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Pr❡r❡q✉✐s✐t❡s
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✶ ◆♦♥✲❘✐❣♦r♦✉s ❇❛❝❦❣r♦✉♥❞

❚❤✐s ❝♦✉rs❡ ✐s ❛❜♦✉t t❤❡ st✉❞② ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✐♥ ✇❤✐❝❤ ✈❛r✐❛❜❧❡s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❡r♠s

♦❢ r❛t❡s ♦❢ ❝❤❛♥❣❡ ✭♥♦t ❥✉st ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡✮✳ ■t ✐s✱ ♦❜✈✐♦✉s❧②✱ ❛♥ ❛r❡❛ ♦❢ ♠❛t❤❡♠❛t✐❝s ✇✐t❤ ♠❛♥②

❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥s t♦ ♣❤②s✐❝s✱ ✐♥❝❧✉❞✐♥❣ ♠❡❝❤❛♥✐❝s ❛♥❞ s♦ ♦♥✳ ❆s s✉❝❤✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❤❛✈❡ ❛ ❣r❛s♣

♦❢ ❤♦✇ ✇❡ ❝♦❞✐❢② ❛ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠❀ ✇❡ ✐♥tr♦❞✉❝❡ t❤✐s ✇✐t❤ ❛♥ ❡①❛♠♣❧❡✿

Pr♦♣♦s✐t✐♦♥ ✶✳✶ ✭◆❡✇t♦♥✬s ▲❛✇ ♦❢ ❈♦♦❧✐♥❣✮✳ ■❢ ❛ ❜♦❞② ♦❢ t❡♠♣❡r❛t✉r❡ T (t) ✐s ♣❧❛❝❡❞ ✐♥ ❛♥ ❡♥✈✐r♦♥♠❡♥t

♦❢ t❡♠♣❡r❛t✉r❡ T0 t❤❡♥ ✐t ✇✐❧❧ ❝♦♦❧ ❛t ❛ r❛t❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❡♠♣❡r❛t✉r❡✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❆ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❛ ✈❛r✐❛❜❧❡s ❝♦♥s✐❞❡r❡❞ ❛s ❝❤❛♥❣✐♥❣ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢

❝❤❛♥❣❡s ✐♥ ♦t❤❡r ✈❛r✐❛❜❧❡s✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✳

■♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ◆❡✇t♦♥✬s ▲❛✇ ♦❢ ❈♦♦❧✐♥❣✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ t❡♠♣❡r❛t✉r❡ T ✇❤✐❝❤

❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ t✐♠❡✱ t✳ ❚❤❡ st❛♥❞❛r❞ ✭▲❡✐❜♥✐③✮ ♥♦t❛t✐♦♥ ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥

t❤❡♥ ❣✐✈❡s ✉s t❤❡s❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠s ❢♦r ◆❡✇t♦♥✬s ▲❛✇✿

dT

dt
∝ T − T0

dT

dt
= −k (T − T0)

✇❤❡r❡ ✇❡ t❛❦❡ k t♦ ❜❡ ❛ ❝♦♥st❛♥t❀ ✐♥ ❢❛❝t✱ ✇❡ r❡q✉✐r❡ t❤❡ ❝♦♥st❛♥t ♦❢ ♣r♦♣♦rt✐♦♥❛❧✐t② k > 0 ❢♦r ❛❝t✉❛❧

♣❤②s✐❝❛❧ t❡♠♣❡r❛t✉r❡ ❡①❝❤❛♥❣❡s✳

❍❛✈✐♥❣ ❡st❛❜❧✐s❤❡❞ t❤✐s ❜❛s✐❝ ❛♣♣r♦❛❝❤✱ ✇❡ s❤❛❧❧ ❜❡❣✐♥ ✇✐t❤ ❛ ❢❛✐r❧② ✐♥❢♦r♠❛❧ ♦✈❡r✈✐❡✇ ♦❢ ❞✐✛❡r❡♥t✐✲

❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥✱ t♦ ❤❡❧♣ ✉s ✉♥❞❡rst❛♥❞ t❤❡ t❡❝❤♥✐q✉❡s ✇❡ ✇✐❧❧ ❞❡✈❡❧♦♣ ❧❛t❡r✳ ❋♦r ❛ ❢✉❧❧② r✐❣♦r♦✉s

✭❛①✐♦♠❛t✐❝✮ ❛♣♣r♦❛❝❤ t♦ ❝❛❧❝✉❧✉s✱ s❡❡ t❤❡ ❆♥❛❧②s✐s ❝♦✉rs❡s✳

✶✳✶ ❉✐✛❡r❡♥t✐❛t✐♦♥ ✉s✐♥❣ ❇✐❣ ❖ ❛♥❞ ▲✐tt❧❡✲♦ ◆♦t❛t✐♦♥

❲❡ ❞❡✜♥❡ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ f (x) ❛s ❜❡✐♥❣

df

dx
= lim

h→0

f (x+ h)− f (x)

h

✇❤✐❝❤ ✐s ♣✐❝t♦r✐❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❣r❛❞✐❡♥t ♦❢ f ❛t x✳

◆♦t❡ t❤❛t t❤❡ ❧✐♠✐t ❝❛♥ ❜❡ t❛❦❡♥ ❢r♦♠ ❛❜♦✈❡ ♦r ❜❡❧♦✇✱ ✇r✐tt❡♥ limh→0±
f(x+h)−f(x)

h ✱ ✇✐t❤ ❜♦t❤ s✐❞❡

❧✐♠✐ts ❜❡✐♥❣ ❡q✉❛❧ ❢♦r ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ✭❍❡♥❝❡ f (x) = |x| ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t x = 0✳✮

❲❡ ✉s❡ ✈❛r✐♦✉s ♥♦t❛t✐♦♥s✱ ❣✐✈❡♥ f = f (x)✿

df

dx
≡ f ′ (x) ≡

(
d

dx

)

[f (x)] ≡ d

dx
f

✇❤❡r❡ d
dx ✐s ❛ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✳ ❚❤❡♥

d

dx

(
df

dx

)

≡ d2f

dx2
≡ f ′′ (x)

✹



❚♦ tr② ❛♥❞ ❝♦♠❡ ✉♣ ✇✐t❤ ❛ ❝♦♥❝✐s❡ ❛♥❞ ✉s❡❢✉❧ ✇❛② ♦❢ ✇r✐t✐♥❣ f ✐♥ t❡r♠s ♦❢ df
dx ✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r

♥♦t❛t✐♦♥ ✭♦r t✇♦✮✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳ ❲❡ ✇r✐t❡

f (x) = o (g (x))

❛s x → c ✐❢

lim
x→c

f (x)

g (x)
= 0

❛♥❞ ✇❡ s❛② f ✐s ❧✐tt❧❡✲♦ ♦❢ g ✭❛s x t❡♥❞s t♦ c✮✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ❛❧❧♦✇s ✉s t♦ ♠❛❦❡ ❡①♣❧✐❝✐t ✇❤❛t ✇❡ ♠❡❛♥ ❜② f ❵❣r♦✇s ♠♦r❡ s❧♦✇❧②✬ t❤❛♥ g✳

