodesic by Theorem 11.3.14. Similarly, we can pass to infinite unions of
intervals about 0, and obtain the desired result. O

In particular, as shown in Proposition 11.3.13, the geodesics in R" are
defined on all of R.

Since a geodesic has constant speed, 7, is parametrized by arc length
if and only if |jv||; = 1, i.e., if and only if v is a unit vector in the inner
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product space T,(M). Since every vector v € T,(M) has the form v = cu
with |lul|z =1 (and ¢ = ||v||;), the geodesics 7, ., actually determine all the
others by the following:

Proposition 11.3.20. Let M be a Riemannian manifold. Let u be a unit
vector in the inner product space T,(M) and let (a,b) be the largest interval
on which vz, is defined. Let 0 # ¢ € R. Then the largest interval for vz cu
is (“ b), and

e
(11.3.16) 'Yx,cu(t) = ’Y:Jc,u(Ct)

for all t € (%, g) In particular, if ¢ > 0, then 7z, is the parametrization
of Ya,cu by arc length, while v, —,, traverses the same arc with the opposite
orientation.

Proof. The map ¢t — v, ,(ct) is geodesic by (11.3.10), and its tangent vector
at 0 is cu. The result follows. O

Of course, ;0 is the constant path with image x, and is the unique
singular geodesic through x.
The following, which is proven in [3], will help motivate studying geodesics.

Theorem 11.3.21. Let v be a piecewise-smooth distance minimizing path
of constant speed from x to y in the Riemannian manifold M. Then v is
geodesic.

The exponential map will provide a partial converse.

Our next example gives the geodesics in the n-sphere S* € R*T!. Recall
that for v € S™, the tangent space T,(S™) may be identified with {v},
the linear subspace of R"t! consisting of the vectors orthogonal to v. In
particular, the unit vectors in T,(S™) are the vectors w € S™ (i.e., w a unit
vector) with v L w. The following is now immediate from Theorem 11.3.21
and Theorem 9.1.15. (We could also give a direct proof using Christoffel
symbols and Proposition 9.1.13.)

Theorem 11.3.22. Consider the n-sphere S* C R™ endowed with the
subspace metric from R™1. Its geodesics of unit speed are the great circle
routes

(11.3.17) Yo : R — S"
Yo,uw(t) = costv +sintw,
forv,w € S™ with v L w.
11.4. The exponential map. Let M be a Riemannian manifold. We
write B,(0) for the open ball of radius r about 0 in the inner product space
T, (M):
B, (0) ={v e T, (M) :|v|. <r}.

The following is shown in [3].
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Theorem 11.4.1. Let M be a Riemannian manifold and x € M. Then
there exists v > 0 such that v, (1) is defined for all v € B,(0). Moreover,
the exponential map exp,, : B.(0) — M defined by

(11.4.1) exp, (V) = Yz w(1)

18 smooth.

The exponential map is often expressed best in “polar” coordinates, i.e.,
by writing v € B,(0) in the form v = cu with u a unit vector and ¢ > 0
(so that ¢ = ||v||z). As with polar coordinates in the plane, u is only a
well-defined function of v when v # 0. Note that

B,(0) ={cu:||ul[z =1and 0 < c < r}.
The following is immediate from (11.3.16).
Lemma 11.4.2. In polar coordinates, exp,(cu) = Yz u(c) = Vau(|lcul/z)-

Since B, (0) is an open subset of the inner product space T, (M), we can
identify its tangent bundle with the projection map onto the first factor:

7 Br(0) x Tp(M) — B,(0).
Thus, we can identify Ty(B,(0)) with 7,(M), and we may ask about
To(exp,) = To(Br(0)) = To(M) = To(M).
The following is fundamental.
Lemma 11.4.3. Ty(exp,) : Tp(M) — Tp(M) is the identity map.

Proof. Let 0 # v € T,,(M) and write v = cu with u a unit vector and ¢ > 0.
Then for € small enough, the map

Oy (—€,€) = T (M)
t—tv
takes value in B, (0). By Lemma 11.4.2 and a second application of (11.3.16),
(exp, 00,)(t) = exp, (teu) = Yeu(te) = Yacult) = Ya.0(t)
Since ¢, (0) = v, we have

Tg(epr)(’U) = (epr © 511),(0) = P)/alc,v(o) =v. L.

Since Tp(exp,) is an isomorphism, the inverse function theorem gives the
following.

Corollary 11.4.4. Let M be a Riemannian manifold and let x € M. Then
there exists r > 0 such that

exp, : Br(0) = M

is a diffeomorphism onto a neighborhood of x.
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Example 11.4.5. In S", the geodesics 7,4, of (11.3.17) are defined on all
of R and the exponential map

exp, : T,(S™) — S™
is smooth on all of T,,(S™). But exp, carries the entire sphere of radius m,
57(0) ={z € Tu(S") : ||z[lv = 7},
onto the opposite pole, —v, to v, while
exp, : Br(0) — S"

maps B (0) diffeomorphically onto S™ ~\ {—wv}. All this is easily verified
using the analytic formula (11.3.17).
Note that
expy b S" N {—v} =N Br(0) C T,(S")

then provides a chart for the smooth structure on S™ different from that
given by sterographic projection, and quite useful for some purposes.

The connection between geodesics and shortest paths is given in the fol-
lowing, which is proven in [3].

Theorem 11.4.6. Suppose the exponential map exp, : B,(0) — M is a
diffeomorphism onto a neighborhood of x in M. Lety = exp,(v) for v €
B,(0). Then vz, : [0,1] — M is a distance minimizing path from x to y
in M. Moreover, if 6 : [a,b] — M 1is another piecewise-smooth, distance
minimizing path from x to y, then

Yeo([0,1]) = 6([a, b]),
i.e., these two paths have the same image.

Recall from (11.2.2) that the Riemannian distance from x to y in M is
given by d(x,y) = inf, £(y) as v varies over all the piecewise smooth paths
from x to y.

Corollary 11.4.7. Suppose the exponential map exp, : Br(0) — M is
a diffeomorphism onto a neighborhood of x in M. Let y = exp,(v) for
v € B-(0). Then the Riemannian distance from x to y is ||v||z.

Proof. ~,, has constant speed ||v]|, so

1 1
o)) = /0 (8ot = /0 ol dt = [[o].

By Theorem 11.4.6, this is d(z,y). O

(Ve

We may use Corollary 11.4.7 to get an explicit calculation of the Rie-
mannian distance function for the standard Riemannian metric on S™.
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Corollary 11.4.8. Let v,w € S". Then the Riemannian distance (with
respect to the standard metric) from v to w is

(11.4.2) d(v,w) = cos™ (v, w),
where (v, w) is the standard inner product of v and w as vectors in R,

Proof. First assume w # —v so that w = exp,(z) for some z € B,(0). Note
we may identify T, (S") with {v}+ = {z € R""! : (v,z) = 0} and that the
Riemannian metric on T, (S"™) coincides with the restriction to this subspace
of the standard inner product on R"*1.

Let ||z = c and let v = %. Then the geodesic path from v to w
parametrized by arc length is 7,4, : [0, ¢] = S™, where

You(t) = costv +sint u.
The length of this path is ¢, which is thus equal to d(v,w). Moreover,
w = Yyu(c), so
(v,w) = (v,coscv +sincu) = (v, cos cv) = cosc,

as (v,u) = 0 because u € T;,(S™). So (11.4.2) follows.

The remaining case is w = —v. Let 7 : [a,b] — S™ be a piecewise-smooth
path from v to —v. Then t — (v,7(t)) is a path from 1 to —1 in R. By
the intermediate value theorem there is a ¢ € (a,b) with (v,v(c)) = 0. Let
u = y(c). Then

€40 = t0lfae) + 0le) > d(v,u) + d(u, —v) = 5+ 5 =,
where the first equality comes from (11.4.2) applied at v and at —v. Of
course, cos ' {v,—v) = 7, and it suffices tho display a piecewise smooth
path of length 7 from v to —v. But the geodesic path 7, , : [0, 7] — S™ will
do, for any z € S™ orthogonal to v. ([l

Remark 11.4.9. Suppose exp, : B,(0) — M is a diffeomorphism onto a
neighborhood of z. Then for v € B,(0), d(exp,(0),exp,(v)) = ||v||z, which
is the distance from 0 to v in T,(M). It would be tempting to guess that
exp, : Br(0) — M is distance preserving with respect to the Riemannian
distance, and perhaps even an isometric immersion. Here, we give B,(0) the
subspace metric in T, (M).

More advanced differential geometry says that exp, is not an isometric
immersion, as the curvature in T, (M) is 0, while the curvature near x in M
need not be.

But we can show directly that exp, : B;(0) — M does not, in general
preserve Riemannian distance. For instance, in S?, consider

exp,, : Br(0) — S%.

By Corollary 11.4.8, exp,, (%62) = e and exp,, (%63) = e3, with eq eg, e3
the canonical basis. Thus,

T T T
d (exp61 (562) , €XPg, <§€3>> =d(eg,e3) = 5
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but the distance from Zes to Zes in Ty, (S») is v/2 5, via the straight-line path
between them (or simply by the usual distance formula in T, (S?) C R?).

Theorems 11.4.6 and 11.3.21, work together to give very powerful result.

Theorem 11.4.10. Let f : M — M be an isometry of the Riemannian
manifold M. Then f preserves geodesics, i.e, if v : (a,b) — M is geodesic,

so is fonr.

Proof. By Theorem 11.3.14, being geodesic is a local property in the sense
that if v is geodesic on a small subinterval around each ¢ € (a,b) then 7 is
geodesic on all of (a,b).

By Theorem 11.4.6, «y is distance minimizing on both [t —e, t] and [t,t + €]
for some € > 0. By Proposition 11.2.9 (and its proof), f o~ is distance
minimizing on these same intervals, and hence geodesic on these intervals
by Theorem 11.3.21.

But f o~ is smooth, so the derivatives of its restrictions to these two
subintervals must agree at t. By uniqueness of geodesics, f oy is geodesic
on [t —e,t+ €. O

We obtain the following.

Corollary 11.4.11. Let f : M — M be an isometry of the Riemannian
manifold M. Suppose that exp, : B,(0) — M is a diffeomorphism onto a
neighborhood of x. Then expy(y) : By(0) — M is a diffeomorphism onto a
neighborhood of f(x) (for the same r) and the following diagram commutes:

(11.4.3) B,(0) =L, B.(0)

f

M——- M.

Of course, the By(0) on the left is the ball of radius r in T(M), while that
on the right is in Ty, (M). In other words, foexp, = expy g oLy f.

Proof. T, f is a linear isometric isomorphism of inner product spaces and
f is a diffeomorphism, so it suffices to show the diagram commutes. Let
v € Bp(0) C Tp(M). Then f o~,, is the geodesic taking 0 to f(z) whose
velocity vector at 0 is Ty f(v). The result follows. O

Using a little point-set topology we can generalize the invocation to the
intermediate value theorem in the argument for Corollary 11.4.8 to obtain
a strengthening of Corollary 11.4.7. See [8] for details on the theory.

Theorem 11.4.12. Suppose the exponential map exp, : By(0) — M is a
diffeomorphism onto a neighborhood of x in M. Then

(11.4.4) exp,(Br(0)) ={y € M : d(z,y) <r}.
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Thus, the Riemannian distance is positive-definite (i.e., d(z,y) = 0 implies
x = y), and defines a metric for a topology as in as in Definition A.1.1.
Moreover the topology induced by this distance agrees with the original one.

Proof. We use the general definition of a topological manifold given in
Definition A.5.5. In particular, we use the Hausdorff property. We first
show that if y € M \ exp,(B,(0)), then d(x,y) > r. This implies (11.4.4).

Let € > 0 and let s = r — e. Let B4(0) be the closed ball of radius s in
T, (M): B

Bs(0) = {v: o]l < s}

Then B;(0) is closed and bounded in T,(M), and hence is compact by the
Heine-Borel theorem. Since exp, : B,(0) — M is a diffeomorphism onto a
neighborhood of = in M, exp,(Bs(0)) is a compact subset of M. Since M is
Hausdorff, exp, (Bs(0)) is closed in M. So the subset V = M \ exp, (Bs(0))
is open in M, as is U = exp,(Bs(0)). U and V are disjoint, with € U and
y € V. Since x € U and y € V, no continuous path from x to y in M can
lie entirely in U UV by the connectedness of a closed interval. In particular,
any piecewise smooth path 7 : [a,b] — M from z to y must meet

M~ (UUV) = exp,(Ss(0)),
where S5(0) is the sphere of radius s in T, (M):
Ss(0) = {v: vl = s}

In particular, given v as above, let ¢ € (a,b) with v(¢) = exp,(v) with
|lv]| = s. Then

E(V) = E(fy“a,c}) + E(f”[c,b]) = g(V‘[a,c]) > d(l’a’Y(C)) =S5,
with the last equality coming from Corollary 11.4.7. As observed in Re-
mark 11.2.8, this implies the Riemannian distance satisfies the properties
for a topological metric in Definition A.1.1.

By (11.4.4), for a given x and for small enough e, the ball of radius € with
respect to the metric induced by d coincides with exp,(B.(0)), which is open
in M, so open sets in the metric topology induced by d are open in M and
vice versa, as any open set of M containing x must contain exp,(B¢(0)) for
some € > 0. (]
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12. Hyperbolic geometry
We use the upper half plane model H for hyperbolic space. Here,

(12.0.5) H={z=z+iyecC:z,y € Rand y > 0}.

We write x = Re(z) and y = Im(z). We give H the Riemannian metric
1

(1206) <U, w>z = W(U . ’U)),

where v - w is the ordinary dot product of the vectors v,w € R2. In other
words, we scale the usual Euclidean inner product so it gets larger and larger
as the point of origin of the two vectors approaches the z-axis.

In particular, if v : (a,b) — H is a piecewise smooth curve, its speed is
given by

(12.0.7) 17" O)lla) = /@), 7 ()0
g

when 7(t) = v1(t) +iv2(t) with 7;(t) real for i = 1, 2. Because of the denom-
inator, this depends strongly on the value of v(¢). For instance, consider

v:(0,00) = H
~(t) = it.

Then /() = ez for all ¢, but [|7/(t)[,) = +. and the velocity vector gets
longer and longer as t — 0.

For a piecewise smooth curve « : [a,b] — H, we call ||7/(t)]|y() the hyper-
bolic length of 4/(), in distinction to its usual Euclidean length. We use it
to calculate the hyperbolic arc length of ~:

b
(12.0.8) () = / 1/ ()l o dt

as in (11.2.1). As in spherical geometry, the hyperbolic distance between
two points in H is then given as

(12.0.9) dp (2, w) = igff(w

as -y ranges over all the piecewise smooth paths in H from z to w, and such
a path 7 is said to be distance minimizing if dg(z,w) = ¢(y). Distance
minimizing paths are what’s known as geodesics, as studied in Chapter 11.

We will calculate these geodesics. They are the correct analogue of
straight lines in studying the geometry of hyperbolic space. And using them
to make a geometry of lines produces results very different from the geometry
of ordinary lines in Euclidean space. Indeed, the hyperbolic geodesics do not
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satisfy the parallel postulate of Euclidean geometry. Instead, they satisfy its
negation. So H provides an analytic geometric realization of “non-Euclidean
geometry”.

Our approach to developing the geometry here will be by starting with
the group of isometries.

12.1. Boundary of H and compactification of C. It is useful to think
about the hyperbolic space H as having a boundary. One might be tempted
to use the x-axis for this purpose, but it is more useful to close it up so the
boundary is a circle.

First, let us adjoin a formal point, co, to C and write

C = C U {o0}.
We shall interpret this via the stereographic projection map of (8.3.1):
hy 1 U = C.

Here, U = S2 . {N}, N = e3 is the north pole, and we are identifying R?
with C so that

hy(z1e1 + xoex + x3e3) = 1 (1 + iz2)

by (8.3.1). We use this to identify C with S? via the function hy : S — C,

(12.1.1) ho(z) = {hU(w) z7 N,

00 z = N.

Since Ay is bijective and restricts to a diffeomorphism of U onto C, we may
use it to endow C with the structure of a smooth manifold.'® In other words
we shall identify C with the smooth manifold S? via hy. Since hy : U — C
is a diffeomorphism, this agrees with the usual smooth structure on C.
Thus, we shall declare a map f : C — C to be smooth if the composite

7—1

(12.1.2) SN N AN
is smooth. This agrees with the usual notion of smoothness on f[;-1(c) :
f~4C)—cC.
Let W C S? be given by
(12.1.3) W ={weS?: (w,ey) > 0}.
Then
(12.1.4) hulw : W S H

is a diffeomorphism. Moreover, The open hemisphere W has an obvious
boundary in S?: the great circle ¥ with pole es.

Y ={weS?: (w,e) = 0}.

18The topology on C induced by this identification coincides with the one-point com-
pactification construction in point-set topology. See [8]
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Note that
(12.1.5) hulseny s SN {N} SR

is a diffeomorphism of ¥ \ {N} onto the z-axis. We define the boundary
OH of H by

(12.1.6) OH =RU {cc} CC,

the union of the z-axis with the point at infinity. Then

(12.1.7) huls : S = OH.
We write
(12.1.8) H = HU oH,

and set W = WUX = {w € S§? : (w,e3) > 0}, the closed hemisphere
containing W. Then

(12.1.9) huly : W = HL

In order to the smoothness of the composites (12.1.2), we need to consider
the charts in S? defined near the north pole. The setting we have already
considered works as follows in this context. We set V = S? \ {S} with

S = —es, the south pole. Corollary 8.3.7 gives a chart hy : V =N C, given
by

hv(xlel + x9e9 + .73363) = (.T1 + ixz).

14+ 23
This, actually, would be quite sufficient for our purposes, as (8.3.3) then

gives
z

(2,2)
where (z, z) is the real inner product of z with itself, which, if z = = + iy

with =,y € R, is 22 + y2. But this is the result of complex multiplication
zZ, where Z is the complex conjugate of z: Z = x — iy. We obtain

hU o h‘_/l (Z) =

z z 1
12.1.1 -1 — —-c _Z
( 0) hy o hy, (2) 0.2) it

with the identical formula holding for hy o hal.

This would indeed be sufficient for our purposes, but it is nicer to re-
place hy (z) with its complex conjugate. Write I' : C — C for complex
conjugation: T'(z) = z. Note that I' is smooth, as its Jacobian matrix is
DI'(z) = [§ %] for all z € C. Thus, T is a diffeomorphism of C whose
square is the identity, so we can replace hy by

(12.1.11) ky =Tohy:V 5 C
1
kv(xlel —+ o€ + 1'363) = 1+ 23 ($1 — ixg).

A straightforward computation from (12.1.10) now gives:
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Proposition 12.1.1. {hy : U 5C ky VS C} gives an atlas for the
standard smooth structure on S? with the property that the transition maps
are given by

1
(12.1.12) hy o kit (2) = ky o hy(2) = :

for all z € C~ {0}.

C~{0} is, of course the domain as well as the codomain for each of the two
transition maps. The advantage of using these charts is that the transition
maps are holomorphic (complex differentiable) functions. We shall review a
bit of complex analysis.

If f: U — C with U C C open, we say f is complex differentiable at z if

F) =t LD =)

h—0 h

exists. We say f is holomorphic on U if it is complex differentiable at each
zeU.

In this case, f is smooth and it’s real Jacobian matrix can be computed
from what are called the Cauchy—Riemann equations. These say that if we
write f(z) = u(z) + iv(z), with u(z),v(z) real, then

du / ou ,
gz~ el (@) g, =~
O / ov ,
ge ) 5y = Rel'(2).
so the Jacobian matrix is given by
(12.1.13) Df(z) = Re(f'(2)) —Im(f'(2))

- [Im(f'(z))  Re(f'(2))

There is a nicer, more conceptual way to express this. Think of [f/(z)]
as a 1 x 1 complex matrix, so it induces a C-linear function from C to
itself by matrix multiplication (which is simply ordinary multiplication in
the 1 x 1 case. But any complex linear vector space is a real vector space by
restriction of the ground field. And any C-linear function between complex
vector spaces is R-linear. Moreover, if vy, ..., v, is a C-basis for a complex
vector space, then wvi,ivy,...,v,, v, is an R-basis for its underlying real
vector space. We obtain a ring homomorphism

p: M, (C) — Ms,(R)
by expressing the linear function induced by an n X n complex matrix in
terms of the R-basis e, ieq, ..., e,, te,. Here, p stands for “realification”.
What the Cauchy—Riemann equations say is that if f : U — C is holomor-

phic, with U an open subset of C, then if we regard it as a smooth function
f:U — R2, then

(12.1.14) Df(z) = p([f'(2)]),
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the realification of the complex matrix [f’(z)].

Complex differentiation is complex linear on functions and satisfies the
usual product, quotient and chain rules, so we can compute the complex
derivative of a rational function (a quotient of two polynomials) in the usual
way. As in the real case, the complex derivative of a convergent complex
power series > oo arz® is the term by term derivative Y 22, kagz*~ L.

One big advantage of the atlas given in Proposition 12.1.1 is that the
transition maps are holomorphic. This gives S? the structure of a complex
manifold (a structure we will not investigate in detail here) and allows us to
say that a function f : S? — S? is holomorphic if all the composites given
as in (8.4.2) (as we allow the charts to vary) are holomorphic (and not just
smooth).

12.2. Mobius transformations. As an open subset of C = R?, hyper-
bolic space has an intrinsic orientation. We shall see that the Mdbius trans-
formations are the orientation-preserving isometries of H. Recall that

SLy(R) = {A € GLy(R) : det A = 1} .

Let A= [2%] € SLy(R). We define the Mobius transformation 4 : C — C
by

az+b d
sA 2

7007
cz+d 7 g
(12.2.1) pa(z) = oo z2=—-,
c
a
- z = 0.
c

Such a map is sometimes called a fractional linear transformation. We write
Mob for the set of all Mobius transformations.

Lemma 12.2.1. Let A, B € SLa(R). Then,

(12.2.2) VAO PR = PAB.
Proof. Let A= [2%] and B = [} ;]. Then

a (Zi{j) +b _a(rz+s) +b(tz +u)

paopp(z) = = -
c(:Zin)+d c(rz+s) +du(tz + u)

This simplifies to ¢ 4p(z). The other cases may be computed by hand. O

Corollary 12.2.2. Mob is a group under composition. There is a group
homomorphism

¢ : SLa(R) — Mob
via p(A) = pa. The kernel of ¢ is {+Is}. Thus, p(A) = @(—A) for all
Ace SLQ(R).
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Proof. Composition of functions is associative, with identity element id =
©1,- Now g 0@a-1 = @yu-1 094 = @r,. So Mob is a group, and ¢ is a
homomorphism. 4/, are obviously contained in its kernel. The next result
shows nothing else is. O

Complex derivatives will allow us to calculate the Jacobian matrices of
Mobius transformations.