❊①❛♠♣❧❡ ✶✳✹✳

✭✐✮ x = o (
√
x) ❛s x → 0+✳

✭✐✐✮ lnx = o (x) ❛s x → +∞✳

❉❡✜♥✐t✐♦♥ ✶✳✺✳ ❲❡ s❛② t❤❛t

f (x) = O (g (x))

❛s x → c ✐❢
f (x)

g (x)

✐s ❜♦✉♥❞❡❞ ❛s x → c✱ ❛♥❞ ✇❡ s❛② f ✐s ❜✐❣✲❖ ♦❢ g ✭❛s x t❡♥❞s t♦ c✮✳

❚❤✐s s✐♠✐❧❛r❧② ❣✐✈❡s ❛ r✐❣♦r♦✉s ❞❡✜♥✐t✐♦♥ ♦❢ ✇❤❛t ✐t ♠❡❛♥s t♦ s❛② t❤❛t g ❵❣r♦✇s ❛t ❧❡❛st ❛s q✉✐❝❦❧②✬ ❛s

f ✳ ■♥❞❡❡❞✱ ✐❢ f = o (g) t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t f = O (g)✳

❊①❛♠♣❧❡ ✶✳✻✳ 2x2−x
x2+1 = O (1) ❛s x → ∞✳ ❙✐♠✐❧❛r❧②✱ 2x2 − x = O

(
x2 + 1

)
= O

(
x2
)
✳

■t ❢♦❧❧♦✇s t❤❛t
df

dx
=

f (x+ h)− f (x)

h
+

o (h)

h

t❤❡ t❡r♠ ♦♥ t❤❡ r✐❣❤t ❜❡✐♥❣ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❡rr♦r t❡r♠✳ ✭■❢ ✇❡ ✇r♦t❡ ✐t ❛s ǫ (h) = o(h)
h ✇❡ ✇♦✉❧❞ ❤❛✈❡

❛ ❢✉♥❝t✐♦♥ ǫ s✉❝❤ t❤❛t ǫ
h → 0 ❛s h → 0✳✮

❚❤✉s

h
df

dx
= f (x+ h)− f (x) + o (h)

❛♥❞ ❤❡♥❝❡

f (x+ h) = f (x) + h
df

dx
︸ ︷︷ ︸

linear approximation

+o (h)

✺



❆♣♣❧②✐♥❣ t❤✐s t♦ s♦♠❡ ✜①❡❞ ♣♦✐♥t x0 ✇❡ ♦❜t❛✐♥✱ ❢♦r ❛ ❣❡♥❡r❛❧ ♣♦✐♥t x = x0 + h✱

f (x0 + h) = f (x0) + h

[
df

dx

]

x0

+ o (h)

f (x) = f (x0) + (x− x0)

[
df

dx

]

x0

+ o (h)

❊q✉✐✈❛❧❡♥t❧②✱ ✐❢ y = f (x)✱

y = y0 +m (x− x0)
︸ ︷︷ ︸

linear approximation

+o (h)

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t ❧✐♥❡ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ y = f (x) ♦r y (x)✳

✶✳✶✳✶ ❚❤❡ ❝❤❛✐♥ r✉❧❡

❈♦♥s✐❞❡r f (x) = F [g (x)]✱ ❛ss✉♠✐♥❣ t❤❡s❡ ❛r❡ ❛❧❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ✐♥ s♦♠❡ ✐♥t❡r✈❛❧✳ ❲❡ ✉s❡

❧✐tt❧❡✲♦ ♥♦t❛t✐♦♥ t♦ ❞❡r✐✈❡ t❤❡ ❝❤❛✐♥ r✉❧❡✱ t❤❛t f ′ (x) = g′(x)F ′ [g (x)]✳

df

dx
= lim

h→0

F [g (x+ h)]− F [g (x)]

h

= lim
h→0

1

h
{F [g (x) + hg′(x) + o (h)]− F [g (x)]}

= lim
h→0

1

h
{F [g (x)] + [hg′(x) + o (h)]F ′ [g (x)] + o (hg′(x) + o (h))− F [g (x)]}

❍❡r❡ ♥♦t❡ o (h)F ′ [g (x)] = o (h) ❢♦r ✜♥✐t❡ F ′✱ ❛♥❞ s✐♠✐❧❛r❧② hg′(x) t❡♥❞s t♦ ✵ ❧✐❦❡ h ❢♦r ✜♥✐t❡ g′✱ s♦

✭♥♦t✐♥❣ t❤❛t t❤❡ F [g (x)] t❡r♠s ❝❛♥❝❡❧✮

df

dx
= lim

h→0

1

h
{hg′(x)F ′ [g (x)] + o (h)}

= g′(x)F ′ [g (x)]

❚❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
df

dx
=

df

dg
· dg
dx

❊①❛♠♣❧❡ ✶✳✼✳ ■❢ f (x) =
√
sinx✱ t❤❡♥ g (x) = sinx ❛♥❞ F [x] =

√
x✱ s♦ f ′ (x) = cosx · 1

2
√
sin x

✳

✶✳✶✳✷ ❚❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ r✉❧❡

❆ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤✐s ✐s t❤❛t

1 =
dx

dx
=

dx

dy
· dy
dx

s♦ t❤❛t
dx

dy
=

(
dy

dx

)−1

■❢ ✇❡ ❤❛✈❡ y = f (x)✱ t❤❡♥ dy/dx = f ′ (x)✳

✻



◆♦✇ x = f−1 (y) ✐♠♣❧✐❡s t❤❛t
dx

dy
=
(
f−1

)′
(y)

❜✉t t❤❡♥ ❢r♦♠ t❤❡ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡

(
f−1

)′
(y) =

(
dy

dx

)−1

= (f ′ (x))
−1

❘❡✇r✐t✐♥❣ ❡✈❡r②t❤✐♥❣ ✐♥ t❡r♠s ♦❢ ♦♥❡ ✈❛r✐❛❜❧❡✱

(
f−1

)′
(y) =

1

f ′ (f−1 (y))

✶✳✶✳✸ ❚❤❡ ♣r♦❞✉❝t r✉❧❡

❲❡ ❝❛♥ ❛❧s♦ s❤♦✇ t❤❛t ✐❢ f (x) = u (x) v (x)✱ ✇❤❡r❡ u ❛♥❞ v ❛r❡ ❞✐✛❡r❡♥t✐❛❜❧❡✱ df
dx = u′v + uv′✱ ✉s✐♥❣ ❛

s✐♠✐❧❛r ❛r❣✉♠❡♥t✳

❊①❡r❝✐s❡ ✶✳✽✳ Pr♦✈❡ t❤❡ ♣r♦❞✉❝t r✉❧❡ ✉s✐♥❣ ❧✐tt❧❡✲♦ ♥♦t❛t✐♦♥✳

✶✳✶✳✹ ▲❡✐❜♥✐③✬s r✉❧❡

■❢ f = uv ✇❡ ❤❛✈❡

f = uv

f ′ = u′v + vu′

f ′′ = u′′v + u′v′ + v′u′ + vu′′

= u′′v + 2u′v′ + uv′′

f ′′′ = u′′′v + 3′′v′ + 3u′v′′ + 3v′′′

❚❤✐s s✉❣❣❡sts ❛ ♣❛tt❡r♥✱ ✇✐t❤ t❤❡ ♥✉♠❜❡rs ❡❝❤♦✐♥❣ P❛s❝❛❧✬s tr✐❛♥❣❧❡✳ ■♥❞❡❡❞✱ ✐t ✐s ❢❛✐r❧② ❡❛s② t♦

s❤♦✇ ✭❜② ✐♥❞✉❝t✐♦♥✮ t❤❛t

f (n) (x) = u(n)v + nu(n−1)v′ + · · ·+
(
n

r

)

u(n−r)v(r) + · · ·+ uv(n)

❚❤✐s ✐s r❡❢❡rr❡❞ t♦ ❛s ✭t❤❡ ❣❡♥❡r❛❧✮ ▲❡✐❜♥✐③✬s r✉❧❡✳

✶✳✶✳✺ ❚❛②❧♦r s❡r✐❡s

❘❡❝❛❧❧ t❤❛t

f (x+ h) = f (x) + hf ′ (x) + o (h)

✼



◆♦✇ ✐♠❛❣✐♥❡ t❤❛t f ′ (x) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ s♦ ♦♥❀ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥str✉❝t

f (x+ h) = f (x) + hf ′ (x) +
h2

2!
f ′′ (x) + o

(
h2
)

= f (x) + hf ′ (x) +
h2

2!
f ′′ (x) + · · ·+ hn

n!
f (n) (x) + En

✇❤❡r❡ En = o (hn) ❛s h → 0✱ ♣r♦✈✐❞❡❞ f (n+1) (x) ❡①✐sts✳

❚❤❡♦r❡♠ ✶✳✾ ✭❚❛②❧♦r✬s ❚❤❡♦r❡♠✮✳ ❚❛②❧♦r✬s t❤❡♦r❡♠ ❣✐✈❡s ✉s ✈❛r✐♦✉s ✇❛②s ♦❢ ✇r✐t✐♥❣ En✱ ❜✉t t❤❡

♠♦st ✉s❡❢✉❧ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t En = O
(
hn+1

)
❛s h = x− x0 → 0✱ ✇❤❡r❡

f (x) = f (x0) + (x− x0) f
′ (x0) + · · ·+ (x− x0)

n

n!
f (n) (x0) + En

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❚❛②❧♦r s❡r✐❡s ❛❜♦✉t x0 ❛♥❞ ❣✐✈❡s ❛ ✉s❡❢✉❧ ❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r f ✳ ❲❡ ❝❛♥♥♦t

❡①♣❡❝t ✐t t♦ ❜❡ ♦❢ ♠✉❝❤ ✉s❡ ✇❤❡♥ x− x0 ❣r♦✇s ❧❛r❣❡✳

✶✳✶✳✻ ▲✬❍ô♣✐t❛❧✬s r✉❧❡

▲❡t f (x) ❛♥❞ g (x) ❜❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t x = x0✱ ❛♥❞

lim
x→x0

f (x) = lim
x→x0

g (x) = 0

❚❤❡♥

lim
x→x0

f (x)

g (x)
= lim

x→x0

f ′ (x)

g′ (x)

♣r♦✈✐❞❡❞ g′ (x0) 6= 0 ✭❛♥❞ t❤❛t t❤❡ ❧✐♠✐t ❡①✐sts✮✳

Pr♦♦❢✳ ❋r♦♠ ❚❛②❧♦r s❡r✐❡s✱ ✇❡ ❤❛✈❡

f (x) = f (x0) + (x− x0) f
′ (x0) + o (x− x0)

g (x) = g (x0) + (x− x0) g
′ (x0) + o (x− x0)

❛♥❞ ❤❡♥❝❡ f (x0) = g (x0) = 0❀ t❤❡♥

f

g
=

f ′ + o(∆x)
∆x

g′ + o(∆x)
∆x

✇❤❡r❡ ∆x = x− x0✳ ❚❤❡♥ ❛s ∆x → 0✱
f

g
→ f ′

g′

✽



✶✳✷ ■♥t❡❣r❛t✐♦♥

❚❤❡ ❜❛s✐❝ ✐❞❡❛ ❜❡❤✐♥❞ ✐♥t❡❣r❛t✐♦♥ ✐s ♦❢ ❛ r❡✜♥❡❞ s✉♠ ♦❢ t❤❡ ❛r❡❛ ✉♥❞❡r ❛ ❣r❛♣❤❀ ❢♦r ❡①❛♠♣❧❡✱ ❛ s✐♠♣❧❡

❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥ ✐♥t❡❣r❛❧✱ ✇❤❡r❡ ✐t ❡①✐sts✱ ♠✐❣❤t ❜❡ ❣✐✈❡♥ ❜②

ˆ b

a

f (x) dx = lim
∆x→0

N−1∑

n=0

f (xn)∆x

✇❤❡r❡ xn ❛r❡ N ♣♦✐♥ts s♣❛❝❡❞ t❤r♦✉❣❤♦✉t [a, b]✱ ✇❤❡r❡ ∆x = xn−xn−1 ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥t❡r✈❛❧ ❜❡✐♥❣

s✉♠♠❡❞ ♦✈❡r✳

◆♦t❡ t❤❛t ✐❢ f ′ ✐s ✜♥✐t❡✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛r❡❛ ❜❡♥❡❛t❤ t❤❡ ❣r❛♣❤ ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛✲

t✐♦♥ ❣✐✈❡♥ ❛❜♦✈❡ ✐s ❛ r♦✉❣❤❧② tr✐❛♥❣✉❧❛r s❤❛♣❡ ♦❢ ❛r❡❛ |En|✱ ✇❤❡r❡ t❤❡ ❜❛s❡ ✐s ∆x ❛♥❞ t❤❡ ❤❡✐❣❤t ✐s

f ′ (xn)∆x+ o (∆x)✳ ❍❡♥❝❡

En =
1

2
∆x [f ′ (xn)∆x+ o (∆x)]

= O
(

(∆x)
2
)

❢♦r ✜♥✐t❡ f ′✳

❍❡♥❝❡ s✐♥❝❡ ✇❡ ❝❤♦♦s❡ xn ❛❜♦✈❡ s♦ t❤❛t t❤❡ ∆x = O
(

1
N

)
✱ ✇❡ ❣❡t

Area = lim
N→∞

[
N−1∑

n=1

f (xn)∆x+O

(
1

N

)]

= lim
N→∞

[
N−1∑

n=1

f (xn)∆x

]

=

ˆ b

a

f (x) dx

❛s ❞❡✜♥❡❞ ❛❜♦✈❡✳

✶✳✷✳✶ ❚❤❡ ❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ❈❛❧❝✉❧✉s

❲❡ ♥♦✇ ✉♥❞❡rst❛♥❞ ✐♥t✉✐t✐✈❡❧② ✇❤❛t ✇❡ ♠❡❛♥ ❜② ✐♥t❡❣r❛t✐♦♥✱ ❜✉t ✇❡ ♥❡❡❞ t♦ ❞❡✈❡❧♦♣ t❤❡ r❡❧❛t✐♦♥s❤✐♣

❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t✐♦♥ f ❛♥❞ ✐ts ✐♥t❡❣r❛❧✳ ■t ✐s tr❛❞✐t✐♦♥❛❧ t♦ s❛② t❤❛t ✐♥t❡❣r❛t✐♦♥ ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢

❞✐✛❡r❡♥t✐❛t✐♦♥✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s❛②s ❡①❛❝t❧② ✇❤❛t ✇❡ ♠❡❛♥ ❜② t❤✐s✳

❚❤❡♦r❡♠ ✶✳✶✵ ✭❚❤❡ ❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ❈❛❧❝✉❧✉s✮✳ ■❢ f ✐s ❝♦♥t✐♥✉♦✉s✱ d
dx

´ x

a
f (t) dt = f (x)✳

Pr♦♦❢✳ ❲❡ s❤❛❧❧ ♥♦t ❝❧❛✐♠ t♦ ❣✐✈❡ ❛ ❢✉❧❧ ♣r♦♦❢ ♦❢ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ ❜✉t ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ✐❢
´ x+h

x
f (t) dt = f (x)h+O

(
h2
)
✇❡ ❝❛♥ ❡st❛❜❧✐s❤ ✐t✳ ❚❤❡ ♣❛rt✐❛❧ ♣r♦♦❢ ✐s ♦❜t❛✐♥❡❞ s✐♠♣❧② ❜❡ s❡tt✐♥❣

✾



F (x) =
´ x

a
f (t) dt ❛♥❞ ❝❛❧❝✉❧❛t✐♥❣

dF

dx
= lim

h→0

1

h

[
ˆ x+h

a

f (t) dt−
ˆ x

a

f (t) dt

]

= lim
h→0

1

h

ˆ x+h

x

f (t) dt

= lim
h→0

1

h

[
f (x)h+O

(
h2
)]

= f (x)

❚❤✐s ♠❡❛♥s t❤❛t ✐❢ ✇❡ ❤❛✈❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f t❤❛t ✇❡ r❡❝♦❣♥✐③❡ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ s♦♠❡

♦t❤❡r ❢✉♥❝t✐♦♥ F ✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t
´ x

a
f (t) dt = F (x)− F (a)✳

❘❡♠❛r❦✳ ◆♦t❡ t❤❛t ✇❡ ❛r❡ t❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✉♣♣❡r ❧✐♠✐t❀ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

r❡s✉❧t ❢♦r t❤❡ ❧♦✇❡r ❧✐♠✐t ✐s
d

dx

ˆ b

x

f (t) dt = −f (x)

❛s ❝❛♥ ❜❡ s❡❡♥ ❜② ❡①❝❤❛♥❣✐♥❣ t❤❡ t✇♦ ❧✐♠✐ts✳

❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ❝❛♥ ❡st❛❜❧✐s❤✱ ✈✐❛ t❤❡ ❝❤❛✐♥ r✉❧❡✱ t❤❛t

d

dx

ˆ g(x)

a

f (t) dt =
dg

dx

d

dg

ˆ g

a

f (t) dt

= g′ (x) · f (g (x))

❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✿

❉❡✜♥✐t✐♦♥ ✶✳✶✶✳ ❆ ✐♥❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ ✐s ✇r✐tt❡♥ ❛s

ˆ

f (x) dx ≡
ˆ x

f (t) dt

✇❤❡r❡ t❤❡ ❧♦✇❡r ❧✐♠✐t ✐s ✉♥s♣❡❝✐✜❡❞✱ ❣✐✈✐♥❣ r✐s❡ t♦ t❤❡ ❢❛♠✐❧✐❛r ❛r❜✐tr❛r② ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t✳

✶✳✷✳✷ ■♥t❡❣r❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥

◆♦✇ ✉s✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❝❛❧❝✉❧✉s✱ ✇❡ ❝❛♥ r❡✈❡rs❡ ♦✉r r✉❧❡s ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥ t♦ ♦❜t❛✐♥

t❡❝❤♥✐q✉❡s ❢♦r ✐♥t❡❣r❛t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❝❤❛✐♥ r✉❧❡✱ t❤✐s ❣✐✈❡s r✐s❡ t♦ t❤❡ ❢❛♠✐❧✐❛r ♠❡t❤♦❞ ♦❢

✐♥t❡❣r❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥✿
ˆ

f (u (x))
du

dx
dx =

ˆ

f (u) du

♦r ♠♦r❡ ❛❝❝✉r❛t❡❧②✱ ❣✐✈✐♥❣ ❡①♣❧✐❝✐t ❧✐♠✐ts✱

ˆ b

a

f (u (x))
du

dx
dx =

ˆ u(b)

u(a)

f (t) dt

✶✵



◆♦t❡ t❤❛t ✇❡ ❛r❡ ❛❣❛✐♥ ❛ss✉♠✐♥❣ s✉✣❝✐❡♥t ❝♦♥t✐♥✉✐t② ♦❢ f ✱ ❛♥❞ ❛❧s♦ ♦❢ u ✭s✐♥❝❡ ✇❡ ♥❡❡❞ ✐t t♦ ❤❛✈❡

❛ ❞❡r✐✈❛t✐✈❡✮✳ ■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t ✐❢ F =
´

f ✐s ❛♥ ❛♥t✐❞❡r✐✈❛t✐✈❡ ♦❢ f ✱ t❤❡♥

d

dx
F (u (x)) = u′ (x)F ′ (u (x))

= u′ (x) f (u (x))

❛♥❞ ❤❡♥❝❡ t❤❛t

ˆ b

a

u′ (x) f (u (x)) dx = F (u (b))− F (u (a))

=

ˆ u(b)

u(a)

f (t) dt

❛s ✇❛s r❡q✉✐r❡❞✳

❊①❛♠♣❧❡ ✶✳✶✷✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡✿

I =

ˆ

1− 2x√
x− x2

dx

=

ˆ

(
x− x2

)−1/2
(1− 2x) dx

❚❤❡♥ u = x− x2 ❣✐✈❡s du
dx = (1− 2x)✱ s♦ t❤❡ ✐♥t❡❣r❛❧ ❜❡❝♦♠❡s

I =

ˆ

u−1/2du

= 2u1/2 + C

= 2
√

x− x2 + C

◆♦t❡ t❤❛t ✇❡ ❛✈♦✐❞❡❞ ✇r✐t✐♥❣ du = (1− 2x) dx✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ♥♦t r❡❛❧❧② ❣✐✈❡♥ ❛ ♠❡❛♥✐♥❣ t♦ t❤✐s