Lemma 12.2.3. Let Let A = [2Y] € SLy(R). Then the complex derivative
of pa 1s given by

, 1
(12.2.3) ©a(z) = e

for z # oo, —%. Thus, @A is holomorphic on H, with nonzero complex
derivative.
Proof. Just apply the quotient rule.
a(cz +d) — c(az +b)
Pa(z) = >
(cz+d)
d

and apply that det A = 1. Regarding the last statement, neither co nor —%
lies in HL. O

Recall that we may identify C with S? via hy : S? = C. So we can ask
and answer the following.

Corollary 12.2.4. Let Let A = [25] € SLy(R). Then ¢4 : C — C is
holomorphic.

Proof. By Lemma 12.2.3, it suffices to show ¢4 is holomorphic at oo and
—%. Near —% we can consider the composite
~ oA = Mo o kv
C—=C—8S —C.
This takes z to Z’ii, which is holomorphic near —% as A is invertible:
d b
—e7 "a

Near oo we study the composite

chv, s hu, g ea g
near 0 € C. This composite takes z to
a%%—b _a+bz
c%—i—d Cc+dz

For ¢ # 0, this is covered by Lemma 12.2.3. For ¢ = 0, we apply the other

chart now in the target, getting Ziij , and the result follows. O

In particular, as maps from C to C, Mobius transformations are continu-
ous.
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Definition 12.2.5. Let A = [¢ %] € SLy(R). Write tr(A) for the trace of
A.

o We say ¢4 is parabolic if |tr(A)| = 2.
o We say @4 is hyperbolic if |tr(A)| > 2.
o We say @4 is elliptic if |[tr(A)| < 2.

Note this is well-defined as ker p = {£I}. This implies p4 = @p if and only
if B = +A. Note also that the identity map has been classified as parabolic.

These three types of transformations can be told apart by their fixed-
points. We first characterize the Mobius transformations fixing oo.

Proposition 12.2.6. The Mobius transformations fixing oo have the form
(12.2.4) M@bm:{m:A: [32] with a,bER,a>0}.
Moreover, for A in (12.2.4) we have

(12.2.5) ©a(z) = a*z + ab.

Indeed, any degree 1 polynomial of the form f(z) =rz+ s withr,s € R and
r > 0 may be written in this form.

For a = 1, va(z) = z + b is parabolic. When b # 0, oo is the only
fized-point of p4.

For a # 1, p4 is hyperbolic. Its fixed-points are co and %. In particu-
lar, the Mdébius transformations fizing 0 and oo have the form f(z) = cz for
1#¢>01inR.

In the general case of (12.2.4), we have

(12.2.6) A= [(1) alb] [g ﬂ = Ay As.

a

S0 w4 = pa, ©pa,, the composite of a parabolic transformation fixing oo
and a hyperbolic transformation fizing 0 and oo (or the identity, if a = 1).

Proof. For a general matrix A = [ 5] € SLy(R), we have ¢(c0) = 2, so
pa fixes oo if and only if ¢ = 0. Since det A = 1, this also forces d = %
Finally, since ¢4 = ¢_4, We may assume a > 0. This establishes (12.2.4),
and (12.2.5) follows by direct calculation.

When a = 1, tr(A) = 2, hence ¢4 is parabolic and p4(z) = z + b by
(12.2.5). On C, this is just translation by b € R, so if b # 0, there are no
fixed-points in C.

For a general A in (12.2.4), tr(A4) = % Consider g : (0,00) — (0, 00),
given by g(a) = “2;'1. Then ¢'(a) = “i;l is negative on (0, 1) and positive
on (1,00), so g has an absolute minimum at 1. In particular tr(A) > 2 for
a # 1, hence ¢4 is hyperbolic for a # 1. In this case, for z € C, pa(z) = 2
if and only if (a? — 1)z = —ab by (12.2.5), so the fixed-point calculation is
as stated. (|

a
c
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Proposition 12.2.7. Let A = [2}] € SLy(R), with A # +I5. Then ¢4
has either one or two fived-points in C:
(1) If o4 is parabolic, then @4 has exactly one fized-point in C, either
o0 or a point in the x-azis, R (i.e., the fixed-point is on OH).
(2) If oA is hyperbolic, then @4 has two fized-points in C, both on OH.
(3) If pa is elliptic, then there are two fived-points in C. They are
complex conjugates, and one lies in H and the other in C ~ H.

Proof. The case ¢ =0 (i.e., oo is fixed) is treated in Proposition 12.2.6. So
we assume ¢ # 0. In this case, p4(z) = z if and only if az + b = c2? + dz.
This gives a quadratic whose solutions are
(a — d) £va? — 2ad + d2 + 4bc
N 2c '
Since det A = 1, be = ad — 1, and this is equivalent to

(a—d)£+/(a+d)?—4
2¢ '

Thus, there are two distinct real roots if |tr(A)| > 2, a single, repeated real
root if |tr(A)| = 2, and a pair of complex conjugate roots if |tr(A4)] < 2. O

(12.2.7) z=

There are no situations above in which two fixed-points lie in H, so we
obtain the following.

Corollary 12.2.8. Any Mébius transformation fixing more than one ele-
ment of H is the identity. Similarly any Mdbius transformation firing single
element of H along with at least one point of OH is the identity.

This now allows the following.

Corollary 12.2.9. Let f and g be Mébius transformations that agree on
two distinct points in H. Then f = g. Similarly, if f and g agree on one
point of H and one point of OH, then f = g.

Proof. If f and g agree on both z and w, then gf~! is a Mobius transfor-
mation fixing z and w. Apply Corollary 12.2.8. O

We now show that the Mobius transformations act on hyperbolic space.

Proposition 12.2.10. Let A = [2}] € SLo(R) with ¢ # 0. Then we can
factor A as a composite

1 217t o]fo —-1][1 ¢
aze 4= L S 6] - s

The transformations @4, and pa, are parabolic fizing co. If ¢ # £1. w4, is
hyperbolic fizing oo and 0 (otherwise it is the identity). @a, is elliptic fizing
+i. Fach pa,, k=1,...,4, gives a diffeomorphism

pa,  H =W
We also have pa, : H — H. Thus, the same is true for ¢ .
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Proof. A direct calculation shows A1 A5A3A44 = [“ %;1 } Since det A = 1,
(&

this is A. We now study these matrices case by case. For B = [(1) ll’], B

translates the plane parallel to the z-axis, thus preserving H, the x-axis and

0.

For B = [8 8} , pB(2) = a’z. This preserves the sign of the pure imagin-

eary part of z, and hence preserves H and H, fixing co. the map ¢p : H — H
is a diffeomorphism, as B~! has the same form. )
The most interesting case is B = [9 |']. Here pp(z) = —1 = —Z, with

4
Z the complex conjugate of z. An easy calculation shows Im(—%) = IH;;Z)

Since 2z > 0 for z # 0, this has the same sign as Im(z). Again pp preserves
H and H. The map ¢p : H — H is a diffeomorphism as B~! = —B, hence
¢% = id. The fixed-points of pp are clear by direct calculation. O

Notation 12.2.11. The M&bius transformations in Proposition 12.2.6 are
important and will recur offen in discussion, so we establish notation for
them.

For a € R, we write p, : H — H for the (parabolic) M&bius transformation
induced by [} ¢]:

(12.2.9) Pa(z) = 2z + a.
For 0 < a € R write hq : H — H for the Mobius transformation induced
by [\/E (1) }
O ﬁ *
(12.2.10) ha(z) = az.

This is hyperbolic when a # 1 and the identity for a = 1.
The output of Proposition 12.2.6 is that each element of Mobs, may be
written uniquely in the form

(12.2.11) [ = poha
Zz+az+b

for b€ R and 0 < a € R, and that pyh, is parabolic if a = 1 and hyperbolic
if a # 1. Moreover, the Mobius transformations fixing both 0 and oo are
precisely {h, : 0 < a € R}.

Remarks 12.2.12.

(1) As we shall see, the elliptic Mdbius transformations fixing z € H
are precise analogues of the rotations about a particular point in the
Euclidean plane.

(2) An orientation-preserving isometry of R? that is not a rotation is au-
tomatically a translation, and has no fixed-points. In the hyperbolic
case, there are two families of Mobius transformations of H with no
fixed-points in H: the parabolic ones and the hyperbolic ones. Nei-
ther is a precise analogue of a FEuclidean translation, but perhaps
the hyperbolic ones are closer. Parabolic transformations do not fix
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any lines. Hyperbolic ones have a unique fixed line, and “translate”
that line along itself. For instance, the hyperbolic transformation
hq preserves the line ¢ = {ti : t > 0}. As we shall see, this line is
geodesic in H.

(3) The hyperbolic transformations h, exhibit different behavior at their
two fixed-points. The behavior depends on whether a > 1 or a < 1.
Suppose a > 1. Then oo is what’s known as an attractor for h, in
the sense that for 0 # z € H,

li "z) =
lim_hg(2) = oo,
where hg is the composite of h, with itself n times. Here, the limit
may be taken in the usual sense of we regard H as a subset of C = S?.
That is equivalent to saying that lim,, . |[|A}(2)|| = oo, using the
usual norm in C.
The fixed-point 0, on the other hand, is a repulsor when a > 1:
the iterates hy (2) get farther and farther away from 0 as n increases. )
When a < 1 it is 0 that is an attractor for h,. For z € H ~\ {oo},
: neoy
nh_}ngo hy(z) = 0.
In this case, oo is a repulsor.

(4) The fixed-point, oo, of the parabolic transformations p, is also an

attractor. For z € H,

li "(z) = oo.

Jim_pg(z) = oo
But some points start by moving away from oo before they move
toward it.

The following makes the analogy between elliptic transformations and
rotations explicit when the fixed-point is <.

Lemma 12.2.13. The isotropy subgroup, Mob;, of the complex number i €
H under the action of the Mébius transformations is

(12.2.12) Méb; = {¢r, : 0 € R},

where Ry = [g’frfg *Cgis“@e], the standard rotation matriz in SOs. Of course,

@Rg@Rw = SORQ_Hp'

Proof. This amounts to solving for A in (12.2.7) when z = i. Here Re(z) =
0 when a = d. So the discriminant is 4a® — 4 and must equal —4c?. This
reduces to a® + ¢ = 1. Since a = d and det A = 1, this forces b = —¢ and
the result follows. O

We shall see later that the elements of finite order in M6b are all conjugate
to elements of Mob;. Note that pr. = ¢_7, =id, so 6 — g, goes around
the circle double-time. We have the following.
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Lemma 12.2.14. The transformation @g, has finite order if and only if 6
is a rational multiple of . If n and k are relatively prime, g, has order
n. "

Proof. (pgr,)™ = ¢r,,, is the identity if and only if R,,9 = 1. This holds
if and only if m# is an integral multiple of . O

Remark 12.2.15. We now have what we need to understand the isotropy
subgroup

(12.2.13) Méb, = {f € Méb : f(z) = 2}

for any z € H. Lemma 12.2.13 computes Mob; and Proposition 12.2.6
computes Moby,. By Lemma 3.6.4, if f € M6b and z € H, then

(12.2.14) Méby(,) = fMéb, [,

the conjugate subgroup to Méb, by f. Note that Mob; and Mob., are not
conjugate, as the nonidentity elements of Mob; are all elliptic, while the
elements of MOby, are all either hyperbolic or parabolic. But each type of
Mobius transformation, be it elliptic, parabolic or hyperbolic, is preserved
by conjugation, as matrix conjugation preserves the trace, and

PBPAPE = PBAB-1-

This does not contradict Lemma 3.6.4, as no Mo6bius transformation takes
00, which lies in JH, to any element in H. However, these calculations are
sufficient to understand every isotropy group:

e Every element in OH has the form f(oco) for some Mobius transfor-
mation f. For a € R,

(12.2.15) go{a 0] (0) = a.

e Every element of H has the form f (i) for some Mobius transforma-
tion f. For a,b € R with b > 0,

(12.2.16) @ {\/5 ﬂ (i) = a + bi.

1
0

By (12.2.16), every elliptic transformation is conjugate to ¢p, for some 6.
By (12.2.15), every parabolic or hyperbolic transformation f is conjugate to
pphg for a,b € R with a > 0. In particular if f is parabolic, it is conjugate
to pp for some b € R. If f is hyperbolic, we shall show in Proposition 12.4.21
that f is conjugate to h, for some a > 0.

12.3. Isometric properties of M6bius transformations. We show that
Mébius transformations are Riemannian isometries of H (i.e., isometries in
the strong sense of Definition 11.1.5). We could then deduce from Proposi-
tion 11.2.9 that M6bius transformations preserve arc length and Riemannian
distance with respect to the hyperbolic metric (12.0.6). But since it is easy
to do so, we shall prove this directly.
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In other words, Mobius transformations are distance-preserving, and hence
are isometries in the naive sense we’ve been using in Euclidean and spherical
geometry.

To see that Mobius transformations are Riemannian isometries, we make
use of the factorizations in (12.2.8) and (12.2.6). The only hard step concerns
the elliptic transformation f = ¢4,, with A3 = [(1) _01]. Here,

1

L 1
fe) ===

In particular, its complex derivative is given by f/(z) = z~2. We shall apply

this to our situation using the follwing trick. The proof is left to the reader.

Lemma 12.3.1. Identify C with R? in the usual way so that x + iy is
identified with [y] for x,y € R. Then for (,w € C, the standard real inner
product (¢, w) may be calculated by

(12.3.1) (¢.w) = Re((@),
where @ is the complex conjugate of w.
We use this in the following.

Lemma 12.3.2. Let A = [(1) _01]. Then o4 : H — H is an isometry in the
sense of Definition 11.1.5.

Proof. Let f(z) = pa(z) = —2z~1. We must show that for 2 € H and for
v, w tangent vectors at z, we have

(12.3.2) (Df(2)v, Df(2)w) 2y = (v, W),
- e (DI (), Df () = o (v, w)
(Im(f(2))? ’  (Im(2))2" 7"

where this time the inner products are the ordinary inner products in R2.
Identifying the tangent space with C and applying (12.3.1) along with our
formula for f and hence f’. this says
1 1

s Re(272(27%0) = ———— Re((w

e A ) R
for all (,w € C. Since 272272 is real, ¢ and w drop out and it suffices to
show that

(22)?Im(—z"1)% = (Im(2))%

But —z7' = ZZ,so Im(—271) = IH;;Z), and the result follows. O

This was the key step in the following.

Proposition 12.3.3. Let f : H — H be Médbius transformation: f = pa
for A € SLa(R). Then f is an isometry in the sense of Definition 11.1.5.
Specifically,

(12.3.3) (Df(2)v, Df(2)w) 2y = (v, W),
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for all z € H and v, w tangent vectors at z.

Proof. It suffices to show this when A is one of the matrices in the factor-
izations (12.2.8) and (12.2.6). Lemma 12.3.2 treats the most difficult case.
The others induce parabolic transformations of the form py(z) = z+b, b € R,
or hyperbolic transformations of the form h,(z) = az for a > 0.

If f = pp, then f(z) has the same pure imaginary part as z, so the hyper-
bolic inner products at z and f(z) are identical. Since the Jacobian matrix
of py is the identity, p, is an isometry.

If f = hg then Im(p4(2)) = alm(z). The Jacobian matrix of h, induces
multiplication by a, so the result follows as in Lemma 12.3.2. O

We could now deduce a lot of important results from our chapter on
Riemannian geometry, but we prefer to prove some of the easier results
directly. The point is that H is an open subset of R?, and its geometry is
given by the “local model” in which many proofs are easier.

First, we deduce that Mobius transformations preserve hyperbolic dis-
tance and are therefore isometries in the naive sense.

Definition 12.3.4. A function f : H — H is distance-preserving, or a naive
isometry if
du(f(2), f(w)) = du(z,w) for all z,w € H.

We write Z(H) for the set of naive isometries of H.

Remark 12.3.5. Note that while composition provides Z(H) with an as-
sociative multiplication with identity element id, we do not yet know it is
a group, as we have not assumed the naive isometries are surjective. (It is
easy to show that if f : H — H is a distance-preserving surjection, then it
is bijective and its inverse function is distance-preserving.)

We studied the naive isometries in our analysis of Euclidean and spherical
geometry, and showed there that being a naive isometry is equivalent to
being an isometry in the stronger sense of Definition 11.1.5. We shall show
in Theorem 12.9.5 that the same is true in the hyperbolic case. As a result,
we will see that the maps in Z(H) are surjective and that Z(H) is a group.

The first step is showing that Mobius transformations are naive isometries.
This would follow from Proposition 12.3.3 and Proposition 11.2.9, but as
discussed above, we prefer to give a direct proof.

Corollary 12.3.6. Mdébius transformations preserve arc length: if f is a
Moébius transformation and vy : [a,b] — H is piecewise smooth, then the arc
lengths of v and f o~ are equal. By (12.0.9), f € Z(H). Thus, M6b C Z(H).

Proof. It suffices to show ||(f o) (t)[ foy) = 17/ (t)ll4(r). This is immediate
from the chain rule and (12.3.3). O

12.4. Hyperbolic lines and geodesics. We will first define the hyper-
bolic lines and then show they are parametrized by geodesic curves.
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Definition 12.4.1. Let a € R. The hyperbolic line ¢, is given by
(12.4.1) lo={z€H:Re(z) =a} ={a+bi:0<beR}
We shall refer to the points a, 00 € AH as the endpoints or points at infinity

of 4,.
Let a,r € R with » > 0. The hyperbolic line C,(a) is given by

(12.4.2) Cr(a) ={z € H: ||z—a| =7} = {(a+rcost)+irsint : 0 <t < 7},

the intersection of H with the circle of radius r with center a. The endpoints,
or points at infinity of C,(a) are the points a £ € R C 0H.
For ¢ one of the lines above, we write 9¢ for its endpoints and write

{=10U0L.

Thus, for instance, o = {ti : t > 0} U {oo}. Note that the endpoints are
never in H and never in £. We have 9/ = ¢ N OH and ¢ = ¢ N H.

In particular ¢y is the intersection of H with the y-axis and C;(0) is the
intersection of H with the unit circle.

We now wish to invoke the theory of geodesics. As we’ve seen earlier,
in the context of spherical geometry, these give parametrizations of the
“straight lines” appropriate for the geometry in question. We wish to use
the following results from Chapter 11.

(1) Distance minimizing curves are geodesic (Theorem 11.3.21).

(2) There is a unique geodesic through a given point with a given velocity
vector there (Theorem 11.3.17). This geodesic has a largest interval
on which it is defined and geodesic, and is unique on that interval
(Corollary 11.3.19).

We will prove everything else we need directly.
The following gives a geodesic parametrization of £g.

Proposition 12.4.2. Define v;; : R — H by
(12.4.3) yii(t) = iel.

Then ~;; parametrizes £y with constant speed 1 and is distance minimizing
between any two points of £y. Thus, by Theorem 11.3.21 ~; ; is geodesic.

Proof. 7} ,(t) = vi:(t). By (12.0.7)
¢
e
MOl = & = 1.

For a < b e R, ’Yi,i‘[lna,lnb] is a path from ai to bi. Its length is

Inb
(12.4.4) / (Bl dt = Inb — Ina,
! ,

na
It suffices to show this is minimal for the hyperbolic arc length of piecewise
smooth paths from ai to bi. Thus, let v : [¢,d] — H be such a path, and



A COURSE IN LOW-DIMENSIONAL GEOMETRY 381

write () = 1 (t) + iy2(t) with ~;(¢) real for i = 1,2. By (12.0.7), the arc
length of ~ is

Vi) + (%0)? I (t)] T (t)
[ ez [ S [ e
=Invyy(d) —Invyz(c) =Inb — Ina. O

Corollary 12.4.3. v;; : R — H is the unique hyperbolic geodesic with
7,i(0) =i and 7@/1(0) = i. (Here, we identify the tangent vectors at any
point of H with C, rather than R2.)

Notation 12.4.4. More generally, for z € H and w € C, ||w||, = 1, we write
Y. for the unique hyperbolic geodesic with 7, .,(0) = z and ~ ,,(0) = w.
We will see below that the domain of ~, ,, is all of R.

Since Mobius transformations preserve arc length and distance, we obtain
the following.

Corollary 12.4.5. Let f : H — H be a Mébius transformation. Then fo-y;;
is geodesic, with image f(£y).
Proof. By Corollary 12.3.6, f o ;; is distance minimizing. O
Remark 12.4.6. The situation here is similar to the parametrization of
lines in R™ by geodesics. In R™, a line has the form ¢ = x + span(u) for
z,u € R" with ||u|| = 1. A parametrization of ¢ by a geodesic is given by
€xu i R = R",
exu(t) = o+ tu.
This is the unique geodesic £ with £(0) =  and £’(0) = u. It maps onto ¢,
and the geodesic e, _,, parametrizes ¢ with the opposite orientation. (Here,
we are using ¢ to denote Euclidean geodesics.)
Consider now what happens when x is replaced by a different point, y € £.
Then y = x + su for some s € R, and
eyu(t) =+ su+tu=x+ 7s(t)u = €y 0 Ts(t),
where 7, : R — R is translation by s. Thus, €y, = €44 © Ts.
Now consider the analogous situation for the parametrization
Yii: R — Eo.

Let 0¢ : R — R be multiplication by —1 and consider the composite

Yiyi © Uo(t) = ie_t.

By the chain rule,

(i 0 00) (1) = i (—1),
0 7;,;000 has unit speed. By Lemma 11.2.2, a nonsingular reparametrization
does not change arc length, so 7, ; o g is geodesic. Now (7;; 0 0¢)’(0) = —1,
SO

(1245) 72',1' copg = ’Yi,—i-
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It parametrizes o with the opposite orientation to that given by 7; ;. There
are only two possible unit tangent vectors at i to curves parametrizing £,
so these are the only two unit unit speed geodesics parametrizing £y and
taking 0 to i.

Now consider the reparametrization v;; o 75. By the chain rule, this is
again a unit speed geodesic, this time taking 0 to v; ;(s). Since 7;; : R — £
is onto, all the unit speed geodesics parametrizing ¢y are either obtained
in this way or by precomposing these with og. In fact, we have shown the
following.

Lemma 12.4.7. The geodesic parametrizations of £y are precisely the com-
posites v;; o o, with o € Iy, the Euclidean isometries of R. Thus, if f
is a Mobius transformation, the geodesic parametrizations of f(ly) are the
composites f o~y ;o for o € 1.

Proof. The Euclidean isometries are composites 75 o 8, with § a linear
isometry. The linear isometries are induced by orthogonal matrices, which
in the 1 x 1 case are just [£1]. Of course [1] induces the identity and [—1]
induces oy. U

We will show that every hyperbolic line is the image of £y under a Mobius
transformation, and therefore is a geodesic line in H via the parametrizations
given in Lemma 12.4.7. Note first that as shown in the proof of Proposi-
tion 12.2.10, the map f(z) = rz + a is Mobius for r,a € R with r > 0.
We have f(C1(0)) = Cr(a) and f(¢y) = g, so it suffices to show there is a
Mobius transformation g with g(¢,) = C(b) for some a,r,b.

We shall also show that Mobius transformations take hyperbolic lines
to hyperbolic lines. The key for understanding the effects of the M&bius
transformations on the hyperbolic lines will be studying g(z) = —z~'.

It is useful to give new formulae for hyperbolic lines. The proof of the
following is immediate from z + z = 2Re(z) and ||z — a||?> = (z — a)(z — a).

Lemma 12.4.8. The hyperbolic line £, is given by

(12.4.6) ly={z€H: z+z=2a}.

The hyperbolic line C.(a) is given by

(12.4.7) Cola)={z€H: 2z —a(z+2) +a* =1’}

Proposition 12.4.9. Let g be the Mdbius transformation g(z) = —z 1.
Then g(lo) = €y and for a # 0, g(€y) = C_1 (—5=), the hyperbolic line with

2[al

endpoints —1 = g(a) and 0 = g(c0).
Since g®> = id this also computes the effect of g on all hyperbolic lines
having 0 as an endpoint. If neither 0 nor oo is an endpoint, then the line
has the form C.(a) with a # £r. In this case, g(Cr(a)) = C\T2ra2\ (=%=2),

the hyperbolic line whose endpoints are —— and ——L

r—a r+a’
of the endpoints of Cy(a).

the images under g
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Proof. Write g(z) = w, so that z = —L. Then the formula for g({,) is
obtained by solving

= 2a.

g+
S

This may be rewritten as
2aww + (w4 w) = 0.

If a = 0, this says Re(w) = 0, hence g(¢y) = £y. For a # 0 we can divide by
2a, getting

i Lwray Lo
w+ —(w+w)+ — = —
2a 4a2  4a?’
the formula for C%(—%)
2]a
For a # =+r, we calculate g(C,(a)) by plugging —1 into (12.4.7). A similar
calculation achieves the stated result. O

An immediate corollary is the calculation of which hyperbolic lines are
preserved by g.

Corollary 12.4.10. Let g be the Mébius transformation g(z) = —2~! and
let ¢ be a hyperbolic line. Then g(£) = £ if and only if i € .

Proof. The only line ¢, containing ¢ is £y, which is also the only line ¢,
preserved by g. The line C,.(a) is preserved by ¢ if and only if r? — a? = 1,
ie,r?=a>+1. Buta®>+1 = (a—1)(a—1) = |a —i]|?, and the result
follows. O

A more significant corollary is the following.

Corollary 12.4.11. Let ¢ be the hyperbolic line with endpoints a,b € OH
and let f be a Mébius transformation. Then f(£) is the hyperbolic line with
endpoints f(a) and f(b).

Moreover, every hyperbolic line is the image of £y under a Mdobius trans-
formation. Thus every hyperbolic line is the image of a geodesic. Up to pre-
composition with a translation, there are exactly two geodesics parametrizing
each hyperbolic line, one with each possible orientation.

Proof. If f fixes oo, then Proposition 12.2.6 gives f(z) = cz+d with ¢,d € R
with ¢ > 0, and f(¢) is the line with endpoints f(a) and f(b) by a case by
case inspection.

If f does not fix oo, the factorization (12.2.8) gives f = f3 o fa o f1 where
f1 and f3 fix oo and fa(z) = —2z~!. The identification of f(¢) follows by
composition and Proposition 12.4.9.

The lines £, are all images of £y under Mobius transformations fixing oo.
Similarly, the lines C,(a) are all images of C;(0) under Mé&bius transforma-
tions, so they are also images of £y by Proposition 12.4.9. O
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Recall that if X C H, that
(12.4.8) Smab(X) ={f € Mob : f(X) = X},
the group of all M6bius transformations that preserve X.
Corollary 12.4.12. Let ¢ be a hyperbolic line with endpoints a and b. Then
(12.4.9) Smsb () = Smsb({a, b}),
i.e., f preserves £ if and only if f preserves the two-point set {a,b}.

An important subgroup of Syisp(¢) is the set of Mdbius transformations
fixing each endpoint:

Definition 12.4.13. For z # w € H, we write

(12.4.10) Mob. , = Moéb, N Moby,,

the set of elements in M6b that fix both z and w.
The following is proven in Proposition 12.2.6.

Corollary 12.4.14. The Mobius transformations fixing 0 and oo are the
transformations hq(z) = az:

(12.4.11) Mébg oo = {hq : a > 0}.
These are hyperbolic for a # 1. The multiplication is given by
(12.4.12) hohy = hap.

These transformations deserve further study.

Lemma 12.4.15. The hyperbolic transformation h, acts on lines as follows:
(12.4.13) ha(Cr (b)) = Car(ab), ha(ly) = Lap.

Thus if a # 1, £y is the only hyperbolic line preserved by hy. On £y we can
think of hy as a translation. We can see this in its effect on geodesics:

(12.4.14) ha ©%ii =%, © Tina-
We shall refer to £y as the axis of translation for hg.

Proof. The effect of h, on lines is an easy computation. For (12.4.14), we

have

t t+lna 0

hq 07ii(t) = iae’ =ie

This will allow us to understand the full group Sysp, (4o)-

Proposition 12.4.16. Mdbg o is an index 2 subgroup of Smesn(fo). The
elements of Sysn(Lo) \ Mdbg oo form the coset

(12.4.15) (M6bg,oo)g = {hag : a € R},

1

where g(z) = —z~'. The multiplication of Syiap(Lo) is determined by

(12.4.16) ghag ' =h1 =h;t
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Thus,
(12.4.17) haghy = hag,

and the rest of the multiplication follows. In particular, (heg)? = hag? =id,
so each hqg has order 2.

The element hqg is elliptic with fized-point iv/a € £y. Thus, every element
of Smsb(bo) ~ Mdbg o is elliptic with its fized-point in £y. Moreover, every
element of Ly is the fixed-point of a unique element of Snsb(fo) ~ M6bg, oo -

On geodesics,

(12418) hag ©%Yii = Yii© Tlna00,

where oo(t) = —t.

Proof. By Corollary 12.4.12, f € Snsb(fo) \ Mdbg o if and only if f inter-
changes 0 and co. But then fg~! fixes both 0 and oo, and hence fg~! = h,
for some a € R. Hence f = h,g. (12.4.16) and the calculation of the
fixed-point are straightforward.

(12.4.18) follows from Lemma 12.4.15 once we show that go~; ; = 7;.;00p.

But

go ’ym(t) = e_ti,

and the result follows. O

Proposition 12.2.6 also determines which parabolic Mdbius transforma-
tions fix co.

Corollary 12.4.17. The parabolic Mobius transformations fizing co form
the subgroup

(12.4.19) Poo ={pp : b € R} C Mbby .
Their multiplication is given by
(12.4.20) DaPb = Datb-

Indeed, we may deduce the group structure on Moby, in the same way we
derived the group structure on Z,, from the translations and the linear isome-
tries. In both cases, the group in question is what’s known as a semidirect
product. The proof of the following is left to the reader.

Proposition 12.4.18. Each Mdébius transformation fixing oo may be writ-
ten uniquely in the form f = pyhg with a,b € R and a > 0. The multiplica-
tion is given by

Py Nay Poy Py = Pby+aibyNaras-

Behavior on lines is an important difference between hyperbolic and par-
abolic Mobius transformations. The proof of the following is obvious.

Lemma 12.4.19. The parabolic transformations in Pso act on lines as fol-
lows. For b € R, pp(ly) = Loty and pp(Cr(a) = Cr(a+0b). Thus, if b # 0, no
hyperbolic line is fized by pp.
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We may now determine the lines preserved by an arbitrary hyperbolic
Mobius transformation.

Lemma 12.4.20. Let a,b € OH. Then there is a Mdébius transformation f
with f(c0) =a and f(0) =b.

a

—<- b

Proof. If a,b € R, take f = 4 for A = [“Ib 1] For a = oo, take f = py.
a—b

For b = oo, take f = p, o g for g(z) = —z7 1. O

Recall that a nonidentity Mobius transformation is hyperbolic if and only
if it has exactly two fixed-points in H, both of which must then lie on OH.
Any other nonidentity M&bius transformation has one fixed-point in H. If
the fixed-point lies on JH, the transformation is parabolic. If it lies in H,
the transformation is elliptic.

Proposition 12.4.21. The hyperbolic Mébius transformations fixing a,b €
OH are the nonidentity elements in the subgroup Mobgy. If f is a Mobius
transformation taking oo to a and 0 to b (e.g., from Lemma 12.4.20), then

(12.4.21) Mbbg,, = f Mébo,oo £

Let £ be the hyperbolic line with endpoints a and b. Then £ is the unique line
preserved by a given nonidentity element g € Mob,y,. We refer to £ as the
azxis of translation for g, and we have

(12.4.22) Snsb () = FSmisn (Lo) f L.

Thus, Mobygp, has index 2 in Syish (€), and every element of Syisp(£) N\ Mobg p
is an elliptic transformation of order 2 fixing an element of £. Each element
of £ arises as such a fized-point.

Nonidentity parabolic transformations, on the other hand, preserve no
lines.

Proof. Since conjugation induces a bijection from M&b to itself, it preserves
intersections, so

fMébg oo f1 = f(M&bg N Mébeo) £~ = (f Mobg f~1) N (f M6beg f71)
= Moby N Mob, = M('jbmb .

By (3.6.8), the M&bius transformations preserving f(m) are the conjugates
by f of the Md&bius transformations preserving m. Since no line other than
£y is preserved by the nonidentity elements of Mobg o, no line other than
f(lop) = € can be preserved by the nonidentity elements of Méb, . Since
flly) =4, (12.4.22) follows from (3.6.8).

Regarding parabolic transformations, every parabolic transformation fixes
some a € JH, and hence is conjugate by this same transformation f to one
fixing oco. The same argument applies. ([
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Remark 12.4.22. As an open subset of R?, H has a natural orientation in
the sense of Definition 10.5.1. We simply choose the standard identification
of the tangent space at each z € H with R?. That gives a linear orientation
of the tangent space.

Recall, then, that a diffeomorphism f : H — H is orientation-preserving
if det Df(z) > 0 for all z € H and is orientation-reversing if det D f(z) < 0
for all z € H.

The following shows that Mobius transformations are orientation-preser-
ving.

Lemma 12.4.23. Let U C C be open and let f : U — C be holomorphic.
Suppose the complex derivative f'(z) # 0. Then the real Jacobian matrix
Df has positive determinant.

Thus, Mobius transformations are orientation-preserving.

Proof. Df(z) is the realification of [f'(2)]. If f'(z) = a + ib with a,b € R,

then )
a J—
i =5 |

so det Df = a2 + b2 = || f'(2)]||2. -

Lemma 12.2.3 allows us to make explicit our connection between elliptic
Mobius transformations and rotations. Recall from Lemma 12.2.13 that the
Mobius transformations preserving ¢ are precisely the transformations ¢g,,

where Ry = [‘;ﬂfg *Cgisnee], is the standard rotation matrix in SO». Explicitly,

(2) cosf z —sinf
P I e ——
YR sinf z + cos

Substituting z = ¢ into (12.2.3) gives the following.

Corollary 12.4.24. goi% (i) = e~ 2. Thus, the Jacobian matriz of pg, at i
18
cos(—20) —sin(—20)

(12.4.23) Doy () = B2 = [ 51 001 cos(—20) |-

Proof. The displayed matrix is just the realification of the complex 1 x 1
matrix [e~29]. O

Recall our geodesic 7;; : R — £y given by ~;;(t) = ie!. We saw that
17 (O)l;.¢) = 1 for all ¢. Note that ~;,(0) = 4. We shall now explicitly
compute the velocity vectors for the composites ppr, o 7;; and show this
exhausts the unit speed geodesics emanating from 1.

Let us first replace ;; with the unit speed geodesic along C;(0). We first
use (12.2.8) to map ¢y onto C;(0).

Lemma 12.4.25. The elliptic transformation g, carries £y onto C1(0).

Consider the geodesic v = @r, © Vii. Then ¥(0) = i and ~/(0) is the
4

complex number 1. Thus, v = ;1.
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Proof. The factorization (12.2.8) gives ¢r, = fso fao f1 with fi(z) =
4
z+1, fo(z) = —z7 Y and f3(2) = 22+ 1. f; takes £y to £, which is then
carried to C_%(—%) by fo (Proposition 12.4.9), and then on to C1(0) by fs.
The calculation of the velocity vector follows from (12.4.23) and the chain
rule. O
Note that when viewed via the factorization (12.2.8), the sign in (12.4.23)
comes from the orientation of C_ 1 (—%) induced by fa: fo converts the up-
ward pointing orientation of the vertical line ¢; to the left-to-right orientation
of the semicircle. The following is now immediate from (12.4.23).
Proposition 12.4.26.
(1) Let 6 € R. Then r , ©vi1 = Y;.ci0, the unique geodesic taking 0 to
-4
i with velocity vector € there. It parametrizes a hyperbolic line by
Corollary 12.4.11.
Since this accounts every possible unit vector at i as 6 varies, we

see that every geodesic in H through i parametrizes a hyperbolic line.
(2) Similarly, pr , © Y eiv = V. it0+4), SO YR , Totates the line para-

2 2
metrized by ; .iw by the angle 6 about i. The elliptic Mobius trans-
formations fixing © are indeed rotations about i.

We have justified the following.
Definition 12.4.27. The rotation p(; gy of H about ¢ by 6 is given by
(12.4.24) P(i,0) = PR

The following summarized what we know about these rotations.

NI

Proposition 12.4.28. The isotropy group Mob; is given by
(12.4.25) Méb; = {p(p) : 0 € R}.
This is an Abelian group as

(12.4.26) P(i,0)P(iap) = P(i,0+1)

Moreover p(; gy has finite order if and only if 0 is a rational multiple of 2.

If 0 = % with (k,n) =1, then p g has order n. In particular, p(; g = id

if and only if 0 is a multiple of 2m.

We now generalize this to elliptic transformations that fix points other
than ¢, obtaining that all hyperbolic geodesics parametrize hyperbolic lines.
The following is an easy calculation.

Lemma 12.4.29. Let w € H and write w = a + ib with a,b € R. Then
f(z) = bz + a is a Mébius transformation with f(i) = w and f(C1(0)) =
Cllw||(a). Moreover f o 71 = yup, the unique unit speed hyperbolic geodesic
whose value at 0 is w and whose velocity vector at 0 is a positive multiple of
L. It parametrizes Cj,||(a).
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Proposition 12.4.30. Let w € H and let f € Méb with f(i) = w. By
Lemma 3.6.4, the isotropy group Mob,, is given by

(12.4.27) Mbby, = {for,f ' : 0 € R}.
If f is the Mobius transformation of Lemma 12.4.29, then
(12.4.28) For_g F71 0 Y = Yupers-

Thus, every unit speed geodesic through w is the image of v, under a
Mébius transformation, and hence parametrizes a hyperbolic line.

Since w is arbitrary, every hyperbolic geodesic is the composite of a Mobius
transformation with ;1 and parametrizes a hyperbolic line.

More generally,

(12.4.29) fSOR_% fﬁ1 O Yw,bet = Vap,bei 0+
So fgoRigf_l rotates the hyperbolic lines through w by the angle 8 about w.
Proof. Since f~! o7, = vi1, (12.4.28) follows from Proposition 12.4.26
and the chain rule. (|
The following is a useful observation.
Lemma 12.4.31. Let f,g € Mob with f(i) = g(i) = w. Then
(12.4.30) foao "t =9pu097"
for all 6.
Proof.
frao S =grang™ & (G Ppaea )7 = pao)-

But g~'f fixes i, so g7 f = P(iqp) for some 1 and hence commutes with
pip)- The result follows. ([

In particular, the following is now justified.

Definition 12.4.32. Let f be any Mobius transformation with f(i) = w.
Then

(12.4.31) Pwoy = Fraof -
In summary, we obtain:

Proposition 12.4.33. Let w € H. The isotropy group Mob,, is given by
(12.4.32) Méby, = {p(w,) : 0 € R}.

This is an Abelian group as

(12.4.33) P(w,0)Plwap) = Plwh+v)-

Moreover p(y, gy has finite order if and only if 6 is a rational multiple of 2.

If0 = % with (k,n) = 1, then p(, gy has order n. In particular, p(, ) = id
if and only if 0 is a multiple of 2.
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Remark 12.4.34. Note that the hyperbolic transformations h, (a # 1) all
have infinite order. Since every hyperbolic transformation is conjugate to
some hg, all hyperbolic Mobius transformations have infinite order.

Similarly, the parabolic transformations pp, b # 0, all have infinite order.
Since every parabolic transformations is conjugate to some py all parabolic
Mobius transformations have infinite order.

Thus, the only nonidentity Mdbius transformations of finite order are el-
liptic, and we’ve identified their orders in Proposition 12.4.33. In particular,
we have the following.

Lemma 12.4.35. The Mobius transformations of order 2 are precisely the
rotations p(y, ) for w € H.

This leads to a reinterpretation of part of Proposition 12.4.21.
Corollary 12.4.36. Let ¢ be a hyperbolic line with 0¢ = {a,b}. Then the
nonidentity, nonhyperbolic elements of Syisn () are given by
(12.4.34) Snmisb () N Mébgp = {pw,r) : w € L}.

A consequence of this is the following.

Corollary 12.4.37. An elliptic Mébius transformation of order unequal to
2 preserves no hyperbolic line. An elliptic Mobius transformation of order 2
preserves every line containing its center of rotation (and no others).

12.5. Incidence relations and transitivity properties. The following
is a direct analogue of the Euclidean case.

Proposition 12.5.1. Two points determine a line in H. Given z # w € H,
there is a unique hyperbolic line containing z and w.

Proof. If Re(z) = Re(w) = a, then ¢, is the unique vertical line containing
z and w. Since the semicircles C,(a) are all graphs of functions of x, none
of them contain both z and w.

Now suppose Re(z) # Re(w). Then no vertical line contains both z and
w, and both points lie in C,(a) if and only if
(12.5.1) (z—a)(z—a)=(w—a)(w—a)

2z —a(z + 2) + a* = ww — a(w + ) + o
2z — a(2Re(z)) = ww — a(2Re(w)).

Since Re(z) # Re(w), this allows us to solve for a and hence 7. O

We now analyze how the Mo6bius transformations act on pairs of points.

Proposition 12.5.2. Let ( # w € H. Then there is a unique Mobius
transformation f such that:

(1) f(¢) and f(w) lie in £y.

(2) f(¢) =i.

(3) Im(f(w)) > 1.
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Proof. By Proposition 12.5.1, there is a hyperbolic line ¢ containing ¢ and
w. By Corollary 12.4.11, there is a Mobius transformation f; taking ¢ onto
{p, obtaining (1).

We can now apply a hyperbolic Mébius transformation h, (he(2) = az)
such that h, o f1(¢) = i, obtaining (2).

Now note that if g(z) = —z 7, then g(ti) = 1i for t € R. So g interchanges
the subsets of ¢y with pure imaginary parts in (0,1) and (1,00). Thus,
composing with ¢ if necessary, we obtain (3).

Uniqueness is proven in Corollary 12.2.9. O

In particular, note that the value of f(w) is forced by the hyperbolic
distance from ¢ to w. Specifically, (12.4.4) gives the following.

Addendum 12.5.3. The value of f(w) in Proposition 12.5.2 is ie?, where
d = dy(z,w).

We obtain the following.
Corollary 12.5.4. Let z # w and { # w be two pairs of points in H with
dH(Z, w) == dH(C? W),

where d is hyperbolic distance. Then there is a unique Mdbius transformation

f with f(z) = ¢ and f(w) = w.

Proof. Let d = dy(z,w). Then there are Mobius transformations g, h, with
g(2) = h(¢) = i and g(w) = h(w) = ie?. Let f = h~'g. Uniqueness is
proven in Corollary 12.2.9. O

Remark 12.5.5. There are analogous results in the plane. The correct ana-
logue is between the Mobius transformations and the orientation-preserving
isometries Oy = O(R?) (we have not yet considered the orientation-reversing
isometries of H).

The elements of O, are all translations and rotations. Nonidentity trans-
lations have no fixed-points and nonidentity rotations have exactly one fixed-
point. So any two orientation-preserving isometries of R? that agree on two
points must be equal.

It is then easy to see that given 2 # y € R?, there is a unique orientation-
preserving isometry f € Og with f(z) = 0 and f(y) on the positive z-axis.
As a consequence if z # y € R? and if z,w € R? with

d(z,y) = d(z,w),
there is a unique f € Oz with f(z) = z and f(y) = w.

In hyperbolic space we have an extra layer of information coming from
the boundary points.

Lemma 12.5.6. Let w € H and let a € OH, then there is a unique hyperbolic
line £ containing w and having a as one of its boundary points.
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Proof. This is very much like the proof of Proposition 12.5.1. If a = oo
or a = Re(w) then £ = lRe(,). Otherwise, Re(w) and a are distinct real
numbers and ¢ = C,(b) for some r and b. We must have

(a —b)* = (w —b)(w — b) = wi — 2bRe(w) + b>.

Solving this, we get b = 2(3%% and r = |a — b|. O

We obtain the following.

Proposition 12.5.7. Let £ be a hyperbolic line and let w € £. Let Of =
{a,b}. Then there are exactly two Médbius transformations taking € to £y
and w to i. One of them, say f, takes a to co. The other is gf, where
g(z) = =271 gf takes b to oo and a to 0.

Proof. The proof is much like that of Proposition 12.5.2. First find a
Mobius transformation f; taking £ onto f3. Then compose with a hyper-
bolic Mébius transformation h, so that h,f(w) = i. Then compose with g,
if necessary so that a goes to oc.

Uniqueness comes from Corollary 12.2.9. O

The following is an immediate consequence.

Corollary 12.5.8. Let £ and m be hyperbolic lines with z € £ and w € m.
Then there are exactly two Mdobius transformations taking £ to m and z to
w. They are determined by their behavior on OL. If f is one of them, then
Pw,m) 18 the other.

12.6. Hyperbolic line segments.

Definition 12.6.1. Let ( # w € H. A geodesic path from ¢ to w is a
path v|jas : [a,b] — H with v a hyperbolic geodesic of unit speed with
v(a) = ¢ and ~y(b) = w. Note that if d = dg({,w) and f is the Mdbius
transformation given by Proposition 12.5.2, then f~!o Yiil[0,q is one such
path. By Corollary 12.4.11, any other such path is obtained from that one
by precomposition with a translation 75 : [—s,d — s] — [0,d] for s € R.