❡①♣r❡ss✐♦♥✳ ❚❤✐s ✐s ❜❡st ✉s❡❞ ♦♥❧② ❛s ❛ ♠♥❡♠♦♥✐❝✳

■♥t❡❣r❛t✐♦♥ ❜② s✉❜st✐t✉t✐♦♥ ♦❢t❡♥ r❡q✉✐r❡s ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t ♦❢ ✐♥✈❡♥t✐✈❡♥❡ss✱ s♦ ✐t ✐s ✉s❡❢✉❧ t♦ ❤❛✈❡

s♦♠❡ r✉❧❡s ♦❢ t❤✉♠❜ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ s♦♠❡ ❢♦r♠s ♦❢ ✐♥t❡❣r❛♥❞✳ ❚❤✐s t❛❜❧❡ ❤❛s s♦♠❡ s✉❣❣❡st✐♦♥s ❢♦r

tr✐❣♦♥♦♠❡tr✐❝ s✉❜st✐t✉t✐♦♥s✿

■❞❡♥t✐t② ❋✉♥❝t✐♦♥ ❙✉❜st✐t✉t✐♦♥

cos2 θ + sin2 θ = 1
√
1− x2 x = sin θ

1 + tan2 θ = sec2 θ 1 + x2 x = tan θ

cosh2 u− sinh2 u = 1
√
x2 − 1 x = coshu√
x2 + 1 x = sinhu

1− tanh2 u = sech2u 1− x2 x = tanhu

✶✶



❊①❛♠♣❧❡ ✶✳✶✸✳ ❚❤✐s ❣✐✈❡s ♦♥❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ s✉❝❤ ❛♥ ✐❞❡♥t✐t②✿ ❝♦♥s✐❞❡r
´
√
2x− x2dx✳ ❆♥ ♦❢t❡♥ ✉s❡❢✉❧ ❛♣♣r♦❛❝❤ ✇✐t❤ ❡①♣r❡ss✐♦♥s ❧✐❦❡ t❤✐s ✐s t♦ ❝♦♠♣❧❡t❡ t❤❡ sq✉❛r❡✿

ˆ

√

2x− x2dx =

ˆ √

1− (x− 1)
2
dx

❚❤❡♥ t❤✐s ❤❛s t❤❡ ❢♦r♠ ❛❜♦✈❡ s✉❣❣❡st✐♥❣ ❛ sin θ s✉❜st✐t✉t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇❛♥t x−1 = sin θ✱

❛♥❞ s♦ ✇❡ ❤❛✈❡

ˆ

√

2x− x2dx =

ˆ √

1− (sin θ)
2 dx

dθ
dθ

=

ˆ

cos θ · cos θdθ

=

ˆ

cos2 θdθ

❲❡ ❝❛♥ t❤❡♥ ❝❛❧❝✉❧❛t❡ t❤✐s ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ❞♦✉❜❧❡✲❛♥❣❧❡ ❢♦r♠✉❧❛ cos 2θ = 2 cos2 θ − 1✿

ˆ

cos2 θdθ =

ˆ

1

2
(1 + cos 2θ) dθ

=
1

2
θ +

1

4
sin 2θ + C

=
1

2
θ +

1

2
sin θ cos θ + C

=
1

2
sin−1 (x− 1) +

1

2
(x− 1)

√

1− (x− 1)
2
+ C

❆♥♦t❤❡r ❡①❛♠♣❧❡ s❤♦✇s t❤❛t ❝❤♦♦s✐♥❣ t❤❡ r✐❣❤t s✉❜st✐t✉t✐♦♥ ♠❛② ♥♦t ❜❡ ♦❜✈✐♦✉s✿

❊①❛♠♣❧❡ ✶✳✶✹✳ ❈❛❧❝✉❧❛t❡
´

x
1+x4 dx✳

■t ♠✐❣❤t s❡❡♠ t❡♠♣t✐♥❣ t♦ tr② ❛♥❞ s✐♠♣❧✐❢② t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐♥ t❤✐s ❡①♣r❡ss✐♦♥✱ ❜✉t t❤❡ ❜❡st

❛♣♣r♦❛❝❤ ✐♥ ❢❛❝t ✐s t♦ ❛✈♦✐❞ ❤❛✈✐♥❣ t❡r♠s ❜♦t❤ ✐♥ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r✱ ✇❤✐❝❤ ✐s ♠♦st

❡❛s✐❧② ❞♦♥❡ ❜② ❡❧✐♠✐♥❛t✐♥❣ t❤❡ x t❡r♠ ♦♥ t♦♣✳ ❍❡r❡✱ ❧❡t u = x2 ❣✐✈❡s du
dx = 2x ❛♥❞ t❤✉s ✇❡ ❣❡t

ˆ

x

1 + x4
dx =

1

2

ˆ

1

1 + u2
du

❚❤❡♥ ✉s✐♥❣ t❤❡ u = tan θ s✉❜st✐t✉t✐♦♥✱ ✇❡ ❣❡t

1

2

ˆ

1

1 + u2
du =

1

2

ˆ

1

1 + tan2 θ
sec2 θdθ

=
1

2
θ + C

=
1

2
tan−1 x2 +D

✶✷



✶✳✷✳✸ ■♥t❡❣r❛t✐♦♥ ❜② ♣❛rts

❆❣❛✐♥✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ▲❡✐❜♥✐③ ✐❞❡♥t✐t② ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥✱ (uv)
′
= u′v + uv′✱ t♦ ♦❜t❛✐♥ ❛♥ ✐♥t❡❣r❛t✐♦♥

t❡❝❤♥✐q✉❡✿

ˆ

(u′v + uv′) dx = uv

ˆ

uv′dx = uv −
ˆ

u′vdx

❆❣❛✐♥✱ t❤✐s ❞❡♠❛♥❞s s♦♠❡ ✐♥✈❡♥t✐✈❡♥❡ss ✐♥ ✐ts ❛♣♣❧✐❝❛t✐♦♥ ✲ ✐❞❡♥t✐❢②✐♥❣ ✇❤❛t t♦ ❝❛❧❧ u ❛♥❞ ✇❤❛t t♦

❝❛❧❧ v′ ✐s ♥♦t ❛❧✇❛②s ❡❛s②✳

❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ str❛✐❣❤t✲❢♦r✇❛r❞ ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✶✳✶✺✳ ❈❛❧❝✉❧❛t❡
´∞
0

xe−xdx✳

❚♦ s✐♠♣❧✐❢② t❤❡ ✐♥t❡❣r❛❧ ✇❡ ✇❛♥t t♦ ♠❛❦❡ t❤❡ u′v ❡①♣r❡ss✐♦♥ ❡❛s✐❡r t♦ ✐♥t❡❣r❛t❡✳ ❚❛❦✐♥❣ u = x

❛♥❞ v′ = e−x ❣✐✈❡s

ˆ ∞

0

xe−xdx =
[
−xe−x

]∞
0

−
ˆ ∞

0

−e−xdx

= 0 +
[
−e−x

]∞
0

= 0 + 1

= 1

❚❤✐s t❡❝❤♥✐q✉❡ ❜✉t ❝❛♥ ❛❝t✉❛❧❧② ❣✐✈❡ s✉r♣r✐s✐♥❣ r❡s✉❧ts✿✳

❊①❛♠♣❧❡ ✶✳✶✻✳ ❈❛❧❝✉❧❛t❡
´

ex cosxdx✳

❯s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡✱ ✇❡ ✇r✐t❡ u = cosx ❛♥❞ v′ = ex✱ ✇❤✐❝❤ ❣✐✈❡s ✉s