We write [(,w] for the image of such a path and call it the geodesic
segment between ¢ and w. Note that precomposition of f~1 o %’,z’|[0,d] by
t — d —t gives a geodesic path from w to ¢, hence [(,w] = [w,]. We refer
to d as the length of this segment.

Of course, we set [(, (] = {(}.

Geodesic line segments in H play a role similar to that of ordinary line
segments in R™. Indeed, they form the edges of hyperbolic triangles. They
also satisfy the following important property.

Proposition 12.6.2. Let ( #w € H. Then
(12.6.1) (G = {2 € H: d(C, 2) + dia(5,w) = (o).
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Proof. Let z € [(,w] and let 7 : [a,b] — H be a geodesic path from ¢ to
w with y(¢) = 2. Then ~|(, g and iy are geodesic paths from ¢ to z and
from z to w, respectively. We have

(¢, w) = €(v) = L(V]a,e) + €(Vle) = dua(C; 2) + dm(z, w).

Conversely, suppose dy((, z) + du(z,w) = dy(¢,w). Let § : [a,c] — H be
a unit speed geodesic path from ¢ to z and € : [¢,b] — H be a unit speed
geodesic path from z to w (as can be arranged via a translation to get the
endpoints right). Define v : [a,b] — H by

_)o(t) fortela,d,
(t) = {6(75) for t € [c, b].

Then ~ is a unit speed distance minimizing path, and hence is geodesic. [J

Corollary 12.6.3. Let f € Z(H) (i.e., f: H — H is distance-preserving).
Then

(12.6.2) f([z,w]) = [f(2), f(w)] for all z,w € H.
Indeed, if v : [a,b] — [z,w] is a unit speed geodesic parametrization of
[z, w], then f(~(t)) is the unique point on [f(z), f(w)] of distance dy(z,~(t))
from f(z). Thus, f o~y is the unique unit speed geodesic parametrization of
[F(2), f(w)] taking o to f(2).
Proof. Let v be as in the statement. Then

du(f(2), f(w)) = du(z,w) = du(z,7(t)) + du(~(t), w)

= du(f(2), f(v(t))) + du(f(7(1)), f (w)).

So f(y(t)) € [f(z), f(w)] by Proposition 12.6.2. O

Corollary 12.6.4. Let f € Z(H). Then f(¢) is a hyperbolic line for each hy-
perbolic line £. Moreover, if v : R — H is a unit speed geodesic parametriza-
tion of £, then f oy is a unit speed geodesic parametrization of f({).

Proof. Let z,(,w be any three points on ¢. By Corollary 12.6.3 f(z), f((),
and f(w) all lie on the same hyperbolic line. Since two distinct points deter-
mine a hyperbolic line and since z, {, w are arbitrary, f(¢) must be contained
in a single hyperbolic line m. Moreover, since f is distance-preserving, f(¢)
must contain the two points of distance d from f(z) for each d > 0, so
f: ¢ — m is onto.

The result now follows since geodesics are distance-preserving, so f oy
must coincide with a geodesic parametrization of m. O

Corollary 12.6.5. If f € Z(H) is the identity on two points, say z and w,
then f is the identity on the line £ containing z and w.

Proof. By Corollary 12.6.4, f(¢) is a line. But then f(¢) must equal ¢ as it
contains z and w. Moreover, if v is the unit speed geodesic parametrization
of ¢ taking 0 to z, and with w on it’s “positive side”, then f o~y = . Since
¢ the image of v, f is the identity there. O
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12.7. Parallels and perpendiculars. We use the naive notion of parallel
lines:

Definition 12.7.1. Two hyperbolic lines are parallel if they do not intersect.
We say they are hyperparallel if they also do not share a common boundary
point.

Note that the lines ¢, all share oo as a boundary point, so they are parallel,
but not hyperparallel. Similarly, the lines Cj,(a) all share the boundary
point 0. They are pairwise parallel, but not hyperparallel. (We may add ¢
to this last family and retain these properties.)

Indeed, for any a € 0H, the distinct lines having a as one of their bound-
ary points are pairwise parallel but not hyperparallel. We can see this by
applying a parabolic transformatiion to the preceding example.

On the other hand, the lines C,(0) are pairwise hyperparallel as r varies.

Hyperbolic space satisfies the antithesis of the Parallel Postulate.

Proposition 12.7.2. Let ¢ be a hyperbolic line and let w € H ~ £. Then
there are infinitely many hyperbolic lines through w parallel to £.

Proof. We first assume ¢ = ¢y = {z € H : Re(z) = 0}. Let w € H \ 4.
Write w = z+1iy with z,y € R. For simplicity, assume x > 0. The argument
for negative x is similar.

Of course ¢, = {z € H : Re(z) = =z} is parallel to ¢y and contains w.
We now ask which of the lines C,(a) contain w. Of course, for a € R, there
is a unique such line: the one with r = ||w — al|. So we now ask whether
C|lw—q| (@) intersects £o.

An intermediate value theorem argument shows that CHw—aH(a) Nty =10
if and only if @ > ||w — al|. An easy calculation shows this is equivalent to

2 2
> 7ty 7
2z
leaving infinitely many possibilities for a. Note that of the infinitely many

lines through z parallel to £y only two of them fail to be hyperparallel to £y:

ly and Cjy_q|(a) for a = %

For a general line ¢, let f be a Mobius transformation with f({y) = ¢.
Then ¢ and m are parallel if and only if ¢y and f~!(m) are parallel. So
apply the preceding argument with w replaced by f~!(w) and take the

images of the resulting lines under f. O

Just as in R™ and S™, the geodesics provide parametrizations, and hence
orientations of hyperbolic lines. We use them to calculate directed angles
between oriented lines in H. Note that since any pair of distinct points in
H is contained in a unique hyperbolic line, two nonparallel hyperbolic lines
intersect in exactly one point (precisely as was the case in R2, but different
from the behavior in S?).
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Definition 12.7.3. Let £ and m be intersecting lines in H, with £Nm =
z =x+ iy with z,y € R. Let v : R — £ and 6 : R — m be unit speed
geodesics parametrizing ¢ and m, respectively, with v(t) = d(s) = z. Then
1Y )]l = 16'(s)]|. = 1, so 7(t) = ye® and §'(s) = ye'¥ for 6, € R. We
define the directed angle from ¢ to m to be ¢ — 6.

Note this is precisely the Euclidean directed angle between the oriented
tangent lines to £ and m, where the orientations of the tangent lines are given
by the velocity vectors to the geodesics chosen. Just as in the Euclidean case,
a direct calculation of dot products shows the following.

Lemma 12.7.4. Keeping the notations above, the unsigned angle between £
and m with respect to these orientations is cos~((v'(t),d'(s)).).
Definition 12.7.5. The hyperbolic lines ¢ and m are perpendicular (written
¢ 1 m) if the unsigned angle between them is 7. Note this is independent
or orientations as § =7 — 5.

In particular, perpendicularity depends only on the tangent lines and not
on their orientation:

Corollary 12.7.6. Two hyperbolic lines are perpendicular if and only if
their tangent lines are perpendicular at their point of intersection.

A key here is the observation we made in spherical geometry that if ~ :
(a,b) — S™ is smooth, then +/(t) is orthogonal to ~(¢) for all t. Applying
this to circles in R? and allowing the center and radius to vary, we obtain
the following.

Lemma 12.7.7. Let z € Cr(a). Then the tangent line to C.(a) at z is the
Euclidean line through z perpendicular to the Fuclidean segment Za (i.e.,
the radial segment in C,(a) ending at z).

Of course, the tangent line to ¢, at any point is £,.
Corollary 12.7.8. /¢, is perpendicular to C,(b) if and only if a = b.

Proof. /, is perpendicular to C,(b) if and only if the tangent line to C,(b)
at z = £, N Cr(b) has slope 0. The standard Euclidean parametrization of
Cr(z) shows this to be the case if and only if Re(z) = a. O

Of course if a # b, then £,N¢, = (), and the two lines are not perpendicular.

Corollary 12.7.9. There is a unique hyperbolic line perpendicular to ¢,
through any point z € H. It is the line C),_q(a).

Proof. This is the only line of the form C,(a) containing z. O
Lemma 12.7.7 has another important and immediate consequence.

Corollary 12.7.10. Let C.(a) and Cs(b) be intersecting hyperbolic lines with
z=Cr(a)NCp(b). Then Cr(a) and Cs(b) are perpendicular if and only if the
line segments az and bz are perpendicular.
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A very important result is the following. For unsigned angles, this would
follow from Lemma 11.2.12. We prove the signed case here directly.

Proposition 12.7.11. Mdébius transformations preserve directed angles: if
£ and m be nonparallel hyperbolic lines f is a Mobius transformation then
the directed angle from € to m is equal to the directed angle from f(£) to

f(m).

Proof. Let v and § be geodesics parametrizing £ and m respectively, with
~v(t) = 6(s) = z. Then f o~ and fod are geodesics parametrizing f(¢) and
f(m), respectively.

The result now follows from the chain rule and the simple fact that f
is holomorphic (complex differentiable). The Jacobian matrix D f(z) is the
realification of the complex matrix f/(z). If f/(2) = re®¥, then Df = rRy,
the scalar r times the rotation matrix Ry. Multiplication by R, preserves
directed angles, as does scalar multiplication. O

And now we get a nice bonus from our clear picture of the perpendiculars
to £g. In words: we can “drop a perpendicular” from any point in H to any
hyperbolic line. Perpendiculars are unique in H in a way parallels are not.

Corollary 12.7.12. Let £ be a hyperbolic line and let z € H. Then there is
a unique hyperbolic line through z perpendicular to £.

Proof. Let f be a Mobius transformation taking ¢y onto £. Then m is a
perpendicular to ¢ containing z if and only if f~!(m) is a perpendicular to
{o containing f~1(2). O

Perpendicularity may be used to characterize hyperparallel lines.

Proposition 12.7.13. Let £ and m be hyperparallel hyperbolic lines. Then
there is a unique hyperbolic line n perpendicular to both £ and m.
In the special case that ¢ = £y and m = C,(a) we can calculate n explicitly:

(1271) n = CW(O)

Proof. We first consider the special case. Here, since n 1 ¢y, it must have
the form C;(0) for some ¢t > 0. Let z = C¢(0) N C;(a). By Corollary refper-
pendicularcircles, 0, a and z form the vertices of a right triangle with right
angle at z. By the Pythagorean theorem,

la = 0] = [l= = Of]* + [|2 — af|*.

But ||z|| =t and ||z — a|| = r, hence a? = t? + 72, as claimed. This gives the
uniqueness and formula for n. The existence follows from the assumption
that ¢ and C,(0) are hyperparallel, as then r < |a|, so we may realize this
equation with an actual line C;(0).

The general case follows from this one by applying a Mdbius transfor-
mation f with f(fp) = £. Since f~1(m) is hyperparallel to f=1(¢) = £y, it
cannot have the form /¢,, so the special case does apply. ([
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This now characterizes hyperparallel lines.

Corollary 12.7.14. Two hyperbolic lines are hyperparallel if and only if
they have a common perpendicular.

Proof. It suffices to show that if £ and m have a common perpendicular,
n, then they are hyperparallel. Let f be a Moébius transformation with
f(€o) =n. Then f~1(¢) and f~!(m) are both perpendicular to £y and hence
may be expressed as C,(0) and Cs(0) for r # s. But then f~1(¢) and f~1(m)
are hyperparallel, hence ¢ and m are also. O

12.8. Reflections. Mobius transformations are holomorphic and expressed
as fractional linear transformations in the complex variable z. Hyperbolic
reflections all involve complex conjugation. Since perpendicularity to the
hyperbolic line £y is so easy to understand, we will start by defining the
reflection across £y.

Definition 12.8.1. The hyperbolic reflection, oy,, of H across ¢ is defined
by

(12.8.1) o4 (2) = —Z.
In particular, if z = x + iy with z,y € R, then o/, (2) = —z + 1y.
The following is immediate.

Lemma 12.8.2. The reflection o4, preserves H and satisfies 030 =1id. The
Jacobian matriz of oy, is

(12.8.2) Doy(2) = [_01 (1)]

for all z € H. Thus, o4, : H — H is a diffeomorphism.
The fized-points of oy, are precisely the elements z € H with Re(z) = 0.
In other words, H% = (.

Continuing the discussion in Remark 12.4.22, that Doy, (z) < 0 for all z
implies the following.

Corollary 12.8.3. oy, : H — H s orientation-reversing.

Note that oy, is R-linear and equal to it’s Jacobian matrix at any point.
In fact, oy, : R? — R? is an orientation-reversing linear isometry. Since
it preserves the pure imaginary part of a complex number z, it is also a
hyperbolic isometry:

Lemma 12.8.4. The reflection oy, is an isometry of H in the sense of
Definition 11.1.5:

(12.8.3) (Doy, (2)v, Dago(z)w>0£0(z) = (v, w),

for all z € H and all tangent vectors v,w at z. Moreover, oy, preserves arc
length and hyperbolic distance. Thus oy, o v is geodesic for every geodesic
v:R — H and o4, € Z(H).



398 MARK STEINBERGER

The fized-point set H% of oy, is precisely £y, i.e.,

(12.8.4) bo={z€H:04(z) ==z}
The effect of a4, on hyperbolic lines is easily computed:
(12.8.5) o1,(la) =Ll—q and o4,(Cr(a)) = Cr(—a).

In all cases oy, (€) is the line with boundary points oy, (0L).
Finally, if ¢ and m are oriented lines, then the directed angle from oy, ({)
to oy, (m) is the negative of the directed angle from £ to m.

Proof. Let A = [*01 (1)] For (12.8.3), if z = x + iy with x,y € R, then

(Do, (2)v, Doy, (2)w) Av - Aw) = y12(v cw) = (v, w),.

1
opy(2) = ?(

Here, - is the standard dot product and the second equality is because A is
an orthogonal matrix.
Let 7 : [a,b] — H be piecewise smooth. Then (12.8.3) implies that

(e © ) O)llgyovy = 17 Bl

for all ¢, hence oy, o v and 7 have the same arc length.

(12.8.4) and (12.8.5) are easy calculations. Regarding angles, let £Nm =
z = x+1y. Let v and § be unit speed geodesic parametrizations of £ and m,
respectively, with y(t) = §(s) = z. Write 7/(t) = ye’® and ¢'(s) = ye™¥. Then
the chain rule shows that (oy, 0) (t) = ye'™=? and (0y, 06)'(s) = ye'("=%),
and the angle is reversed, as claimed. ([l

Corollary 12.8.5. Let { be a hyperbolic line. Then oy, preserves ¢ if and
only if either £ = £y or £ L {g.

Proof. C,(a) L ¢y if and only if a = 0. O

Definition 12.8.6. The perpendicular bisector of a geodesic segment [z, w]
is the unique hyperbolic line through the midpoint M of [z, w] perpendicular
to the hyperbolic line containing z and w.

Lemma 12.8.7. Let z € H \ {y. Then £y is the perpendicular bisector of
[27 T4 (z)] :

Proof. Note first that ||z]| = ||og,(2)]|, as oy, merely alters the sign on the
real part of z. Thus, o4,(2) € C)j(0), the unique line through z perpendic-
ular to £o. Let M =i[z|| = C);(0) N lo. Then M is fixed by oy,. Since oy,
is an isometry,

(12.8.6) dH(Z,M> = dH(UgO(Z),M>.

Since M lies on the geodesic segment between z and oy, (z) and since geodesics
minimize arc length,

(12.8.7) du(z,00,(2)) = du(z, M) + du(M, 04,(2)) = 2du(z, M),
so M is the midpoint of that segment. O
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The following is by now an expected property of perpendicular bisectors.
Proposition 12.8.8. Let z €¢ H~\ ¢y. Then
(12.8.8) lo={CeH:du(z{() =du(og(z),)}
Proof. Let ¢ € {y. Then ( is fixed by oy,. Since oy, is an isometry, we get

dH(Z7 C) - dH(Ufo(z)a UZO(C)) - dH(U&)(z)a C)u

as claimed.

Conversely, suppose dp(z,¢) = du(oe,(2), (), and suppose ¢ & ¢y. Then
Re(¢) # 0. Then Re(¢) has the same sign as exactly one of z and oy, ().
Suppose both Re(z) and Re({) are negative. The other cases are similar.

By the intermediate value theorem, [z, 0y,(()] intersects £y, by necessity
in one point, w, as two distinct hyperbolic lineshave at most one point of
intersection. And [z, (] cannot intersect ¢y, as nonvertical hyperbolic lines
are implicitly functions of x.

¢ e, (€)

Lo

By assumption,
du(z, Q) = du(o¢,(2), ¢) = du(oe,(2), w) + du(w, ¢) = du(z, w) + du(w, (),

as oy, is an isometry fixing w. But this forces w € [2,(] by Proposi-
tion 12.6.2, contradicting that [z,{] N ¢y = 0. O

We can use this detailed understanding of oy, to study the hyperbolic
reflection across an arbitrary hyperbolic line.

Proposition 12.8.9. Let £ be a hyperbolic line and let f be a Mobius trans-
formation with f(ly) = €. Then the fized-point set /o0l ™ s equal to .
Moreover, let z € H . ¢ and let m be the perpendicular to £ containing z.
Let M = mnN¥{ and let w be the unique point on m unequal to z with

dH(w, M) = dH(M, Z)

Then fou, f~1(2) = w and ¢ is the perpendicular bisector of [z,w]. As was
the case for ly,

(12.8.9) 0= 1{CEeH: dy(z () = du(ou(2), O}
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Note this is independent of the choice of f: if g is another Mdbius trans-
formation with g(y) = £, then goy,g~ " will have exactly the same effect on
each element of H as foy, f~1 does. Le.,

(12.8.10) fowf " =gong™" if f(lo) = g(t) = L.
For such an f, we write
(12.8.11) or = for /™",

and call it the reflection of H across L.

Proof. That H/7%/ ™" = f(H%%) is shown in the proof of Lemma 5.5.3. Of
course, f(H%%) = f(ly) = ¢.

Let z and m be as in the statement. Since Mobius transformations pre-
serve angles, f~1(m) is the perpendicular to f~!(¢) = £y containing f~!(2).
Now oy, (f~1(2)) is the unique point on f~!(m) other than f~1(z) with

dia(06, (f71(2)), f7H(M) = du(f~H (M), f(2))-

Now, apply f to this picture, and the result follows. O
The situation of Proposition 12.8.9 is generic for perpendicular bisectors.

Corollary 12.8.10. Let z # w € H and let £ be the perpendicular bisector
of [z,w]. Then oy(z) = w. Thus,

(12.8.12) ¢={¢eH:dy(z() =dy(w,{)}.
Proof. This comes out of the description of o, in Proposition 12.8.9. [l

Proposition 12.8.9 does not give an explicit calculation of oy, but that can
be done as an exercise. Since Mobius transformations are angle-preserving
isometries and oy, is an angle-reversing isometry, we obtain the following.

Corollary 12.8.11. Let ¢ be a hyperbolic line. Then oy is an isometry of
H in the sense of Definition 11.1.5:
(12.8.13) (Doy(2)v, Dog(2)w) g, () = (v, W)

for all z € H and all tangent vectors v,w at z. Moreover, o; preserves arc
length and hyperbolic distance. Thus oy o 7y is geodesic for every geodesic
v:R— H and o € Z(H).

Ifn and m are oriented lines, then the directed angle from o¢(n) to oyf(m)
is the negative of the directed angle from n to m.

The following is a consequence of Corollary 12.8.5.

Corollary 12.8.12. Let ¢ and m be hyperbolic lines. Then oy preserves m
if and only if either m = £ or m 1 £.

Proof. Let f be a Mébius transformation with f(¢p) = ¢. We claim that
fou, f~! preserves f(n) if and only if oy, preserves n:

fou I7Hf) =f(n) & fog(n)=f(n)
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& og(n) =n,

where the last equivalence is obtained by applying f~! to the previous one.
Thus, fog, f~! preserves m if and only if oy, preserves f~1(m). O

12.9. Generalized Mo6bius transformations. We define a larger class
of transformations that includes both the Mdbius transformations and the
hyperbolic reflections.

Definition 12.9.1. Let
SLy(R) = {4 € GLy(R) : det A = £1}.
For A=[2b] € SLy(R) with det A = —1, define ¢4 : C — C by
azZ+b d

c+d 7 o
(12.9.1) pa(2) =< o oY
C
a
— z = OQ.
C

This extends the definition of ¢4 for A € SLy(R). The generalized Mdbius
transformations are now given by

(12.9.2) Mob = {4 : A € SLy(R)}.

The following is a straighforward calculation, similar to the one for Lem-
ma 12.2.1. The only difference is that conjugation gets applied at most twice
in the calculation, depending on the determinants of the two matrices.

Lemma 12.9.2. Let A, B € SLy(R). Then,
(12.9.3) VA0 PB = PAB-
Thus, there is a group homomorphism ¢ : SLy(R) — Méb wvia V(A) = paq.

Corollary 12.9.3. Let A= [}b] € SLy(R) with det A = —1. Then
—a b
(12.9.4) w4 =poy, for B= {—c d} .

Here, det B =1, hence pp is Mobius.
Thus, MoOb has index 2 in Mob, with

(12.9.5) Mob = Mob UMab oy, .

Proof. Let J = [ 7]. Then ¢; = oy, so (12.9.4) is immediate from

Lemma 12.9.2. Thus, any element of M6b ~. M6b must lie in the right coset
MGéb oy, and (12.9.5) follows. In particular [m : M6b] = 1 or 2, depending
on whether oy, is Mobius. But nonidentity Mobius transformations have at
most one fixed-point in H, and o4, has an entire hyperbolic line of fixed-
points, so oy, is not Mdobius, hence [1\71513 : Mob] = 2. O
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Another proof that the index is 2 and not 1 comes from the fact that every
element of Mob is angle-preserving, while every element of M6b oy, is angle-
reversing. This, of course, is a result of the fact that Mobius transformations
are orientation-preserving, while oy, is orientation-reversing.

Corollary 12.9.4. Generalized Mobius transformations induce diffeomor-
phisms from H to H and extend to mappings from H to H. In addition, they
are distance preserving and hence lie in Z(H).

For any generalized Mobius transformation f and any hyperbolic line £.
f(0) is the line with boundary points f(0OF).

Proof. Both Mobius transformations and oy, have these properties. O

In particular, Méb € T (H). We now show the two are equal, and hence
that Z(H) is a group, as claimed. Note that, just as in the Euclidean and
spherical cases, we have not assumed the elements of Z(H) are continuous.
So the following is striking, as before.

Theorem 12.9.5. Fvery distance-preserving transformation of H is a gen-
eralized Mobius function.

Proof. Let f € Z(H). Since f preserves distance, dy(f(7), f(27)) = du(i, 27).
By Corollary 12.5.4, there is a Mobius transformation g with g(:) = f(i) and
g(2i) = f(2i). Replacing f by g~ f, we may assume f(i) = i and f(2i) = 2i.
By Corollary 12.6.5 this implies f is the identity on .

By Corollary 12.8.10, if f is the identity on two points z and w and if £ is
the perpendicular bisector [z, w], then f(¢) = £. Note that each hyperbolic
line of the form C,(0) is the perpendicular bisector of the geodesic segment
joining a pair of points on ¢y. Thus f(C,(0)) = C,(0) for all » > 0.

For a fixed r and z € C.(0) \ ¢y, ir is the midpoint of the segment
[z, 04,(2)]. Since ir is fixed by f, f(2) € {z,0¢,(2)}. In particular, one of f
and oy, o f is the identity on ¢y U {z}, and hence on C,(0) as well, as it is
the identity on two points of that line. Replacing f by oy, o f, if necessary,
we may assume f is the identity on ¢y U C,(0).

If f were continuous, this would be enough to deduce that f is the identity
on all of H. But the same argument holds for every r: for » > 0, f coincides
either with the identity or with o4, on C,(0).

There are, of course, infinitely many possible r to choose from. We claim
it is enough to know that f is the identity on exactly two of them. Suppose
this is the case. Say f is the identity on C,(0) and Cs(0) with 0 < r < s.
Then for each a € (—r,7), ¢, meets each of these lines in a point, and hence
f is the identity on two points of ¢,. By Corollary 12.6.5, f is the identity
on all of ¢,. But each line C;(0) then has infinitely many points on which it
is the identity, so f is the identity on C;(0). Since each z € H lies on C. (0),
f is the identity everywhere.
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But, of course, if f were the identity on only one line C,(0), then it must
coincide with oy, on all the others, leading to a contradition, as then oy, o f
is the identity everywhere by the argument above. ([

Recall that hyperbolic reflections have the form foy, f~! for f Mébius,
and hence are orientation-reversing generalized Mobius transformations. So
what do the other generalized M&bius transformations look like? As in the
Euclidean case, there are also orientation-reversing hyperbolic isometries
that have no fixed-points in H. Indeed, they are enough like glide reflections
that we’ll call them that.

Definition 12.9.6. A hyperbolic glide reflection is a composite hoy with
h a hyperbolic transformation whose translation axis is . We call this its
standard form and call /¢ its axis.

As usual, we shall study these by first considering the case where ¢ = /.
The following is an easy calculation and is left to the reader.

Lemma 12.9.7. Let a > 0, a # 1. Then the hyperbolic Méobius transforma-
tion hq commutes with oy,. Let f = hqoy,, a glide reflection with azis {o.
Then
H/ = {0, 00}.
On lines, we have f(ly) = {_qp and f(Cr(b)) = Car(—ab). Thus, the only
line preserved by f is lyg. On ly, f agrees with hy.
Since h, commutes with oy, we have

(12.9.6) f2 = (haoy,)* = h204,% = h2 = hye,
a hyperbolic Mébius transformation with axis £g.

Corollary 12.9.8. Let f = hoy be a hyperbolic glide reflection in standard
form (so that h is a hyperbolic Mdbius transformation with translation axis
l). Then h commutes with oy and the only line preserved by f is £. Moreover,

(12.9.7) H/ = a¢.
Since h commutes with oy, we have
(12.9.8) f* = (hoy)? = ha? = h?,

a hyperbolic Mobius transformation with axis £.

Proof. Let g be a Mobius transformation with g(¢g) = £. Then g~ 'hg is
hyperbolic with translation axis ¢y and g~ 'oyg = 04, So g~ thg = h, for
some a # 1 and it commutes with o,,. Moreover, g~'fg = h,0y, and the
result follows by conjugating that by g. O

The following observation is useful.

Lemma 12.9.9. An orientation-reversing isometry of H fizes exactly two
points of OH.
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Proof. The orientation-reversing isometries have the form f = 4 with
A=[2b] € SLy(R) of determinant —1. For z € R C 9H, z # —4¢,
ar+b

(12.9.9) fla) ="

As in the Mdbius case, f fixes oo if and only if ¢ = 0, in which case f(z) =z
when ax + b = dz. Since ad = det A = —1, a # d and there is a unique
solution for x € R.

If 0o is not fixed, the real solutions of f(x) = z are the solutions of

ar + b= cx® + dx,

which are the roots of the quadratic cx?+ (d—a)z —b = 0. The discriminant
here is (d — a)? + 4bc. Since det A = —1, 4bc = 4ad + 4, so the discriminant
is tr(A)? + 4, which is strictly positive, providing two real roots. ([

We obtain the following analogue of the Euclidean case.

Theorem 12.9.10. FEvery orientation-reversing isometry f of H is either
a reflection or a glide reflection.

Proof. By Lemma 12.9.9, f fixes exactly two points of 9H. Let ¢ be the
hyperbolic line with these two points as its endpoints. Then fo, is a Mobius
transformation fixing the two boundary points d¢. In particular, either
foy is the identity (in which case f = oy), or fo, is a nonidentity Mdbius
transformation fixing these two points. In this case, fo, must be a hyperbolic
Moébius transformation h with translation axis £. But then f = hoy is a
hyperbolic glide reflection with axis /. O

The following will be useful.

Corollary 12.9.11. Let f # id be a hyperbolic isometry with ¢ C Hf for
some hyperbolic line £ Then f = oy.

Proof. Reflections are the only nonidentity isometries of H with more than
one fixed-point in H. Moreover, H%¢ = /. O

The following could also be proven directly, using Proposition 12.8.9 and
the fact that p( >(€0) = C1(0).

. T
7/,5

Corollary 12.9.12. The reflection across C,(0) is given by

r2
12.9.1 = —.
(12.9.10) oc.0)(2) = ~
The reflection across £, is given by
(12.9.11) o, (2) =2a — Z.

Proof. C.(0) ={z €H:22=1}. {, ={2z€H:z+z=2a}. O
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12.10. Calculus of isometries. As in the Euclidean case, we show every
orientation-preserving isometry of H is the product of two reflections. As
usual, we start with examples we can analyze easily and extend by conju-
gating.

Lemma 12.10.1. The composite of the reflections in two distinct lines cen-
tered at 0 is given by

(12101) UCT(O)UCS(O) = h(£)2,

a hyperbolic Mobius transformation with translation axis €y. Given positive
real numbers a and r, there are unique positive real numbers s and t with

(12.10.2) ha = 0¢,(0)9¢,(0) = 9¢,(0)7¢,(0)-

The composite of two reflections in vertical lines is given by

(12.10.3) 00,0t = P2(a—b)>

a parabolic Mobius transformation fizing co. Given real numbers s and a,
there are unique real numbers b and ¢ with

(12.10.4) Ds = 04,00, = 00,04,
Proof. These are easy calculations based on Corollary 12.9.12. (]

We can immediately extend this to general cases. Recall from Proposi-
tion 12.7.13 that if £ and m are hyperparallel, there is a unique line perpen-
dicular to both.

Proposition 12.10.2. Let £ and m be hyperparallel lines and let n be the
unique line perpendicular to both. Then opo, is a hyperbolic Mébius trans-
formation with n as its axis of translation.

Given a hyperbolic Mobius transformation h and a line £ perpendicular to
its translation axis, n, there are unique hyperbolic lines my and mo perpen-
dicular to n such that

(12.10.5) h = 0y0m;, = Om,0y.

Proof. If £ and m are hyperparllel and n is perpendicular to both, then n
is preserved by both ¢, and o,,, and hence is preserved by their composite.
Their composite is orientation-preserving, and hence is hyperbolic with n as
its translation axis by Proposition 12.4.21.

Now given a hyperbolic Mobius transformation A and a line ¢ perpen-
dicular to its translation axis, n, let f be a Mobius transformation with

f(lp) = n. The existence and uniqueness of m; and my follow by applying
(12.10.2) to hq = f~1hf and C,.(0) = f~1(£); then apply f to the results. [

The parabolic case is the following.

Proposition 12.10.3. Let ¢ and m be distinct parallel hyperbolic lines that
are not hyperparallel. Let {Nm = x € H. Then op0., is a parabolic Mdbius
transformation fixing x.
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Given a parabolic transformation p fizing x and a hyperbolic line ¢ with
x € O, there are unique hyperbolic lines m and n with Om N On = x such
that

(12.10.6) D= 0¢0m = Opnoy.

Proof. Let f be a Mobius transformation taking oo to z. Apply f~! to the
lines, replace p by f~!pf, and apply Lemma 12.10.1. O

Composition of reflections across intersecting lines has the expected be-
havior.

Proposition 12.10.4. Let £ and m be hyperbolic lines with £ N m = w.
Then

(12.10.7) Te0m = P(w,0)s
where 0 is twice the directed angle from m to L.

As in the Euclidean case, since we’re doubling the angle, it doesn’t matter
how we orient the two lines when calculating the angle. This will come out
in the proof.

Proof of Proposition 12.10.4. The composite f = o0, is orientation-
preserving, and hence is a Mobius transformation. Since both oy and o, fix
w, so does f. So f = p(y, ) for some ¢ and it suffices to calculate 6.

To do so, we choose orientations of £ and m. These will determine the
directed angles we need. The angle of rotation is then given by the directed
angle from m to f(m). Since m is fixed by o, f(m) = o¢(m).

Since angles are determined mod 27, the angle from m to o,(m) is the
sum of the angle from m to ¢ and the angle from ¢ to o;(m). The latter
is the angle from oy(¢) to oy(m), which in turn is the negative of the angle
from ¢ to m, as reflections reverse angle measure. But the negative of the
angle from £ to m is the angle from m to ¢, and the result follows. O

12.11. Exercises.

1. Let ¢ be a hyperbolic line and let w € H ~ ¢ Show there is a one-to-

one correspondence between the lines through w hyperparallel to /¢

and the lines perpendicular to /.

Show that f(z) = 1 is the reflection across Cy(0).

Find the formula for the reflection across C;(a).

Find the formula for the reflection across #,.

Let T be the hyperbolic triangle with vertices at ¢, 1+2¢ and —1421.

(a) What are the measures of the angles in 77

(b) What is the angle sum as a fraction of 7?7

(¢) What are the hyperbolic lengths of the sides of 77

(d) How do the above measurements compare to the Euclidean
lengths and angles on the Euclidean triangle connecting those
three points?

G
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7.

10.

11.

12.
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Show that ¢, 1 +¢ and —1 + ¢ are not collinear in H despite being
collinear in the Euclidean plane.

Find a hyperbolic line ¢ perpendicular to both C;(0) and Ca(5).

(a) What are the values of its intersections with C;(0) and Ca(5)?
(b) Find the eigenvalues of the matrix A € SLo(R) inducing

9¢1(0)9¢5(2)-
. Let1 T bz the hyperbolic triangle with vertices %i, % + %2 and

(a) Show that T is equilateral with centroid 4.

(b) Calcluate the angles of T'.

(¢) What is the perpendicular bisector, ¢, of the geodesic segment
[%z, % + %1]7

(d) Find the formula for o, and verify that it interchanges the end-
points of the above segment.

(e) Calculate ooy, .

. Show that Sysh(£o) is isomorphic to the group O({) of orientation-

preserving symmetries of a Euclidean line in R2.

Show that Sz (o) is isomorphic to the group 8(¢) of symmetries
of a Euclidean line in R?.

Show that Mob; = Sz ({i}) is isomorphic to O(2) = 8§({0}), the
group of Euclidean symmetries of {0} in R2.

Let ¢ and m be hyperbolic lines. Show that o, and o, commute if
and only if either £ = m or £ 1 m.
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Appendix A. Spaces with identifications

The topological spaces we study in this book will all be quotient spaces
of metric spaces. We shall only be as general as we need to be in defining
these.

A.1. Metric topology.

Definition A.1.1. A metric on a set X is a distance function
d: X x X —1[0,00)CR
with the following properties.
(1) dis symmetric: d(x,y) = d(y,x) for all z,y € X.
(2) d is positive-definite: d(x,y) = 0 if and only if z = y.
(3) The triangle inequality holds: d(z,y) < d(z,z) + d(z,y) for all
x,y,z € X.

Properties (1) and (2) and a strengthened version of (3) are satisfied by
the Euclidean distance function by Proposition 2.3.8.

A topological space consists of a set X together with a notion of which
subsets U C X will be considered open.

Definition A.1.2. A metric space consists of a set X with a metric d as
above, and we declare that U C X is open if for each x € U there exists
€ € (0,00) such that
dlz,y)<e = yel.

We write

Be(z) ={y € X : d(z,y) < €}
and call it the open ball about x of radius e. Thus, our definition of open
set in a metric space X is that U is open if and only if for each x € U there
is an open ball about = contained in U.

Example A.1.3. In the real numbers R, the distance between points z and
y is |x — y|. Thus, Bc(z) is the open interval
(A.1.1) Be(z) = (x —€,x +€).
Now let a < b and let x € (a,b). Set € = min(|x — al,|z — b|). Then
B(x) C (a,b). So (a,b) is open.

Similarly, (a,c0) and (—oo,b) are open.

We shall need the following.
Lemma A.1.4. B.(z) is open in X.

Proof. This is a consequence of the triangle inequality. If y € B.(z) and
let d = d(z,y). Then d < ¢, so e —d > 0. We claim that B._4(y) C Be(z),
and that will complete the proof that B.(z) is open.

Thus, let z € Be_4(y). Then

d(z,z) < d(xz,y) + d(y, 2)
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<d+(e—d)=¢
by the triangle inequality. So z € B(z). O

By the definition of open set, an arbitrary union of open sets is open. We
obtain the following.

Corollary A.1.5. A subset of a metric space is open if and only if it is a
union of open balls.

More general topological spaces are required to satisfy the following ax-
ioms.

Definition A.1.6. A topology for a space X consists of a collection U of
subsets of X, the open subsets of X, satisfying:

(1) O and X are open (i.e., lie in U).

(2) The union of an arbitrary collection of open sets is open.

(3) The intersection of any finite collection of open sets is open.

X, together with a topology, is a topological space. The elements of X are
called its points.
For a point z € X, a neighorhood of z is an open set containing it.

Of course, inductively, (3) is equivalent to saying that the intersection of
any two open sets is open.

Definition A.1.7. The open sets in a metric space clearly satisfy (1)—(3),
and hence form a topology on X. We call it the topology induced by the
metric d. Different metrics on X may induce different topologies. But
sometimes different metrics will induce the same topology

We call a topological space metrizable if its topology is induced by some
(often unspecified) metric on X.

Examples A.1.8. There are two obvious topologies one could place on a
set X.

(1) The discrete topology on X is the one in which every subset of X
is open. Since arbitrary unions of open sets must be open, this is
equivalent to saying each point in X is open.

(2) The indiscrete topology on X is the one in which the only open sets
are () and X.

If X has more than one point, then the indiscrete topology on X does
not satisfy the following property.

Definition A.1.9. Let X be a topological space and let x,y € X. We say =
and y may be separated in X if there are open sets U and V with x € U and
y € V such that U NV = (). We call a choice of such U and V a separation
of z and y in X.

We say X is Hausdorff if each pair of distinct points z,y € X may be
separated in X.
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Lemma A.1.10. A metric space X is Hausdorff.

Proof. If z and y are distinct and d = d(z,y) then By (z) N Ba(y) = 0 by
2 2
the triangle inequality. O

Topological spaces were developed to study the notion of continuity, which
is a key ingredient in the intermediate value theorem. Thus, continuity plays
a role in basic calculus. The reader is probably aware of the metric definition
of continuity (Definition 8.1.2). We give a definition here appropriate for
general topological spaces.

Definition A.1.11. A function f : X — Y between topological spaces is
continuous if f~(U) is open in X whenever U is open in Y. A homeomor-
phism of topological spaces is a continuous, one-to-one, ontomap f: X — Y

whose inverse function is continuous. We write f : X — Y for a homeo-
morphism f: X — Y.

In particular, homeomorphic spaces are topologically indistinguishable in
the same way that isomorphic vector spaces are indistinguishable as vector
spaces. So the topological setting strips away notions of differentiability
until they are “added back” with smooth atlases, etc.

We should at least show that our new notion of continuity coincides with
the metric notion.

Lemma A.1.12. Let f : X — Y be a function between the metric spaces X
and Y. Then f is continuous in the topological sense if and only if it satisfies
the (€,6) definition of continuity that for each x € X and each € > 0, there
exists § > 0 such that

dlz,y) <d = d(f(z), f(y)) <e,
i.e., Bs(x) C f1B(f(2)).

Proof. Suppose f satisfies the (e, ) definition of continuity, and let U C Y
open. We wish to show f~!(U) is open in X. Let z € f~1(U). We wish to
find an open ball about = contained in f~!(U). Since U is open in Y and
f(z) € U, there exists € > 0 with B(f(x)) C U. But the (¢, d) definition of
continuity now says there exists § > 0 with Bs(z) C f~1B.(f(x)). But this
in turn is contained in f~1(U), so f~1(U) is open as desired.

Conversely, if the inverse image of every open set is open, we can simply
apply this to each B.(f(x)), which is open by Lemma A.1.4. And that, in
turn, provides an open ball around z contained in f~(B.(f(x))). O

Note that a metric on X restricts to a metric on any subset of X, and
hence induces a metric topology as above. To avoid ambiguity we write

(A.1.2) Be(z,Y)={y €Y :d(z,y) < €}
for the e-ball in Y about x € Y (as differentiated from
Bu(z,X) = {y € X : d(w,y) < e},
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the e-ball about z in X).

Definition A.1.13. A subset C of a topological space X is closed if its
complement, X \ C, is open.

Lemma A.1.14. The closed sets in a space X satisfy the following:

(1) 0 and X are closed.
(2) The intersection of an arbitrary family of closed sets is closed.
(3) The union of finitely many closed sets is closed.

Proof. This is immediate from Definition A.1.6 via de Morgan’s laws: if
{Y, : @ € A} is an arbitrary family of subsets of a set X, then:

(A.1.3) XN ) Ya= & 1),
a€A a€A
X\UYa:ﬂ(X\Ya). a
aEA acA

There are as many examples of closed sets are there are of open sets.
Some are particularly valuable.

Lemma A.1.15. Let X be a metric space. Let x € X and let r > 0. Then
the closed ball By(x) ={y € Z : d(x,y) <t} is closed in X.

Proof. We show the complement of B,(z) is open. Let y € X \ By(x).
Then d(x,y) = s > r. Then Bs_.(y) is disjoint from B, (z): if z were in
Bs_(y) N B.(x), we would have

d(z,y) < d(z,2) +d(z,y)
<r+d(zvy)
<r+(s—r)=s,

a contradiction. O

Closed sets are vital to a number of geometric questions. They can be
used to study continuity questions.

Lemma A.1.16. A function f : X — Y between topological spaces is con-
tinuous if and only if f~1(C) is closed in X for every closed subset C' of
Y.

Proof. X \ f71(C) = f~L(Y \ C). O

Our intuition about spaces comes from metric spaces. So the following
may seem obvious.

Lemma A.1.17. Let X be a Hausdorff space. Then every point x € X is
closed in X (i.e., the one-point subset {x} is a closed subset of X ).
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Proof. For y € X \ {z}, we can find open sets U, and V;, with = € U, and
y € V,, such that U, NV, = 0. In particular, y € V,, C (X \ {z}), so

X~ {z}= |J v
ye(X~{z})

is a union of open sets, and hence is open. O
Thus, Hausdorff spaces are 77:
Definition A.1.18. A topological space is T} if each of its points is closed.

There do exist spaces that are not 77. Indeed they can be quotient spaces
of metric spaces.

Recall from Proposition 2.8.10 that a subset H C R"™ is an affine subspace
if and only if there is a linear map f : R™ — R for some m and an element
y € R™ such that H = f~!(y). In particular, because points are closed in
R™ and linear maps are continuous, we obtain the following.

Lemma A.1.19. An affine subspace H C R" is closed in R"™.

A.2. Subspace topology. A subset Y of a topological space X inherits a
topology from X.

Definition A.2.1. Let X be a space and let Y C X. In the subspace
topology on Y, a subset is open if it is the intersection of Y with an open
subset of X.

In particular, if X is a metric space and Y C X we can then ask if the
topology Y inherits as a subspace coincides with the topology induced by
the metric of X. The answer is affirmative:

Lemma A.2.2. Let X be a metric space and let Y C X. Then the subspace
topology and the metric topology on Y coincide.

Proof. Let y € Y. Then the € ball about y in the metric space Y is the
intersection of Y with the e ball about y in the metric space X. O

The subspace topology gives the subspace Y the minimal number of open
sets for the inclusion map Y C X to be continuous.

Lemma A.2.3. Let Y be a subset of the topological space X, and give it
the subspace topology. Then the inclusion v :Y C X is continuous.

Proof. For an open set U C X, i~'(U) = UNY is open by the definition
of the subspace topology. O

There is a good recognition principle for closed sets in subspaces.

Lemma A.2.4. Let X be a space and let’ Y C X. Then the closed subsets
in the subspace topology on Y are precisely the sets Y N C with C closed in
X.
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Proof. An open subset of Y in the subspace topology has the form Y N U
with U open in X. But Y N (X \U)=Y ~ (Y nU). O

Heredity properties of subspaces are important.

Lemma A.2.5.

(1) Let U be open in X. Then the open sets in the subspace topology on
U are exactly the open sets in X contained in U. In particular, an
open subspace of an open subspace is open.

(2) Let C be closed in X. Then the closed sets in the subspace topology
on C are exactly the closed sets in X contained in C. In particular,
a closed subspace of a closed subspace is closed.

Proof. (1) An open subspace of U (in the subspace topology) is a set of the
form V NU, where V is open in X. But intersections of open sets are open,
so VNU is open in X.

The proof of (2) is analogous, using Lemma A.2.4. O

A.3. Quotient topology. It is fair to say that topology grew out of the
study of manifolds and was developed to prove theorems about manifolds.
Under minor hypotheses, manifolds are subspaces of R™ and are therefore
metric spaces. But some constructions of manifolds, e.g., quotients of appro-
priate group actions, are not naturally subsets of R nor are they obviously
metric. And while the tangent bundle of a smoothly embedded submanifold
of R™ is obviously a subspace of R?", it is useful to have a model for the
tangent bundle independent of the embedding.
Let us establish some notation.

Notation A.3.1. The unit square is
IP={[j]eR?:z,y€0,1]}.
Its interior is
Int(I?) = {[7] € R? : 2,y € (0,1)}.
Its boundary is
OI? = I? — Int(I?) = {[}] € I? : at least one of  and y is in {0,1}.}.

The idea behind a quotient space is that we wish to make identifications
between certain points on the space X (i.e., view them as the same point in
a new space).