ˆ

ex cosxdx = ex cosx+

ˆ

ex sinxdx

✇✐t❤ ❛ s✐♠✐❧❛r ✐♥t❡❣r❛❧ t♦ ❜❡ ❝♦♠♣✉t❡❞✳ ❲❡ ❝❛♥ ♥♦✇ t❛❦❡ u = sinx✱ ❛♥❞ v′ = ex ❛❣❛✐♥✱ t♦ ❣❡t

ˆ

ex sinxdx = ex sinx−
ˆ

ex cosxdx

❍❡♥❝❡ ✇❡ ❤❛✈❡

ˆ

ex cosxdx = ex cosx+ ex sinx−
ˆ

ex cosxdx

2

ˆ

ex cosxdx = ex [sinx+ cosx] + C

ˆ

ex cosxdx =
1

2
ex [sinx+ cosx] +D

✶✸



❘❡♠❛r❦✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ t♦ t❤✐s ✐s t♦ ✉s❡ ❝♦♠♣❧❡① ♥✉♠❜❡rs✿ ✇❡ r❡♠❡♠❜❡r ❊✉❧❡r✬s ✐❞❡♥t✐t②✱ eix =

cosx+ i sinx✱ ❛♥❞ t❤❡♥ s❡❡

ˆ

e(1+i)xdx =

ˆ

ex cosxdx+ i

ˆ

ex sinxdx

❚❛❦✐♥❣ r❡❛❧ ♣❛rts✱ ✇❡ t❤❡♥ ❣❡t

Re

{
1

1 + i
e(1+i)x

}

+ C =

ˆ

ex cosxdx

ˆ

ex cosxdx = Re

{
1− i

2
eix
}

ex + C

=
1

2
ex [cosx+ sinx] + C

❊①❡r❝✐s❡ ✶✳✶✼✳ ❈❛❧❝✉❧❛t❡
´

sec3 xdx✳

❆ ♣❛rt✐❝✉❧❛r❧② ❝♦♠♠♦♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✐s ✐♥ ♣r♦✈✐♥❣ r❡❞✉❝t✐♦♥ ❢♦r♠✉❧❛❡✳

❊①❛♠♣❧❡ ✶✳✶✽✳ ❈❛❧❝✉❧❛t❡ In =
´

cosn xdx ✐♥ t❡r♠s ♦❢ In−2✳

❲❡ ❝❛♥ ❞♦ t❤✐s ❜② s❡tt✐♥❣ u = cosx ❛♥❞ v′ = cosn−1 x✿

In = cosn−1 x sinx+

ˆ

(n− 1) cosn−2 x sin2 xdx

= cosn−1 x sinx+ (n− 1)

ˆ

cosn−2 x
(
1− cos2 x

)
dx

= cosn−1 x sinx+ (n− 1) (In−2 − In)

nIn = cosn−1 x sinx+ (n− 1) In−2

In =
1

n
cosn−1 x sinx+

n− 1

n
In−2

✇❤❡r❡ ✇❡ ✐❣♥♦r❡ t❤❡ ✈❛r✐♦✉s ✐♥t❡❣r❛t✐♦♥ ❝♦♥st❛♥ts✳

✶✹



✷ ❋✉♥❝t✐♦♥s ♦❢ ❙❡✈❡r❛❧ ❱❛r✐❛❜❧❡s

❖♥❡ ♦❢ t❤❡ ♠♦st ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥s ♦❢ t❤✐s ❦✐♥❞ ♦❢ ❝❛❧❝✉❧✉s ✐s t♦ ❣❡♥❡r❛❧✐③❡ ❢r♦♠ f (x) t♦ f (x, y, · · · , z)✱
♦r f (x) ❢♦r ❛ ✈❡❝t♦r x✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ♦❜✈✐♦✉s❧② ♥❛t✉r❛❧❧② ❛r✐s❡ ✐♥ ❛❧❧ s♦rts ♦❢ s✐t✉❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣

❛♥② ♣❤②s✐❝❛❧ s✐t✉❛t✐♦♥ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛❧❧ s♣❛❝❡✱ ❧✐❦❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s✳

❚♦ ❜❡❣✐♥ ✇✐t❤✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ ❢✉♥❝t✐♦♥s ♦❢ t✇♦ ✈❛r✐❛❜❧❡s f (x, y)✳ ❊①❛♠♣❧❡s ❛❜♦✉♥❞✱ ✇✐t❤ ♦♥❡ ♦❢

t❤❡ ♠♦st ✉s❡❢✉❧ ❜❡✐♥❣ t❤❡ ❤❡✐❣❤t ♦❢ t❡rr❛✐♥✱ z (x, y)❀ ♣r❡ss✉r❡ ♠❛♣s ❛t s❡❛ ❧❡✈❡❧ ❛❧s♦ ♣r♦✈✐❞❡ ❛ ❢❛♠✐❧✐❛r

❡①❛♠♣❧❡✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❝♦♥s✐❞❡r ♠♦r❡ ❛❜str❛❝t ♣❛r❛♠❡t❡r✐③❛t✐♦♥s✱ ❧✐❦❡ t❤❡ ❞❡♥s✐t② ♦❢ ❛ ❣❛s ❛s

❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♣r❡ss✉r❡✱ ρ (T, p)✳

❚❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ❜❡st r❡♣r❡s❡♥t❡❞ ❜② ❝♦♥t♦✉r ♣❧♦ts ✐♥ ✷❉ ✭♦r s✉r❢❛❝❡✴❤❡✐❣❤t♠❛♣ ♣❧♦ts ✐♥ s✐♠✉✲

❧❛t❡❞ ✸❉✮✱ ❛♥❞ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t♦ ❞r❛✇ t❤❡s❡ ❞✐❛❣r❛♠s✱ ❛s ✇❡❧❧ ❛s ❤♦✇ t♦ ❛♥❛❧②③❡ t❤❡♠✳

❲❤❛t ✐s t❤❡ s❧♦♣❡ ♦❢ ❛ ❤✐❧❧❄

❚❤✐s ✐s ♥❛t✉r❛❧ ♠♦t✐✈❛t✐♥❣ q✉❡st✐♦♥ ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❝❛❧❝✉❧✉s ♦♥ s✉r❢❛❝❡s✳ ❚❤❡ ❦❡② ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t

s❧♦♣❡ ❞❡♣❡♥❞s ♦♥ ❞✐r❡❝t✐♦♥✳ ❲❡ ❜❡❣✐♥ ❜② t❤✐♥❦✐♥❣ ❛❜♦✉t t❤❡ s❧♦♣❡s ✐♥ ❞✐r❡❝t✐♦♥s ♣❛r❛❧❧❡❧ t♦ t❤❡ ❝♦♦r❞✐✲

♥❛t❡ ❛①❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❚❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ f (x, y) ✇✐t❤ r❡s♣❡❝t t♦ x ✐s t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ f ✇✐t❤

r❡s♣❡❝t t♦ x ❦❡❡♣✐♥❣ y ❝♦♥st❛♥t✳ ❲❡ ✇r✐t❡

∂f

∂x

∣
∣
∣
∣
y

= lim
δx→0

f (x+ δx, y)− f (x, y)