Example A.3.2. The Klein bottle, K, is the space obtained from the unit
square I? by making certain identifications on the boundary. (We shall give
it the quotient topology as described in Definition A.3.4, below.) We identify
opposite edges of the square with a flip in one direction but not the other.
Thus, we identify the top edge with the bottom edge so the single arrow
heads coincide in Figure A.3.1, and identify the left edge with the right edge
so the double arrow heads there coincide.
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FiGUuRE A.3.1. Identifications on the unit square to create
the Klein bottle.

So there is a twist in the identification of the vertical edges, but not for the
horizontal ones. Note that if you only make the prescribed identifications
on the vertical edges (but not the horizontal ones) you get a Mdbius band,
while, if you only make the prescribed identifications on the horizontal edges,
you get a cylinder.

Though it might not be immediately apparent, the result is a 2-dimen-
sional manifold, or surface. It may be easier to see the surface structure
if you first identify the top and bottom edges, obtaining a cylinder. If we
then make the identification of the two boundary circles of the cylinder, the
gluing is by a homeomorphism between the circles, so near the glued circle K
looks like the product of the circle with an open interval. What’s deceptive
is that the result cannot be embedded in R3. You have to add a dimension
to avoid the surface passing through itself. when you glue the opposite ends
of the cylinder.

A similar construction gives us the standard torus.

Example A.3.3. The 2-torus T? is obtained from I? by identifying opposite
edges by tranlations: the bottom edge is identified to the top edge by 7e,,
while the left edge is identified with the right edge by 7., The identifications
are as given in Figure A.3.2.

FiGURE A.3.2. Identifications on the unit square to create
the 2-torus T2.

We’ve described the Klein bottle and the 2-torus as result of making
identifications on I? but have not yet described the induced topology on
them. What we have so far is a set of gluing instructions, producing sets
K and T? together with functions f : I? — K and g : I? — T? taking each
point in I? its image after gluing. The topology we shall place on K and T?
is the quotient topology, defined in Definition A.3.4(2).
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Definition A.3.4.

(1) Let X and Y be spaces and let f : X — Y be continuous. We say

Y has the quotient topology induced by f if:

(a) f is surjective.

(b) A subset U C Y is open if and only if f~1(U) is open in X.
In this case, we call f a quotient map or identification map.

(2) More generally, let X be a space and Y a set. Let f: X — YV
be a surjective function. Then we can impose a topology on Y by
declaring U C Y to be open if f~}(U) is open in X. Again, we call
this the quotient topology induced by f and refer to f a quotient
map or identification map.

Since U + f~!(U) preserves arbitrary unions and intersections
of subsets (whereas V' +— f(V') does not), this is easily seen to be a
topology on Y.

The quotient topology has an important property.

Proposition A.3.5. Let f: X — Y be a quotient map and let g: Y — Z
be any function, where Z is a space. Then g is continuous if and only if
go f is continuous.

Proof. Suppose go f is continuous and U C Z is open. Then f~1(g=1(U))
is open in X, so g~ }(U) is open in Y. O

Remark A.3.6. The quotient topology induced by a function f : X — Y
can be somewhat bizarre if the function f is badly behaved. For instance,
we could take X = I = [0, 1] and take Y to consist of exactly 3 points, say
Y ={0,2,1}. If we then define f : X — Y by

0 ift=0
ft)=<z ifte(0,1)
1 ift=1,

then the point z is open in the quotient topology on Y, but is not closed.
We shall avoid examples like this, but the reader should be aware they exist.

Quotient topologies can be described in terms of closed sets as well as
open ones.

Lemma A.3.7. Let f : X — Y be a quotient map. Then a subset C CY
is closed if and only if f~1(C) is closed in X.

Conversely, if f : X — Y is surjective and we topologize Y by declaring
a C CY to be closed if and only if f=1(C) is closed, then f is a quotient
map with this topology.

Proof. The correspondence A — f~1(A) respects complements. O

It is useful to be able to recognize when a map is a quotient map.
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Definition A.3.8. An open map is a continuous map f : X — Y such that
f(U) is open in Y whenever U is open in X.

A closed map is a continuous map f : X — Y such that f(C) is closed in
Y whenever C is closed in X.

Lemma A.3.9. A surjective open map is a quotient map. So is a surjective
closed map.

Proof. If f : X — Y is surjective, then A = f(f~1(A4)) forany ACY. O

We give some examples of spaces constructed as quotients via Defini-
tion A.3.4(2).

Example A.3.10. We can generalize T? to n dimensions. We consider the
n-cube

I" = {zie1 + -+ xpey : x; € I for all i}
The interior of I™ is
Int(I") = {z1e1 + -+ + zpep : x; € (0,1) for all i},

and the boundary 91" is the set of points at least one of whose coordinates
is in {0,1}. We have inclusions ¢ : I"™t — 91", e = 0 or 1, given by

X1
o1 ZTi—1
€ . _
2 . - € )
Tp—1 Li
LLn—1]

inserting e = 0 or 1 into the ith slot. We write 05(I™) = Im(¢{), a face of
OI™ The boundary of I" is the union of these faces.

We define the n-torus T" to be obtained from I™ by identifying .0 ()
with ¢} (z) for each z € I""! and i € {1,...,n}. Thus, a point in Int(1™)
is not identified to any other point in I™, while a boundary point that is
contained in exactly k faces is part of a group of 2¥ elements identified with
one another. This generalizes the idenitifications made to create T2.

The process of making identifications on a space X is often most easily
described by specifing an equivalence relation on X, as that gives a nice
clean description of the set Y and the map f : X — Y. In particular, we
shall take Y to be the set of equavalence classes under the relation. If ~ is
an equivalence relation on X and if 7 : X — X/~ is the canonical map to
its set of equivalence classes, then the equivalence classes of ~ are the point
inveses of m by Lemma 0.0.7. This description relates nicely to the general
surjective map f : X — Y of Definition A.3.4.
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Example A.3.11. If f: X — Y is a function then there is an equivalence
relation ~ on X defined by x ~ y if f(x) = f(y). We refer to ~ as the
equivalence relation induced by f.

Indeed, if ~ is an equivalence relation on Y we may define an equivalence
relation on X by setting z ~ y if f(z) = f(y).

The canonical map 7 : X — X/~ has an important universal property.

Proposition A.3.12. Let f: X — Y and let ~ be an equivalence relation
on X. Then there is a function f: X/~ — Y making the diagram

X ! Y
S

commute if and only if x ~ y implies f(z) = f(y). Such an f, if it exists,
is unique, and is given by f([z]) = f(x). In this case, the image of f is
the image of f, and f is one-to-one if and only if ~ coincides with the
equivalence relation induced by f, i.e., if and only if

v~y & f(z)=fy)

Proof. The uniqueness and formula for f, if it exists, are forced by 7 being
onto. The formula then shows f exists if and only if f(x) = f(y) implies

[x] = [y], but that in turn is equivalent to x ~ y. Finally, f is one-to-one if
and only if f(z) = f(y) is equivalent to [z] = [y]. O

(A.3.1)

In particular, Proposition A.3.12 determines all functions out of X/~,
as, if g: X/~ = Y, then gonw : X — Y is a function, and g = gor by
uniqueness.

Corollary A.3.13. Let f : X — Y be surjective and let ~ be the equivalence
relation induced by f. Then f : X/~ — Y is bijective, and we can identify
f with .

Of course, we can ask how the results above relate to topologies. For any
equivalence relation ~ on X the quotient topology induced by 7 is a natural
topology to put on X/~.

Proposition A.3.14. Let f : X — Y be a continuous map. Let ~ be an
equivalence relation on X such thatx ~y = f(z) = f(y). Regard X/~
as a topological space via the quotient topology induced by ™ : X — X/~.
Then the induced map f : X/~ — Y is continuous.

Suppose now that f is onto and that ~ is the equivalence relation induced
by f. Then f is bijective. If, in addition, Y has the quotient topology induced
by f, then f is a homeomorphism.
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Proof. Let U C Y be open. Then 7~ 1(f~3(U)) = f~1(U) is open in X
since f is continuous. So f~1(U) is open in X/~ as 7 is a quotient map.
Thus, f is continuous if f is.

If fis onto and ~ is the equivalence relation induced by f, then f is
bijective By Corollary A.3.13. Assume also that Y has the quotient topology
induced by f. It suffices to show that U C Y is open if and only if f~1(U) is
open in X/~. But 7~ (f~1(U)) = f~1(U), so the result follows since both
f and 7 are quotient maps. ([l

The point of using equivalence relations instead of simply using functions
is that the equivalence relation can make it easier to define f : X — Y from
the data present. The most pertinent example is from a group action.

A.4. Group actions and orbit spaces.

Definition A.4.1. An action of a group G on a space X is a function
GxX—>X

(9,%) = gx
such that:

(1) g(hz) = (gh)z for all g,h € G and x € X.

(2) 1-x =x for all x € X, where 1 is the identity element of G.

(3) For each g € G the map p, : X — X given by py(z) = gz is

continuous.

A space X together with an action of G is called a G-space. If X and Y are
G-spaces, a G-map f : X — Y is a continuous function with the property
that f(gz) = gf(x) for all g € G and =z € X. A G-homeomorphism is a
G-map f: X — Y that is also a homeomorphism.

If X is a smooth manifold and each p4 is smooth, we say G acts smoothly
on X or that the action G x X — X is smooth. If G acts smoothly on
both X and Y, a G-diffeomorphism f : X — Y is a G-map that is also a
diffeomorphism.

As the reader may easily verify, if f : X — Y is a G-homeomorphism, then
the inverse function f~! is a G-map, and hence also a G-homeomorphism.
Similarly, the inverse function to a G-diffeomorphism is a G-diffeomorphism.

Lemma A.4.2. Let X be a G-space and g € G. Then pg : X — X is a
homeomorphism.

Proof. By properties (1) and (2) of the definition of G-space, p4 is a bijec-
tion whose inverse function is pi,-1. Since both 1y and p,-1 are continuous,
the result follows. O

There is an important equivalence relation defined on a G-space.

Lemma A.4.3. Let X be a G-space. Then there is an equivalence relation
on X defined by setting x ~ gz for allx € X and g € G.
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Proof. Reflexivity comes from 1z = z. Symmetry comes from ¢ gz = .
Transitivity comes from g(hz) = (gh)z. O

Definition A.4.4. Let X be a G-space and let ~ be the equivalence relation
of Lemma A.4.3. We refer to its equivalence classes as the orbits of the action
and write Gx = {gz : ¢ € G} = [z], the equivalence class of . We write
X/G for X/~ and refer to the canonical map 7= : X — X/G as the orbit
map. m(x) = Gz for all z € X. We give X/G the quotient topology induced
by 7.

We can use the orbit space to give a different construction for the Klein
bottle. This new construction is useful in showing the Klein bottle is a
smooth manifold, in part because the action of a wallpaper group on R? is
smooth.

Example A.4.5. We describe a wallpaper group K as follows. Let ¢ be
the line y = % and let v be the glide reflection v = 7,00 with e; = [}],
the first canonical basis vector. Note that v makes the desired identification
of the left and right edges of the unit square, while 7., makes the desired
identification on the top and bottom edges, e2 = [{]. Define the Klein group

by
(A41) K={m07" :m,n €L} CI.

K is a group because y7.,7 "' = Jg7'€20'[1 = 76_21. So

m.n_r s _ _m+(—=1)"r_n+s
7—627 Tegfy _7—62 ( ) Y )

_ _1)n+1 _
(rgmy) ™t = 7Oy,

We shall provide a homeomorphism from the Klein bottle, K, to R?/K.
We first provide the map and show it is a continuous bijection.

To obtain this, we first show I? is a fundamental region for X in the sense
that:

(1) R? = U,ex 9(1?).
(2) For all g € K, I? N g(I?) C OI°.
To see this, note that each element of K carries I? onto a unique tile of the
form
{[yl:weliit1], yelij+1}
for i,j € Z. Infact, for g = 779", i = nand j = m. Thus, if g & {4+, 7'},
I?Ng(I%) =0, while if g € {y*', 72!}, I? N g(I?) is one of the edges of I?.
The action of K on the plane is free in the sense that no point is fixed by
any nonidentity element of K.
Now consider the composite

(A.4.2) 213 R2_TLR2/K,
\/

J
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with i the standard inclusion of 2 in R%2. We claim that j is onto and that the
equivalence relation on I? induced by j produces precisely the identifications
used to define K. Indeed, by (1), every element z € R? has the form z = gy
for y € I? and g € K. Thus, j is onto.

By (2), if j(y) = j(2) for y # 2, then y and z must both lie on I
Moreover, an examination of the effects of {y*!, Tej;l shows that y and z
must be related by one of the identifications specified in the definition of K

in Example A.3.2. We obtain a commutative diagram

(A.4.3) 2 R

N
K?]W/IC

where the maps 7 are the quotient maps. By Proposition A.3.14, 7 is a
continuous bijection.

Using basic point-set topology, it is easy to show 7 is a homeomorphism.
One need only show that I? is compact and that R?/K is Hausdorff. We
shall use more elementary arguments involving the concept of a basis for a
topology. Meanwhile, we have some more examples.

Example A.4.6. The standard translation lattice
The = (Ter Tea) = {Therttes + ki, € € L}

is another wallpaper group, giving one of the realizations of W;. The orbit
space R?/ Ta, gives an alternative model for the 2-torus T2. Indeed, the unit
square I? gives a fundamental region for the action of Tae o0 R?, satisfying
(1) and (2) above.

The same argument as above provides a commutative diagram

(A.4.4) 22—t 2

Wl \ JW
T2 —R?/Ta,

with 7 a continuous bijection.

Example A.4.7. The preceding example generalizes to the n-torus T".
Here, we use the standard n-dimensional translation lattice

Tag = (Ters -3 Ten) = {Thier+-thnen : K1, kn € Z}

on R™. Lemma 6.12.6 shows that I™ is a fundamental region for this action,
and once again, the identifications on the boundary of I" induced by this
action are precisely the ones we used to define T™. We obtain a commutative
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diagram

(A.4.5) m—t R0

™ —5 R™/Ta,
where the vertical maps are the quotient maps and 7 is a continuous bijection.

Example A.4.8. Note that the (n+ 1) x (n + 1) matrix —I,,11 induces a
linear isometry of R”*! and hence preserves the n-sphere, inducing a smooth
map (Corollary 8.4.15) o : S — S", a(u) = —u for u € S”. Let G = {id, a},
the group with two elements. We define the n-dimensional real projective
space by
RP" = S"/G.

We shall show that RP™ has a natural Riemannian metric that realizes what
is called projective geometry.

A.5. Basis for a topology.

Definition A.5.1. A basis B for the topology of a space X is a collection
of open sets B such that for each open set U of X and each x € U, there
exists Ve Bwithz eV CU.

Example A.5.2. For a metric space X the collection

B = U Be(x)
e>0
zeX

is a basis for the topology of X by the very definition of that topology. We
can get a smaller basis by restricting to

(A.5.1) B=J Bi (x),

n>0
zeX

as, for each € > 0 there exists n with % < €.

Definition A.5.3. A space X is first-countable if each x € X has what’s
called a countable neighborhood base, i.e., a countable set B, of open subsets
containing x, such that every open subset containing x contains an element
of B;. In particular, (A.5.1) shows every metric space is first-countable.

A subset Y C X is dense in X if every open subset of X contains an
element of Y. Decimal approximation shows that the set Q of rational
numbers is dense in R. Similarly, Q™ is dense in R™.

A space X is separable if it has a countable dense subset. A standard
argument shows a finite product of countable sets is countable, so Q" is
countable, and hence R" is separable.

A space X is second-countable if it has a countable basis B for its topology.
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Lemma A.5.4. Every subspace of a separable metric space is second-count-
able. Indeed, we have the following:

(1) A separable metric space X is second-countable.
(2) Every subspace of a second-countable space X is second-countable.

Thus, every subspace of R™ is second-countable.

Proof. (1) Let Y C X be countable and dense. We claim that

B=J B1(y)
yey
n>0

is a basis for X. To see this, let U be an open set containing X. Then
Bi(z) C U for some n > 0. But then B (z) C U as well. Since Y is dense
n 2n

and B (x) is open, there exists y € B1 (x) NY. But then
2n 2n
xEB%(y)CB;(l’)CU

by the symmetry of the metric and the triangle inequality.
(2) if B={U; : i > 0} is a basis for X, then {U; NY : 4 > 0} is a basis
for Y C X. O

The definition of topological manifold given in Definition 8.3.4 required
that M be contained in R"™ for some n. This makes M a metric space,
which we used to discuss continuity issues. By Lemma A.5.4 is also makes
M second-countable. Since metric spaces are also Hausdorff, M satisfies the
following more general definition.

Definition A.5.5 (Topological manifold: general defintion). A topological
n-manifold M is a second-countable Hausdorff space with the property that

every point x € M has a neighborhood homeomorphic to an open subset of
R™.

Topological manifolds under this definition turn out to be metrizable. We
shall not need this here. We are most interested in the smooth case. The
general definition of smooth manifold is precisely the one given in Section 8.4.
We do not use the metric there, and need only assume M is a topological
manifold in the sense of Definition A.5.5. This is useful in discussing the
smooth structure on the Klein bottle and other orbit spaces of properly
discontinuous smooth actions, as there is no obvious metric on the orbit
space, nor any obvious embedding in Euclidean space. But in fact, this
seemingly more general definition of smooth manifold does embed smoothly
in Euclidean space:

Theorem A.5.6 (Whitney embedding theorem. See [13, Theorem 6.19]).
Every smooth n-manifold embeds smoothly into R?™.

We now give a couple more general results and apply them to the Klein
bottle and the torus.
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Definition A.5.7. Amap f: X — Y isopen if f(U) is open in Y for each
open subset U of X.

Note that a continuous bijection f : X — Y is a homeomorphism if and
only if it is an open map.

Lemma A.5.8. Let B be a basis for the topology of X. Then a subset U is
open if and only if it is the union of some family of basis elements.

If f : X =Y is a map, then f is an open map if and only if f(V') is open
in'Y for each basis element V of X.

Proof. Basis elements are open, and an arbitrary union of open sets is open,
so any union of basis elements is open.

Conversely if U is open, then any x € U is contained in a basis element
contained in U, so U is the union of all basis elements contained in it.

The statement about open mappings follows as

f(U V>— U sv)

Ves ves
for any set S of subsets of X. ([l

We shall now construct a bases for the topology of the Klein bottle and the
2-torus and use them to show the continuous bijections J of Examples A.4.5
and A.4.6 are open maps, and hence homeomorphisms.

The following concept is useful.

Definition A.5.9. Let f: X — Y. A subset U C X is saturated under f
if U = f~1(f(U)). In particular, if f is an quotient map then U + f~1(U)
gives a one-to-one correspondence from the open sets of Y to the saturated
open sets of X.

We now specify a basis for the Klein bottle K.

Lemma A.5.10. Let w : I> — K be the canonical map. Then there is a
basis B for K consisting of the images under w of the following collections
of m-saturated subsets of I°:

(1) all e-balls contained entirely in the interior of I%;
(2) the unions Be([9],1*) U Be([11;],1?) for all € < min(¢,1 — t) and

all t € (0,1);

(3) the unions Be([§],1%) U Be([1],1?) for all e < min(t,1 —t) and all
te(0,1);

(4) the unions Be([3],1*)UB([9], I*) UB([}], 1) UB([1],1?) for all
e < %

Proof. The displayed sets are obviously open and saturated. Moreover, any

open set containing 7~!(z) for some # € K must contain one of the sets in
(1)~(4). O
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The following is the key step in showing 7: K — R2?/K is open, and hence
a homeomorphism.

Proposition A.5.11. The canonical map « : R? — R2/K is an open map.
Proof. This is an immediate consequence of Theorem A.7.1 below. ([

Corollary A.5.12. The map 7: K — R?/K of Ezample A.4.5 is a homeo-
morphism.

Proof. To avoid confusion, write n’ : I? — K and 7 : R? — R?/K for the
respective canonical maps. It suffices to show that if V' is in the basis for
K given in Lemma A.5.10, then j(V) is open in R?/K. In case (1), that is
immediate from 7 being an open map. In case (2), it follows as
g (Be([9], %) U Be([1L] . 1%))
= m(Be([1L, ], I*) U (B((9],17)))
=1(Be([1L] . R?),

and we again use that 7 is open. Case (3) is similar, using 7., in place of v,
and getting the open set 7(B([%],R?)). In case (4) we apply isometries to
three of the four pieces to obtain 7(B.([1],R?)). O

The argument for the following is almost identical.

Corollary A.5.13. The map 7: T? — R2/7}\£ of Example A.4.6 is a home-
omorphism.

Proof. The only changes needed are to replace (2) with

(2') the unions Be([9],1%) U Bc([}],I?) for all € < min(t,1 —¢) and all
te(0,1)

and replace v with 7,. O

The proof of the following generalization is left to the reader.

Corollary A.5.14. The map 7 : T" — R"/Ta, of Example A4.7 is a
homeomorphism.

A.6. Properly discontinuous actions. We can in fact prove something
much stronger than Proposition A.5.11, and in process show the Klein bottle
is a smooth manifold.

Definition A.6.1. An action of G on X is free and properly discontinuous
if for each = € X there is an open set U containing z such that

(A.6.1) gU)NU =0 foralll+#geq.

Lemma A.6.2. The action of the Klein group K on R? is free and properly
discontinuous.
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Proof. Let U be any region of the form
{[i] RS (.T(],.Z‘() + 1)) ye (y())y(] + 1)}

Since 4" moves points by |n| units in the z-direction and 7 moves points by
|m/| units in the y-direction while keeping the z-coordinate fixed, g(U)NU =
() for each nonidentity element g € K. O

Similarly, we have the following.

Lemma A.6.3. The action of the torus group Tx, onR? is free and properly
discontinuous.

In fact, this generalizes to the n-torus.

Lemma A.6.4. The action of the standard n-dimensional lattice Tp, on
R™ is free and properly discontinuous.

Proof. Here, we use the sets
Uy={zie1+ -+ anen 2 € (yj,ys + 1) fori=1,...,n}
for y = y1e1 + - - - + yne, arbitrary. O
The action on S"™ whose orbit space is RP" is also properly discontinuous.

Lemma A.6.5. Let a : S — S" be given by a(u) = —u for all u € S™.
Then G = {id, a} acts freely and properly discontinuously on S™.

Proof. Let w € S™. Then u € U = {v € S" : (u,v) > 0}. Since a(U) =
{v €S": (u,v) < 0}, the result follows. O

We wish to show next that if G acts freely and properly discontinuously on
X and if U satisfies (A.6.1), then the saturation 7~ '7(U) is homeomorphic
so G xU. But, of course, we have not yet discussed the topology on a product
nor discussed the discrete topology, which is the appropriate topology for
G, here.