δx

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ∂f/∂y|x ✐s s✐♠✐❧❛r✳ ❲❡ s❤❛❧❧ ♦❢t❡♥ ♦♠✐t ❡①♣❧✐❝✐t❧② ✇r✐t✐♥❣ t❤❡ ✈❛r✐❛❜❧❡✭s✮ ✇❡

❤♦❧❞ ❝♦♥st❛♥t✱ ✇❤❡r❡ t❤❡r❡ ✐s ♠✐♥✐♠❛❧ ❞❛♥❣❡r ♦r ❝♦♥❢✉s✐♦♥ ✲ ✐♥ ❣❡♥❡r❛❧✱ ✐❢ f = f (x1, x2, · · · , xn) t❤❡♥

✇❡ ❛ss✉♠❡ ∂f/∂xi ♠❡❛♥s ❤♦❧❞✐♥❣ ❛❧❧ xj ❝♦♥st❛♥t ❢♦r j 6= i✳ ◆♦t❡ t❤❛t ✐t ♠❛❦❡s ♥♦ s❡♥s❡ t♦ t❛❦❡ ❛

❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ✈❛r✐❛❜❧❡ ❤❡❧❞ ❝♦♥st❛♥t✦

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✐s st✐❧❧ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤ x ❛♥❞ y✱ ❧✐❦❡ f ✳ ❲❡

❞❡♥♦t❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x ❛t (x0, y0) ❜②

∂f

∂x

∣
∣
∣
∣
x=x0,y=y0

♦r
∂f

∂x
(x0, y0) ♦r

∂f

∂x

∣
∣
∣
∣
y

(x0, y0)

❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❛t ❧♦♦❦s ♠♦st r❡❛❞❛❜❧❡✳ ❚❤❡ ✉♥❢♦rt✉♥❛t❡ ❛♠❜✐❣✉✐t② ✐♥ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡s❡ ♥♦t❛✲

t✐♦♥s ✐s ♥♦t ✉s✉❛❧❧② t♦♦ ♠✉❝❤ ♦❢ ❛ ♣r♦❜❧❡♠✳

❊①❛♠♣❧❡ ✷✳✷✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢

f (x, y) = x2 + y3 + exy
2

✶✺



t❤❡♥ ✇❡ ❤❛✈❡

∂f

∂x

∣
∣
∣
∣
y

= 2x+ y2exy
2

∂f

∂y

∣
∣
∣
∣
x

= 3y2 + 2xyexy
2

▲❡❛✈✐♥❣ ♦✉t t❤❡ ❡①♣❧✐❝✐t s✉❜s❝r✐♣ts✱ ❛♥❞ ❡①t❡♥❞✐♥❣ ▲❡✐❜♥✐③✬s ♥♦t❛t✐♦♥ t♦ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✱ ✇❡

❛❧s♦ ❣❡t

∂2f

∂x2
= 2 + y4exy

2

∂2f

∂y2
= 6y + 2xexy

2

+ 4x2y2exy
2

∂2f

∂x∂y
≡ ∂

∂x

[
∂f

∂y

]

= 2yexy
2

+ 2xy3exy
2

∂2f

∂y∂x
≡ ∂

∂y

[
∂f

∂x

]

= 2yexy
2

+ 2xy3exy
2

◆♦t❡ t❤❛t t❤❡ s♦✲❝❛❧❧❡❞ ♠✐①❡❞ s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♠❡❛♥

∂2f

∂x∂y
≡ ∂

∂x

∣
∣
∣
∣
y

∂f

∂y

∣
∣
∣
∣
x

✇❤✐❝❤ ✐s ✈❡r② ❝✉♠❜❡rs♦♠❡ t♦ ✇r✐t❡ ♦✉t✳

■t ✐s ❛❝t✉❛❧❧② ❛ ❣❡♥❡r❛❧ r✉❧❡ t❤❛t
∂2f

∂x∂y
=

∂2f

∂y∂x

s♦ ❧♦♥❣ ❛s ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✐♥ ✢❛t s♣❛❝❡✱ ❛♥❞ ❛❧❧ ♦❢ t❤❡ s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❝♦♥t✐♥✉♦✉s ✲ ✐♥

❣❡♥❡r❛❧✱ ✐t ✐s ❝❛❧❧❡❞ ❈❧❛✐r❛✉t✬s t❤❡♦r❡♠ ♦r ❙❝❤✇❛r③✬s t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✷✳✸ ✭❈❧❛✐r❛✉t✮✳ ■❢ ❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f (x1, x2, · · · , xn) ✇✐t❤ n r❡❛❧ ♣❛r❛♠❡t❡rs xi ✭s♦

f ♠❛♣s Rn → R✮ ❤❛s ❝♦♥t✐♥✉♦✉s s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛t (a1, a2, · · · , an) t❤❡♥

∂2f

∂xi∂xj
=

∂2f

∂xj∂xi

❛t t❤❛t ♣♦✐♥t✳

❲❡ ✇✐❧❧ ♥♦t ♣r♦✈❡ t❤✐s t❤❡♦r❡♠ ❤❡r❡✱ ❜✉t ✇❡ ✉s✉❛❧❧② ❛ss✉♠❡ t❤❛t t❤✐s ✐s ✈❛❧✐❞ ✇✐t❤♦✉t ✇♦rr②✐♥❣

❛❜♦✉t t❤❡ ❞❡t❛✐❧s✳

◆♦t❡ t❤❛t ✇❤✐❧❡ ✇❡ ✇✐❧❧ ♦❢t❡♥ ♥❡❣❧❡❝t t♦ ✐♥❞✐❝❛t❡ ✇❤✐❝❤ ✈❛r✐❛❜❧❡s ❛r❡ ✜①❡❞✱ ❛ss✉♠✐♥❣ ❛❧❧ t❤♦s❡ ♥♦t

✶✻



♠❡♥t✐♦♥❡❞ ❛r❡✱ ✐t ❞♦❡s ♠❛❦❡ ❛ ❞✐✛❡r❡♥❝❡✳

❊①❛♠♣❧❡ ✷✳✹✳ ■❢ f (x, y, z) = xyz t❤❡♥

∂f

∂x
≡ ∂f

∂x

∣
∣
∣
∣
y,z

= yz

❜✉t
∂f

∂x

∣
∣
∣
∣
y

= y

(

x
∂z

∂x
+ z

)

❚❤✐s ❛ss✉♠❡s t❤❛t ✇❡ ❤❛✈❡ s♦♠❡ ✐❞❡❛ ♦❢ z ✈❛r②✐♥❣ ✇✐t❤ x ✲ t②♣✐❝❛❧❧②✱ ✇❡ ♠✐❣❤t ❧♦♦❦ ❛t t❤❡ ✈❛❧✉❡s

♦❢ f ♦♥ ❛ s✉r❢❛❝❡ ✐♥ ✸ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ s♦ ✇❡ ❝♦✉❧❞ ❤❛✈❡ z = z (x, y) ♦♥ t❤❛t s✉r❢❛❝❡✳