Definition A.6.6. The discrete topology on a set S is the one in which
every subset of S is open. Since arbitrary unions of open sets are open,
this is equivalent to saying that every point is open. Thus, the points of a
discrete space form a basis for its topology.

A.6.1. Product topology.

Definition A.6.7. Let X and Y be spaces. The product topology on X xY
is the one specified by the basis

{UxV:UCX,V CY are open}.

In other words, a subset W C X xY is open if and only if for each (z,y) € W
there are open sets U of X and V of Y with

(z,y) EU XV CW.
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Lemma A.6.8. Let B be a basis of X and B’ a basis of Y. Then
{UxV:UeB, VebB}
is a basis for the product topology of X X Y.

Proof. If U and V are arbitrary open sets of X and Y, respectively, and if
(x,y) €U XV, there exist W € B, W e B withz e WCU,ye W CV,

SO

(,y) eWx W CcUx V. O

Corollary A.6.9. Let A be a subspace of X and B a subspace of Y. Then
the product topology on A x B coincides with its subspace topology in X XY .

Proof. Either topology has a basis given by the sets
(UxV)N(AxB)=(UnNB)x (VNY)
as U and V range over bases of X and Y, respectively. O

Definition A.6.10. Let X and Y be metric spaces. Then the product
metric on X x Y is given by

(A.6.2) d((z,y), (z,w)) = max(d(z, ), d(y, w)).

Lemma A.6.11. Let X and Y be metric spaces. Then the product topology
on X XY is induced by the product metric (A.6.2). Morover, with respect
to this metric, we have

(A63) Be((a:,y)) = Be(x) X Be(y)'
Proof. (A.6.3) is immediate from the definition of the metric, as
max(d(z, z),d(y,w)) <e <& d(z,z) <eand d(y,w) <e.

The rest of the argument is similar to that for Lemma A.6.8. If (z,y) €
U x V, we can find a single € with B.(z) C U and B¢(y) C V, so the result
follows. O

Of course, we can identify R™ x R™ with R"™™ via the map
(A.6.4) f:R™ x R™ — R™™
((.Tl,...,flfn)7 (y177ym)) = (‘Th"‘ 7$N7y17' 7ym)

Viewing R™ x R™ as a vector space in the usual way (direct sum) f is a
linear isomorphism.

Let’s take f as an identification and write (v, w) for an arbitrary element
of R with v € R® and w € R™. This gives us two different metrics on
R"™*1: the product metric dyx and the usual metric d. It is useful to compare
these two metrics. Let us study them in greater detail. Each of them comes
from a norm.
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Remark A.6.12. The metric obtained from a norm || - || sets
(A.6.5) d(z,y) = lly — =[|.
It is then immediate that
(A.6.6) Be(z) = 12(Bc(0)) = ({2 : ||2]| < €}).
Recall that any inner product induces a norm: ||z|| = /(z,z). In our

setting, R"® and R™ are orthogonal complements in R"™  so the inner
product is given by

(A67) <(1)1,’u)1), (’Ug,wg)) = <'U1,'U2> + (wl,w2>,

where the inner products on the right are the standard inner products in R”
and R, respectively (which can be viewed as the restriction of the inner
product in R™*™ to the subspaces R and R™).

Thus, the standard norm is given by

(A.6.8) (v, w)ll = V((v,w), (v, w)) = V/(v,0) + (w,w) = V/[[v]2 + [w]]2,
where the norms on the right-hand side can be taken to be the standard
norms in R"™ and R™, respectively, and coincide with the subspace norms
coming from R™+™,

The product norm is given by

(A.6.9) 1(0, w)|[x = max([[o]], [[w]]),

where the norms on the right are the standard norms in R™ and R™, re-
spectively. It is then immediate that the product metric is induced by the
product norm:

(A.6.10) dx ((v1,w1), (va, w2)) = |[(v1,w1) — (v2, wa)||x

for (v1,w1), (v, we) € R™T™. Moreover, (A.6.8) shows that ||(v,w)| > |Jv]|
and [|(v,w)|| > ||w||. Thus,

(A.6.11) (v, w)| > ||(v,w)||x for all (v,w) € R™™,
And this immediately implies that
(A.6.12) B.(0,d) C B.(0,d).

Here, the second argument indicates the metric in use.
On the other hand if ||v|| < € and ||w|| < €, then

(o, W)l = V[v]? + w]? < vV2e2 = V2¢,

SO
(A.6.13) B(0,dx) C B .(0,d).
We obtain the following.

Proposition A.6.13. The standard topology agrees with the product topol-
ogy on R™ x R™ = R*+™,
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Proof. A subset U is open in the standard topology if for each x € U, we
have B¢(x,d) C U for some € > 0. But this contains B%(m,dx), so it is

open in the product topology as well. The converse is similar. O

The product topology on an arbitrary pair of spaces has a useful universal
property. First note that a function f : Z — X x Y is specified by its
coordinate functions f1: Z — X and fo: Z —> Y

f(2) = (f1(2), f2(2)).
The universal property of the product topology is the following.

Lemma A.6.14. Let Z, X and Y be spaces and let f : Z — X XY be a
function. Then f is continuous if and only if f1 and fo are continuous. We
obtain a one-to-one correspondence

(A.6.14) Map(Z, X x Y) — Map(Z, X) x Map(Z,Y)
[ = (f1, f2),

where Map(Z, W) denotes the set of continuous maps from Z to W. This
may be restated as saying that for any pair of continuous maps g : Z — X
and h : Z —'Y there is a unique continuous map h = (g,h) : Z - X x Y
such that the following diagram commutes:

(A.6.15) Z

RN

X+——XxY =Y.
Here, m((x,y)) = « and m((z,y)) = y.

Proof. For U C X open, m; '(U) = U x Y is a basis element for X x Y,
and hence is open, so 7 is continuous. Similarly e is continuous. So
if f:Z — X XY is continuous, then the composites f; = m o f and
fo = m9 o f are continuous.

Conversely, if f1 and fy are continuous, let U x V be a basis element for
X xY. Then

U V)= U N 1Y)
is open. Since the inverse image of a union is the union of the inverse images,

a map is continuous if and only if the inverse image of every element of some
basis is open. O

Corollary A.6.15. Let X and Y be spaces and let v € X. Let 1, : Y —
X xY be given by 1,(y) = (x,y) fory € Y. Then v, is a homeomorphism
of Y onto the subspace x XY of X XY.

Proof. ¢, is continuous by Lemma A.6.14. The inverse function of ¢, : Y —
x X Y is given by the projection of X x Y onto Y. ([
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A.6.2. Disjoint unions. The disjoint union of topological spaces has an
important universal property called the coproduct in the language of cate-
gory theory.

Definition A.6.16. We first define the disjoint union of sets. If
{Xs:5€ 8}

are sets, we assume there is a set X containing each of the X,;. We then
define their disjoint union by

[[X:={(s2) e Sx X :xeX,}.
ses
In particular, we identify X, with the subset {s} x X, C [[,cq X.

Now let {X; : s € S} be a set of spaces. Their disjoint union, [[, g X,
as spaces is defined to be the topology on their disjoint union as sets given
by the basis

{{s} x U : U open in X}.
Identifying X with the subset {s} x X as above, we see that the subspace
topology on X coincides with the original topology and that a subset

UcC H X,
seS
is open if and only if its intersection with each X is open.

Lemma A.6.17. Let S have the discrete topology and let X be a space.
Then the product topology on Sx X coincides with the disjoint union topology

on Uses({s} x X).
Proof. Since S is discrete, S x X has basis {{s} x U : U open in X}. O
A.7. Topology of the orbit space. Now, finally, we shall tackle the orbit

spaces of free and properly discontinuous actions.

Theorem A.7.1. Letm: X — X /G be the canonical map to the orbit space
of a G-action on X. Then m is an open map.
Now let U C X have the property that

(A.7.1) guUNU =0 foralll+#geG.
Then there is a G-homeomorphism
p:GxU—=rlnU)

given by u((g,z)) = gz for all g € G and x € U. Here, G has the discrete
topology. Moreover, |y : U — w(U) is a homeomorphism and the following
diagram commutes:

(A.7.2) GxU a 1 (U)
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Here 7o is projection onto the second factor. In consequence
7lgw) : 9(U) = (V)

is a homeomorphism for each g € G.
Finally, if the action of G on X is free and properly discontinuous, then
the set of open sets satisfying (A.7.1) is a basis of X.

Proof. Let X be a G-space. Forany z € X, 7~ 'n(z) = Gz = {gz : g € G},
the orbit of x. So, for any ¥ C X,

(V) =[] g(¥).

geG

Suppose Y is open in X. Then so is each ¢g(Y), since multiplication by g is
a homeomorphism, so 7~ !7(Y), as a union of open subsets, is open. Since
the orbit space has the quotient topology, 7(Y) is open. Thus, 7 is an open
map.

Now suppose U satisfies (A.7.1). Then if g # h € G, g(U)Nh(U) =0, as
otherwise h~1g(U) N U would be nonempty. But that makes y one-to-one.
As shown above for U = Y, the image of y is 7~ 17 (U). Moreover, u is an
open map, as it carries the basis elements {g} x V with V open in U onto
the open sets g(V'). Thus, p is a homeomorphism, and the commutativity
of the diagram follows from the fact that 7(gz) = 7(z) for all x € X and
g € G. Since p is a G-map, it is a G-homeomorphism.

By (A.7.1), w|y is one-to-one, and since 7 is an open map,

mly U =N w(U).

The same holds for 7| g(U) as 7| g(u) 18 the composite of 7 with multiplication
by ¢g~! from g(U) to U.

The last statement holds as if (A.7.1) holds for U, it holds for g(V') for
any open subset V of U and any g € G. O

Corollary A.7.2. If G acts freely and properly discontinuously on the topo-
logical manifold M, then M /G is a topological manifold.

Proof. Since M is a manifold, it has a basis B of chart neighborhoods.
Since the action is free and properly discontinuous, it has a basis B’ of sets
satisfying (A.7.1). The set

B'={UnNV:UeBandV € B}

is a basis of chart neighborhoods satisfying (A.7.1). In particular, for W €
B", (W) is a chart neighborhood of M/G. The collection {m(W) : W € B"}
forms a basis for M/G. O

When G acts smoothly on M we obtain a smooth structure on the orbit
space:
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Proposition A.7.3. Let G act smoothly, freely and properly discontinu-
ously on the smooth n-manifold M. Then M/G is a smooth n-manifold and
w: M — M/G is smooth. Moreover, the maps gy, in (8.4.2) have Jaco-
bian matrices invertible at each point. So w is both an immersion and a
submersion.

If f: M — N is smooth and if f(gz) = f(x) for each g € G and x € M
then induced map f : M/G — N in the unique factorization

M d N
N T
M/G

is smooth and the rank of Tﬂ(z)f t Tr@)(M/G) — TN is equal to the
rank of T, f.

Finally, if M is oriented and if each pg : M — M is orientation-
preserving, then we may give M /G an orientation such that 7 is orientation-
preserving.

(A.7.3)

Proof. By Lemma 8.4.11, M has an atlas A whose chart neighborhoods
satisfy (A.7.1). For each h: U — h(U) in A, the composite

h
T(U) " U )

is a homeomorphism, and hence defines a chart for M/G.
The transition maps are somewhat more complicated. Let h: U — h(U)

and k: V = h(V) be charts in A. Then 7~ 17 (V) is the disjoint union over
g € G of g(V). In particular,

Una'z(vV)=J Ung(v),

and the union is disjoint. Since 7 : U — 7(U) is a homeomorphism,
n(U) = |J =(Ung(V)),
geG

and again the union is disjoint. On 7(U N ¢g(V')) the transition map gz; is
given by the composite

AU Ng(V)) T Ung(V) 22 v B v,

a diffeomorphism onto its image because p,-1 is a diffeomorphism of M.

The statement about Jacobian matrices is immediate from the construc-
tion: with appropriate choices of charts, the Jacobian matrix for 7 is the
identity.
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Let f: M — N be as stated. Then for the choices of charts for M/G
we’'ve just made the maps fr, of (8.4.2) coincide with the maps fy, for
analyzing T f, and the result follows.

Finally, if M is oriented, we may choose A to be an oriented atlas. Since
the Jacobian matrices for the transition maps in M/G all come from the
Jacobian matrices of the transition maps in M, the resulting atlas on M/G
is oriented. By construction, 7 preserves orientation. O

Since isometries of R are diffeomorphisms we obtain:

Corollary A.7.4. Let G act freely and properly discontinuously on R™ by
isometries. Then R™/G is a smooth manifold and w : R™ — R" /G is smooth
with the maps (8.4.2) having invertible Jacobian matrices at each point.

We also know that G = {id, a} acts smoothly on S™. We obtain:

Corollary A.7.5. The Klein bottle, the n-torus T™ and RP" are smooth
manifolds. The canonical maps 7 : R?> — K, 7 :R" — T" and w : S* — RP"
are smooth immersions (and submersions).

This now allows us to prove the following.
Corollary A.7.6. Define f : R™ — (S)" by
(A.7.4) f(@ier + -+ znepn) = (exp(2ma1), . . ., exp(27Ty)),

where exp : R — S' is given by exp(z) = [$52]. Then f is an immersion

and submersion and factors through T™:

R — 1 (st
N

The induced map f : T" — (SY)" is a diffeomorphism.

(A.7.5)

Proof. For a@ € Tp, and z € R", f(ax) = f(z), so f factors as stated.
Moreover, f factors a product of n copies of x — exp(27x). The latter is
both an immersion and a submersion as it is a map between 1-manifolds
with nowhere vanishing derivative. So f itself is both an immersion and a
submersion.

The restriction of f to [0,1)™ C I™ is bijective. But so is the restriction of
7 to [0,1)", so f is bijective. Since 7 is both an immersion and a submersion,
the result follows. O

The following is a key in defining the tangent bundle.
Proposition A.7.7. Let M be a smooth manifold with atlas A. Let

n: Hh(U)—>M
heA
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restrict on each h(U) to h™1. Then n is a quotient map, and the equivalence
relation on [[,c 4 h(U) induced by n is given by setting h(x) € h(U) equiv-
alent to k(x) € k(V) whenever x € UNV. In particular, if we denote this
equivalence relation by ~, we obtain a homeomorphism

7: [[ nw)/~= M.
heA

Proof. Because each h™! : h(U) — U is a homeomorphism onto an open
subset of M, n is an open map. Continuous, open maps are always quotient
maps. O
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Appendix B. Compactness
B.1. Heine—Borel.

Definition B.1.1.

(1) An open cover of a space X is a collection Y = {U,, : a € A} of open
subsets U, of X, that covers X in the sense that

(B.1.1) Uv.=x
acA
(2) A subcover of an open cover {U, : « € A} of X is a subcollection of
these sets that still cover X i.e., the subcover is {U, : a € B} for
some B C A, such that

U t.=x.

aEB
We say this subcover is finite if B is a finite set.
(3) A space X is compact if every open cover of X has a finite subcover.
(4) A subset Y of a metric space X is bounded if there exists z € X and

r > 0 such that Y is contained in the open ball of radius r about z:
Y C By (2).

Example B.1.2. The real numbers R is not compact: the open cover
{(n—1,n+1):neZ}

does not admit a finite subcover because the intervals (n — 1,n + 1) are
bounded. But the triangle inequality and induction show that any finite
union of bounded sets is bounded.

Example B.1.3. Any topology on a finite set X gives a compact space,
because there are only finitely many subsets of X in the first place.

The Heine-Borel theorem (see, e.g., [8]) is one of the most important
theorems about the topology of the real line. It gives us our first nontrivial
example of a compact space.

Theorem B.1.4 (Heine—Borel). The closed intervals [a,b] C R are compact.

We can now obtain a number of more exotic compact spaces from the
following.

Proposition B.1.5. A closed subspace of a compact space is compact.

Proof. Let X be compact and let C' be a closed subspace of X. An open
cover of C has the form U = {U, : « € A}, where U, = V,, N C, with V,
open in X. So
cc Ve
a€A
an open set in X. Since C' is closed in X, {V, :a € A} U{X \C}is an
open cover of X. Since X is compact, there is a finite subset S C A such
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that {Vy : @ € S}U{X \ C} covers X. But then {U, : @ € S} is a finite
subcover of our original cover U. ([

Example B.1.6. Let C = {1 :n >0} U {0} C I =[0,1]. Then

1 1
INC= U (n—i—l’n)

n>0

is open in R and hence also in I. So C is a closed subspace of the compact
space I and hence is compact.

Note that C consists of a decreasing sequence of positive real numbers
that converges to 0, together with its limit point 0.

Example B.1.7. The Cantor set is obtained from I = [0, 1] by
sequence of deletions. We first delete the open middle third, (%,

performing a
% , obtaining

the disjoint union of two closed intervals of width %:

o piJofi].

We then delete the open middle third of each of these intervals, obtaining
the disjoint union of four intervals of width é:

1 21 27 8
Cy=0,=|U |5, -|UlS,~|U|,1].
=] [5s] o [55) 0 [5]
We interate this process, each time removing the open middle third of each
of the intervals, obtaining C,. the disjoint union of 2" closed intervals of
width (3)™.
The Cantor set C, is the intersection of all these sets:

(B.1.2) C=()Cn

n>0

Each C,, is closed in C,,_1, as its complement there is open. So the infinite
intersection C' is closed in I and hence is compact. Note that (3)" € C for
all n > 0, so C is infinite. In fact, C is uncountable.

The next lemma is useful enough in geometric topology that it is some-
times given a name. Arunas Liulevicius, who taught me smooth manifold
theory, calls it the Hotdog lemma, because of the obvious pictures you can
draw when proving it.

Lemma B.1.8. Let X and Y be spaces. Let A and B be compact subspaces
of X and Y, respectively. Let W be an open subset of X XY with AxB C W.

(1) or each x € A, there are open sets Uy and Vy of X and Y, respec-
tively, with

(B.1.3) (x x B) C (Uy x V) C W.
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(2) There are open subspaces U and V of X and Y, respectively, such
that

(B.1.4) (AxB)Cc(UxV)cCW.

Proof. (1) For each y € B, there exist open subspaces U, and V}, of X and
Y, respectively, with

(z,y) € (Uy x V) C W,

as W is open in the product topology. But then {V,NB : y € B} is an open
cover of B. Since B is compact, there is a finite subset S, C B such that

Bc |J v
yESe
Now simply set Uy = (,cg, Uy and Vy = U,cg, Vy- These sets satisfy
(B.1.3).
(2) We now have an open cover {U,NA : z € A} of A. Since A is compact,
there is a finite subset S of A such that

AcU=JU.
x€eS
Now set V' = (g Ve and (B.1.4) holds for this U and V. O

The next proposition is a special case of the famous Tikhonov theorem.
Proposition B.1.9. Let X and Y be compact. Then X XY (with the

product topology) is compact.

Proof. Let U = {U, : « € A} be an open cover of X x Y. For each z € X,
the subset z X Y is compact by Corollary A.6.15, so there is a finite subset
Sy C A such that # x Y C Wy = U,eg, Ua- By Lemma B.1.8(1), there is
an open set U, in X such that U, x Y C W,.

Now {U, : * € X} is an open cover of X. So there is a finite subset
S C X such that X = U:BES U,. But each U, x Y is contained in a finite
union of elements of Y. Since X is a finite union of sets of the form U,,
X XY is contained in a finite union of elements of U. (]

The following is now useful.

Proposition B.1.10. A compact subspace C of a Hausdorff space X is
closed in X.

19The Tikhonov theorem says that if {Xa : @ € A} are compact spaces then the
infinite product [],., Xa is compact. This is more interesting than it may seem: if
each X, is finite and nonempty, then [] wca Xa is homeomorphic to the Cantor set; the
product [ [, ,.cz I is called the Hilbert cube and has played an important role in geometric
topology.
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Proof. We show that X ~ C is open. It suffices to show that for each
y € X N\ C, there is an open set V' C X \ C containing y.

Let y € X ~ C. Since X is Hausdorff, for each z € C, we can find open
sets U, and V,, containing = and y, respectively, such that U, NV, = 0.
Since C' is compact, there is a finite set S C C such that C' C |, U,. But
Uzes Uz is disjoint from V' = [, .g Vz, an open set in X ~\ C containing
Y. ([

Corollary B.1.11. Let A and B be subspaces of the Hausdorff space X
with A compact and B closed. Then AN B is compact. In particular, the
intersection of two compact subspaces of a Hausdorff space is compact.

Proof. Since B is closed in X, AN B is closed in A. But closed subspaces
of compact spaces are compact. ([l

Example B.1.12. It is not true that compact subspaces of non-Hausdorff
spaces are necessarily closed. There are many examples involving exotic
topologies on finite sets. One such example is called Sierpinski space: X
constists of two points, say 0 and 1, where the open sets are {0, {0}, X}.
This, {0} is open but not closed, and {1} is closed but not open. {0} is a
compact subspace, but not closed.

This example actually arises in cases of interest, as it is the prime spec-
trum of the p-adic integers (and also of the integers localized at p). It is also
the quotient space [0, 1]/]0,1).

We can now characterize the compact subsets of R™.

Theorem B.1.13. A subspace X C R™ is compact if and only if it is closed
and bounded (with respect to the standard metric on R™).

Proof. By the triangle inequality, a subspace is bounded if and only if it is
contained in B, (0) for some r > 0. And B, (0) is contained in the compact
subspace [—r,r|". So a closed, bounded subspace is a closed subspace of the
compact space [—r,7]", and hence is compact.

Now let C C R™ be compact. By Proposition B.1.10 it is closed in R™.
To show it is bounded, consider the open cover {B,(0)NC : 0 < n € Z}.
Since C is compact, it has a finite subcover. Since the balls in this cover are
nested, the largest ball in this finite subcover contains C. U

This now gives tons of examples of compact spaces, some exotic and
some not. One of the most important ones is the standard (n — 1)-simplex
A"! = Conv(ey,...,e,) C R™

Proposition B.1.14. The standard (n—1)-simplex A"~! C R™ is compact.

Proof. The vertices eq, ..., e, are contained in the compact, convex subset
I" = [0,1]® C R™. So their convex hull A"~! must also be contained in I™.
Indeed, by (2.8.2), A"t = "N f~1(1), where f : R® — R is the linear map
f(x) = (x,€), with € = e; +--- + e,. Since f~! is closed in R?, A"~ ! is
closed in I"™ and hence compact. O
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A simpler application of Theorem B.1.13 is:
Corollary B.1.15. For x € R™ and r > 0, the closed ball B,.(z) is compact.
Proof. Lemma A.1.15 shows B,(x) to be closed. O

Since the closed ball is also convex, this is an important example. Here
is another:

Corollary B.1.16. The sphere S.(x) of radius r about x € R™ is compact
forr > 0. Here

(B.1.5) Sr(z) = Br(z) \ By(z) ={y € R" : d(z,y) = r}.

Proof. B, (z) is open in R™, so S,(x) is a closed subspace of the compact
space By (x). O

A more exotic example is what’s called the Hawaiian earring. It has an
interesting fundamental group.

Example B.1.17. For # € R?, write C,.(x) for the circle (1-dimensional
sphere) of radius r about z. Define the Hawaiian earring by

1
(B.1.6) H = C1 <€1> .
1<LnJ€Z mAn
Thus, H is the union of infinitely many circles, any two of which intersect
only at the origin, and all tangent to the y-axis. Each circle is compact by
Corollary B.1.16, but there are infinitely many of them, so we need further
argument to show H is compact.

Of course, H is contained in the compact subset B1 (%61), so it suffices to
2

show it is closed in it. But

_ 1 1 _ 1
B%el <2€1> ~H= U <B}L <n61> AN Bﬁ <n T 161)) ’
1<neZ

a union of open sets in R2.

B.2. Maps out of compact spaces.

Lemma B.2.1. Let f : X — Y be continuous, with X compact. Then f(X)
18 compact.

Proof. If {U, : o € A} is an open cover of f(X), then {f~1(U,) : a € A}
is an open cover of X. So there is a finite subset S C A such that

{f_l(Ua) o€ S}

covers X. Since U, C f(X), Us = f(fHUa)), so {Us : a € S} covers
F(X). O

We have an immediate and important corollary.

Corollary B.2.2. Polytopes are compact.
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Proof. Let P be a polytope. By Corollary 2.8.22, there is a surjective,
continuous map from a standard simplex A¥~! onto P. By Corollary B.1.14,
AF~1is compact, so the result follows from Lemma B.2.1. O

Corollary 2.8.39 enumerates the convex subsets of a line ¢. Of them,
only the line segments [z,y] and the individual points {z} are closed and
bounded. We also know that if P is a one-dimensional polytope, then Aff(P)
is a line. We obtain the following.

Corollary B.2.3.
(1) The compact, convex subsets of a line £ C R™ consist of the segments
[,y] with x # y € £, together with the singleton points x € L.
(2) A one-dimensional polytope in R™ is a line segment [x,y] with x #
y € R™
Proposition B.2.4. Let f: X — Y be continuous, with X compact and 'Y
Hausdorff. Then f is a closed map, i.e., f(C) is closed in'Y whenever C is
closed in X . Moreover, each such f(C) is compact.

Proof. Let C be closed in X. Then C is compact by Proposition B.1.5. So
f(C) is compact by Lemma B.2.1. Since Y is Hausdorff, f(C) is closed in
Y by Proposition B.1.10. O

This gives a very important corollary.

Corollary B.2.5. Let f : X — Y be injective and continuous, with X
compact and Y Hausdorff. Then

f: X = f(X)
is a homeomorphism onto a closed, compact subspace of Y.

Proof. f : X — f(X) is continuous and bijective, so it suffices to show
f~1: f(X) — X is continuous. But if C' C X is closed, then f(C) is closed
in f(X) by Proposition B.2.4, and the result follows. O

B.3. Cones and convex bodies.

B.3.1. Cones. The cone construction has a variety of uses in topology,
from geometry to homotopy theory. Cones work best in the context of
compactness.

Definition B.3.1. The cone C'X on a space X is the quotient space
CX=XxI/Xx1,

where I = [0,1]. This can be described as the identification space X x I/~,
where (z,1) ~ (y,1) for x,y € X. We write 7 : X xI — CX for the quotient
map. It is customary to write [z, t] for w((x,t)).

The basic idea of a cone is that we stretch X out and pinch it to a point.
The following illustrates the utility of this idea in geometry.
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Proposition B.3.2. Write D" for the unit disk in R™ and write S*~! for
the unit sphere. Then there is a homeomorphism

f:C8" 5 D"
[z,t] — (1 —t)x.

Proof. f is continuous because the composite fom : S x I — D" is
continuous. And f is bijective because each element z € D" \ {0} may be
written uniquely in the form z = sx with s € (0,1] and x € S*™!: s = | 2|
and x = ﬁ So fom is a bijection from S"~! x [0,1) to D"\ {0} and maps
S"! x 1 onto 0.

Since S x I is compact, so is its quotient space CS* 1. So f is a
continuous bijection from a compact space onto the Hausdorff space D",
and hence is a homeomorphism by Corollary B.2.5. (|

Of course, the geometry of D™ as a compact, convex subset of R" is lost
when we view it as a cone, but Proposition B.3.2 gives us a way to compare it
topologically to other geometric objects. Topology is weaker than geometry,
but can be easier to measure and understand.

B.3.2. Convex bodies.

Definition B.3.3. A convex body in R” is a compact, convex subset C' in
R™ of dimension n, i.e., Aff(C') = R".

Examples B.3.4. The standard regular polygon P,, n > 3, is a convex
body in R2. The Platonic solids are convex bodies in R3. The unit disk D"
is a convex body in R".

Remark B.3.5. Let C be a convex body in R™. By Corollary 2.9.27, the
interior Int(C') is nonempty, and by Lemma 2.9.16, = € Int(C) if and only
if the open ball B¢(x) C C for some € > 0.
This, of course, shows that Int(C') is an open subspace of R™, so the
boundary
0C = C ~\ Int(C)

is closed in C, and hence is compact.?’

What we are really studying here is compact, convex subspaces of R™. The
ones that are also n-dimensional have a name, and have special prominence
for a number of reasons. But the following nonstandard definition may
provide a useful perspective.

Definition B.3.6. Let H be an affine subspace of R™. A convex body in
H is a compact, convex subset C' C H whose affine hull is H.

In particular, every compact, convex subspace of R" is a convex body in
its affine hull. Since polytopes are compact, we obtain the following.

20The basic topology of R™ guarantees that Int(C) cannot be closed in R™ and hence
OC' is nonempty (as C is closed in R™). We shall give a simpler argument that 9C # 0.
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Lemma B.3.7. Every polytope is a convex body in its affine hull.
Corollary 2.9.27 and Lemma 2.9.16 again give the following.

Lemma B.3.8. Let C' be a convexr body in the affine subspace H C R".
Then

(B.3.1) Int(C) ={x € C: B(x,H) C C for some € > 0}
is an open subset of H, and

0C = C ~\ Int(C)
18 compact.

A very useful technique in convex geometry is intersecting a convex subset
with an affine subspace. Faces of polytopes are obtained in this way. So are
hyperplane sections. Intersection with lines is important in what follows.

Lemma B.3.9. Let C be a compact, conver subset of R™ and let H be an
affine subspace. Then C' N H is a compact, conver subset.

Proof. Intersections of convex subsets are convex, so it suffices to show
C N H is a compact. By Lemma A.1.19, affine subspaces are closed. Now
apply Corollary B.1.11. [l

We shall make use of the following;:

Lemma B.3.10. Let C be a convex subset of R™. Let x € Int(C') andy € C.
Then every element in the half-open line segment [x,y) lies in Int(C).

Proof. Let H = Aff(C). Then a point z lies in Int(C) if and only if
B(z,H) C C for some € > 0. Here, if V' is the linear base of H,

Be(z,H) = 1,(B:(0,V)) ={z+v:v € B0, V)}.

Let 74 : H — H be given by v (w) = (1 — t)w + ty. Then z lies in [x,y) if
and only if z = v (x) for some ¢ € [0,1). But

mer+v)=1-t)r+ty+(1—-t)v=2+(1—-1t)v,

(z+
80 V(Be(z, H)) = Bi_p(2, H). Since C is convex, B(;_y(z,H) C C, and
(©). O

hence z € Int

We can now show the following.

Corollary B.3.11. Let C be a compact, conver subset of R™ and let x €
Int(C). Let ¢ be a line in R™ containing x. Then:

(1) If ¢ is not contained in the affine hull Aff(C), then ¢ NC = {z}.
(2) If £ is contained in Aff(C), then £ N C is a line segment [y, z] with
(y,z) C Int(C) and y, z € OC.
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Proof. (1) If /NC contains a point y # x, then ¢ is the unique line containing
both = and y. Since both z and y are in Aff(C'), so is this line.

(2) Let x # w € (¢ and consider the affine map v : R — ¢ given by
v(t) = (1 — t)z + tw. Since x € Int(C) Be(z,H) C C for some € > 0.
Since affine maps are continuous, Bs(0) C v~ 1(Bc(x)) for some § > 0. So
v(Bs(0)) € £NC. By Lemma B.3.9, /N C is compact and convex. Since it
consists of more than one point, it must be a line segment [y, z] for y # z
by Corollary B.2.3. Moreover, v(Bs(0)) C [y,z], so z € (y,z). By Lem-
ma B.3.10, all of (y, z) is contained in Int(C').

But y cannot lie in Int(C): if it did there would be an open interval
about v~!(y) mapping into C. But 7 : R — £ is an affine isomorphism, so
7 HC) = v I([z,y]) is a closed interval. So y € OC, as is z by the same
argument. [l

We can now generalize Proposition B.3.2 to arbitrary compact, convex
subsets of R™.

Proposition B.3.12. Let C be a compact, convexr subset of R™ and let
x € Int(C'). Then there is a homeomorphism

(B.3.2) h:C(C) = C
[y t] = (1 —t)y + ta,
from the cone on OC to C.

Proof. Let 2 # z € C. By Corollary B.3.11, the ray 2 meets 9C' in exactly
one point, say y. Again by Corollary B.3.11, we must have that z € [z, y].
But [x,y] is precisely the image of the restriction of f to {[y,t]:t € I}, on
which f is one-to-one. So f is a bijection. Since C(9C) is compact and C
is Hausdorff, f is a homeomorphism by Corollary B.2.5. O

But now we can use the topology of cones to show that any two compact,
convex subsets of R™ of the same dimension are homeomorphic. We first
treat the case of convex bodies.

Theorem B.3.13. Let C be a convex body in R™. Then OC' is homeomor-
phic to S*L, and hence C is homeomorphic to D™.

Proof. After applying a translation, if necessary, we may assume the origin
is an interior point of C. Now consider the lines through the origin. By
Corollary B.3.11, each line through the origin intersects 0C' in exactly two
points, one on each side of the origin. Thus, the function

f:0C — s+t

z
T —
gdl

is bijective. Since both OC and S"~! are compact Hausdorff spaces, f is a
homeomorphism.
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Since homeomorphic spaces have homeomorphic cones, C' is homeomor-
phic to D™. (A compactness argument could be used here, as well.) O

This argument generalizes easily:

Theorem B.3.14. Let C be a compact, convex subset of R™ with dim C' = k.
Then OC' is homeomorphic to S¥~1 and hence C is homeomorphic to D¥.

Proof. Let H = Aff(C) and let V be its linear base. Let y € Int(C).
Translating by —y, we may assume H =V and 0 € Int(C). Then as in the
proof of Theorem B.3.13, the map x — H%H is a homeomorphism from 9C
to the unit sphere of V. But an orthonormal basis of V' provides a linear
isometry from R* to V, inducing an isometric homeomorphism from S*~!
to the unit sphere of V. O

This is a nice, abstract setting in which to have worked, but the result is
actually striking when applied to polytopes.

Corollary B.3.15. Let P be a polytope in R™ with dim P = k. Then OP 1is
homeomorphic to S*~1, and P is homeomorphic to DF.

In particular, by Corollary 8.3.8, P is a manifold, which is rather strik-
ing, given the definitions.



444

MARK STEINBERGER

References

(1]
2l
B8l
(4]

[5]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]
(18]

ANTON, HOWARD; RORRES, CHRIS. Elementary linear algebra: applications version.
Tenth edition. John Wiley & Sons, New York, 2010.

BREDON, GLEN E. Topology and geometry. Graduate Texts in Mathematics, 139.
Springer-Verlag, New York, 1993. ISBN: 0-387-97926-3. MR1224675 (94d:55001).
CARMO, MANFREDO P. DO. Riemannian geometry. Translated by Francis Flaherty.
Birkhduser, Boston, 1992.

CARMO, MANFREDO P. DO. Differential geometry of curves and surfaces. Prentice-
Hall, Inc., Englewood Cliffs, NJ, 1976.

CHILDS, LINDSAY N. A concrete introduction to higher algebra. Third edition. Un-
dergraduate Texts in Mathematics. Springer, Berlin, 2009. ISBN: 978-0-387-74527-5.
MR2464583 (2009i:00001).

CoNwAy, JOHN H.; BURGIEL, HEIDI; GOODMAN-STRAUSS, CHAIM. The symmetries
of things. A K Peters, Ltd., Wellesley, MA, 2008. xviii4+426 pp. ISBN: 1-56881-220-5.
MR2410150 (2009¢:00002), Zbl 1173.00001.

ConNway, J. H.; SLOANE, N. J. A. Sphere packings, lattices and groups. With ad-
ditional contributions by E. Bannai, J. Leech, S. P. Norton, A. M. Odlyzko, R.
A. Parker, L. Queen and B. B. Venkov. Grundlehren der Mathematischen Wis-
senschaften, 290. Springer-Verlag, New York, 1988. xxviii+663 pp. ISBN: 0-387-
96617-X. MR0920369 (89a:11067), Zbl 0634.52002.

DucunbJi, JAMES. Topology. Reprinting of the 1966 original. Allyn and Bacon Series
in Advanced Mathematics. Allyn and Bacon, Inc., Boston, Mass., 1978. xv+447 pp.
ISBN: 0-205-00271-4. MR0478089 (57 #17581).

GUGGENHEIMER, HEINRICH W. Plane geometry and its groups. Holden-Day, Inc.,
San Francisco, 1967. xii+288 pp. MR0213943 (35 #4796), Zbl 0147.38801.

HAN, QING; HONG, JIA-XING. (2006), Isometric embedding of Riemannian manifolds
in Euclidean spaces. American Mathematical Society, Providence, RI, 2006. ISBN 0-
8218-4071-1

LANG, SERGE. Algebra. Revised third edition. Graduate Texts in Mathematics, 211.
Springer-Verlag, New York, 2002. xvi+914 pp. ISBN: 0-387-95385-X. MR 1878556
(2003€e:00003).

LANG, SERGE. Introduction to differentiable manifolds. Second edition. Universi-
text. Springer- Verlag, New York, 2002. xii4+250 pp. ISBN: 0-387-95477-5. MR1931083
(2003h:58002).

LEE, JouN M. Introduction to smooth manifolds. Second edition. Graduate Texts in
Mathematics, 218. Springer, New York, 2013. xvi+708 pp. ISBN: 978-1-4419-9981-8.
MR2954043, Zbl 1258.53002.

MARTIN, GEORGE. Transformation geometry. An introduction to symmetry. Under-
graduate Texts in Mathematics. Springer-Verlag, New York, 1982. XI1I14+237pp. Zbl
0484.51001.

MUNKRES, JAMES R. Elements of algebraic topology. Advanced Book Program.
Perseus Books, Cambridge, MA, 1984.

RyAN, PATRICK J. Euclidean and non-Euclidean geometry. An analytical approach.
Cambridge University Press, Cambridge, 1986. xviii4+215 pp. ISBN: 0-521-25654-2;
0-521-27635-7. MR0854104 (87i:51001), Zbl 0592.51013.

STEINBERGER, MARK. Algebra. http://www.albany.edu/~mark/algebra.pdf.
THORPE, JOHN A. Elementary topics in differential geometry. Undergraduate Texts
in Mathematics. Springer-Verlag, NY, 1979.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY AT ALBANY, ALBANY, NY
12222
http://albany.edu/ "mark/


http://www.ams.org/mathscinet-getitem?mr=1224675
http://www.ams.org/mathscinet-getitem?mr=2464583
http://www.ams.org/mathscinet-getitem?mr=2410150
http://www.emis.de/cgi-bin/MATH-item?1173.00001
http://www.ams.org/mathscinet-getitem?mr=0920369
http://www.emis.de/cgi-bin/MATH-item?0634.52002
http://www.ams.org/mathscinet-getitem?mr=0478089
http://www.ams.org/mathscinet-getitem?mr=0213943
http://www.emis.de/cgi-bin/MATH-item?0147.38801
http://www.ams.org/mathscinet-getitem?mr=1878556
http://www.ams.org/mathscinet-getitem?mr=1931083
http://www.ams.org/mathscinet-getitem?mr=2954043
http://www.emis.de/cgi-bin/MATH-item?1258.53002
http://www.emis.de/cgi-bin/MATH-item?0484.51001
http://www.emis.de/cgi-bin/MATH-item?0484.51001
http://www.ams.org/mathscinet-getitem?mr=0854104
http://www.emis.de/cgi-bin/MATH-item?0592.51013
http://www.albany.edu/~mark/algebra.pdf

	Preface
	Terminology
	Functions
	Relations

	Acknowledgements

	1. Some linear algebra
	1.1. Vector spaces and linear maps
	1.2. Spans and linear independence
	1.3. Matrices
	1.4. Block matrices and their multiplication
	1.5. Dimension
	1.6. Rank
	1.7. Direct sums
	1.8. Base change
	1.9. Exercises

	2. Basic Euclidean geometry
	2.1. Lines in Rn
	2.2. Lines in the plane
	2.3. Inner products and distance
	2.4. Euclidean isometries are affine
	2.5. Affine functions and linearity
	2.6. Affine automorphisms of Rn
	2.7. Similarities
	2.8. Convex and affine hulls; affine subspaces and maps
	2.8.1. Convex and affine hulls
	2.8.2. Joins
	2.8.3. Affine maps
	2.8.4. Affine and convex hulls of infinite sets
	2.8.5. Convex subsets of lines

	2.9. Affine independence, interiors and faces
	2.9.1. Affine independence
	2.9.2. Interiors
	2.9.3. Faces
	2.9.4. Examples

	2.10. Exercises

	3. Groups
	3.1. Definition and examples
	3.2. Orders of elements
	3.3. Conjugation and normality
	3.4. Homomorphsims
	3.5. A matrix model for isometries and affine maps
	3.6. G-sets
	3.7. Direct products

	4. Linear isometries
	4.1. Orthonormal bases and orthogonal matrices
	4.2. Gramm–Schmidt
	4.3. Orthogonal complements
	4.4. Applications to rank
	4.5. Invariant subspaces for linear isometries

	5. Isometries of R2
	5.1. Reflections
	5.2. Trigonometric functions
	5.3. Linear isometries of R2: calculation of O(2)
	5.4. Angles in R2 and Rn; the cosine law; orientation in R2
	5.4.1. Angles in R2
	5.4.2. Angles in Rn
	5.4.3. Orientation in R2

	5.5. Calculus of isometries of R2
	5.5.1. Glide reflections
	5.5.2. Calculating composites of isometries
	5.5.3. Calculus of reflections

	5.6. Classical results from Euclidean geometry
	5.7. Exercises

	6. Groups of symmetries: planar figures
	6.1. Symmetry in Rn; congruence and similarity
	6.1.1. The group of symmetries of XRn
	6.1.2. The subgroups T(X) and O(X) of S(X)
	6.1.3. Congruence and similarity

	6.2. Symmetries of polytopes
	6.2.1. Generalities
	6.2.2. Centroids
	6.2.3. Symmetries of the n-cube
	6.2.4. Symmetries of the regular n-gon in R2

	6.3. Geometry meets number theory: the golden mean
	6.4. Symmetries of points and lines in R2
	6.5. Dihedral groups
	6.6. Index 2 subgroups
	6.7. Left cosets; orbit counting; the first Noether theorem
	6.8. Leonardo's theorem
	6.9. Orbits and isotropy in the plane
	6.10. Frieze groups
	6.11. Fundamental regions and orbit spaces
	6.12. Translation lattices in Rn
	6.13. Orientation-preserving wallpaper groups
	6.13.1. Groups admitting 4-centers
	6.13.2. Groups admitting 6-centers
	6.13.3. Groups admitting 3-centers but not 6-centers
	6.13.4. The remaining cases

	6.14. General wallpaper groups
	6.14.1. Wallpaper groups with O(W)=W4
	6.14.2. Wallpaper groups with O(W)=W6
	6.14.3. Wallpaper groups with O(W)=W3
	6.14.4. Wallpaper groups with O(W)=W2
	6.14.5. Wallpaper groups with O(W)=W1

	6.15. Exercises

	7. Linear isometries of R3
	7.1. Linear orientations of Rn
	7.2. Rotations
	7.3. Cross products
	7.4. Reflections
	7.5. Rotation-reflections
	7.6. Symmetries of the Platonic solids
	7.6.1. The cube and the regular tetrahedron
	7.6.2. The regular tetrahedron
	7.6.3. Calculation of O(C)
	7.6.4. The dodecahedron
	7.6.5. Duality
	7.6.6. The octahedron
	7.6.7. Dual of the tetrahedron
	7.6.8. The icosahedron

	7.7. Exercises

	8. Spheres and other manifolds
	8.1. Some advanced calculus
	8.2. Orientation properties of nonlinear mappings in Rn
	8.3. Topological manifolds; Sn-1
	8.4. Smooth manifolds
	8.5. Products of manifolds
	8.6. Oriented atlases
	8.7. Exercises

	9. Spherical geometry
	9.1. Arc length and distance in Sn; isometries of Sn
	9.2. Lines and angles in S2
	9.3. Spherical triangles
	9.4. Isometries of S2
	9.5. Perpendicular bisectors
	9.6. Exercises

	10. Tangent bundles
	10.1. The local model
	10.2. The tangent bundle of a smooth manifold
	10.3. Tangent bundles of products
	10.4. Immersions and embeddings; submersions
	10.5. Orientation of manifolds
	10.6. Vector fields

	11. Riemannian manifolds
	11.1. Riemannian metrics
	11.2. Arc length, distance and angles
	11.3. Geodesics
	11.3.1. Geodesics in the local model
	11.3.2. Geodesics in general Riemannian manifolds

	11.4. The exponential map

	12. Hyperbolic geometry
	12.1. Boundary of H and compactification of C.
	12.2. Möbius transformations
	12.3. Isometric properties of Möbius transformations
	12.4. Hyperbolic lines and geodesics
	12.5. Incidence relations and transitivity properties
	12.6. Hyperbolic line segments
	12.7. Parallels and perpendiculars
	12.8. Reflections
	12.9. Generalized Möbius transformations
	12.10. Calculus of isometries
	12.11. Exercises

	Appendix A. Spaces with identifications
	A.1. Metric topology
	A.2. Subspace topology
	A.3. Quotient topology
	A.4. Group actions and orbit spaces
	A.5. Basis for a topology
	A.6. Properly discontinuous actions
	A.6.1. Product topology
	A.6.2. Disjoint unions

	A.7. Topology of the orbit space

	Appendix B. Compactness
	B.1. Heine–Borel
	B.2. Maps out of compact spaces
	B.3. Cones and convex bodies
	B.3.1. Cones
	B.3.2. Convex bodies


	References