❘❡♠❛r❦✳ ❆♥♦t❤❡r ✈❡r② ✉s❡❢✉❧ ♥♦t❛t✐♦♥ ❢♦r ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✐s t♦ ✇r✐t❡

fx ≡ ∂f

∂x

❛♥❞ t❤❡♥ ❢♦r ❤✐❣❤❡r ❞❡r✐✈❛t✐✈❡s✱

f xy ≡ ∂2f

∂y∂x

≡ ∂

∂y

(
∂f

∂x

)

◆♦t❡ t❤❛t t❤❡ ♦r❞❡r ♦❢ t❤❡ s✉❜s❝r✐♣ts ✐s t❤❡ ♦r❞❡r t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ t❛❦❡♥ ✐♥✱ ♥♦t t❤❡ ♦r❞❡r

t❤❡② ❛r❡ ✇r✐tt❡♥ ✐♥✱ ✐♥ ▲❡✐❜♥✐③✬s ♥♦t❛t✐♦♥✳

❲❡ ✇✐❧❧ ♥♦t ♠❛❦❡ ♠✉❝❤ ✉s❡ ♦❢ t❤✐s ♥♦t❛t✐♦♥ ✐♥ t❤✐s ❝♦✉rs❡✱ ♣r❡❢❡rr✐♥❣ t♦ ❦❡❡♣ s✉❜s❝r✐♣ts ❢♦r ✐♥❞❡①✐♥❣✳

✶✼



✷✳✶ ❚❤❡ ❈❤❛✐♥ ❘✉❧❡

✭❛✮ ❙✉r❢❛❝❡

∆x

∆y

✭❜✮ ❈♦♥t♦✉rs ❛♥❞ ❛ s❤♦rt ♣❛t❤

❋✐❣✉r❡ ✷✳✶✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❢❛♠✐❧②

■♠❛❣✐♥❡ ✇❡ ❛r❡ ✇❛❧❦✐♥❣ ❛❝r♦ss ❛ ❤✐❧❧② ❧❛♥❞s❝❛♣❡✱ ❧✐❦❡ t❤❛t s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✱ ✇❤❡r❡ t❤❡ ❤❡✐❣❤t ❛t ❛♥②

♣♦✐♥t ✐s ❣✐✈❡♥ ❜② z = f (x, y)✳ ❙❛② ✇❡ ✇❛❧❦ ❛ s♠❛❧❧ ❞✐st❛♥❝❡ δx ✐♥ t❤❡ x ❞✐r❡❝t✐♦♥✱ ❛♥❞ t❤❡♥ ❛ s♠❛❧❧

❞✐st❛♥❝❡ δy ✐♥ t❤❡ y ❞✐r❡❝t✐♦♥✳ ❚❤❡♥ t❤❡ t♦t❛❧ ❝❤❛♥❣❡ ✐♥ ❤❡✐❣❤t ✐s

δf = f (x+ δx, y + δy)− f (x, y)

= [f (x+ δx, y + δy)− f (x+ δx, y)]

+ [f (x+ δx, y)− f (x, y)]

❇✉t t❤❡♥✱ ✐❢ ✇❡ ❛ss✉♠❡ f ✐s r❡❛s♦♥❛❜❧② s♠♦♦t❤ ✐♥ ❜♦t❤ t❤❡ x ❛♥❞ y ❞✐r❡❝t✐♦♥s ❛r♦✉♥❞ t❤❡ ♣♦✐♥t

(x, y)✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

δf =
∂f

∂y
(x+ δx, y) · δy + o (δy)

+
∂f

∂x
(x, y) · δx+ o (δx)

=
∂f

∂y
(x, y) · δy + o (δx) · δy + o (δy)

+
∂f

∂x
(x, y) · δx+ o (δx)

=
∂f

∂y
δy +

∂f

∂x
δx+ o (δx, δy)

✇❤❡r❡ t❤❡ t❡r♠ o (δx, δy) ✐s t❛❦❡♥ ❛s ♠❡❛♥✐♥❣ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❡r♠s t❤❛t t❡♥❞ t♦ ✵ ❢❛st❡r t❤❛♥ ❡✐t❤❡r δx

♦r δy ✇❤❡♥ δx ❛♥❞ δy t❡♥❞ t♦ 0✳

■♥❢♦r♠❛❧❧②✱ ✇❤❡♥ ✇❡ t❛❦❡ t❤❡ ❧✐♠✐t δx, δy → 0 ✇❡ ❣❡t ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r ❛♥ ❵✐♥✜♥✐t❡s✐♠❛❧✬ ❝❤❛♥❣❡ ✐♥

✶✽



f ✱ ❣✐✈❡♥ ✐♥✜♥✐t❡s✐♠❛❧ ❝❤❛♥❣❡s ✐♥ x ❛♥❞ y✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

df =
∂f

∂y
dy +

∂f

∂x
dx

✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ❝❤❛✐♥ r✉❧❡ ✐♥ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ✭t❡r♠s ✇✐t❤ ✉♣r✐❣❤t ❵❞✬s✱ ❧✐❦❡ df ✱ ❛r❡ ❞✐✛❡r❡♥t✐❛❧s✮✳

❲❡ ✇r✐t❡ t❤✐s ♦♥ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ t❤❛t ✇❡ ✇✐❧❧ ❡✐t❤❡r s✉♠ t❤❡ ❞✐✛❡r❡♥t✐❛❧s✱ ❛s ✐♥

ˆ

· · · df =

ˆ

· · ·
(
∂f

∂y
dy +

∂f

∂x
dx

)

♦r ❞✐✈✐❞❡ ❜② ❛♥♦t❤❡r ✐♥✜♥✐t❡s✐♠❛❧✱ ❛s ✐♥

df

dt
=

∂f

∂x

dx

dt
+

∂f

∂y

dy

dt

♦r
∂f

∂t
=

∂f

∂x

∂x

∂t
+

∂f

∂y

∂y

∂t

❜❡❢♦r❡ t❛❦✐♥❣ t❤❡ ❧✐♠✐t✳ ❚❤❡s❡ ❧❛st ❢♦r♠s ❛r❡ t❡❝❤♥✐❝❛❧❧② t❤❡ ❝♦rr❡❝t ✇❛② ♦❢ st❛t✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡✳

❚❤❡ ✜rst ✐s ❜❡st ✈✐❡✇❡❞ ❛s s❛②✐♥❣ t❤❛t✱ ✐❢ ✇❡ ✇❛❧❦ ❛❧♦♥❣ ❛ ♣❛t❤ x = x (t) ❛♥❞ y = y (t) ❛s t✐♠❡ t

♣❛ss❡s✱ t❤❡♥ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ f ❝❤❛♥❣❡s ❛❧♦♥❣ t❤❡ ♣❛t❤ (x (t) , y (t)) ✐s ❣✐✈❡♥ ❜② t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ ❢♦r

df/dt✳ ❚❤❡ s❡❝♦♥❞ ❢♦r♠ ❛ss✉♠❡s t❤❛t ✇❡ ❤❛✈❡ f = f (x (t, u) , y (t, u)) s♦ t❤❛t ♦✉r ♣❛t❤ ❞❡♣❡♥❞s ♦♥

t✇♦ ✈❛r✐❛❜❧❡s t ❛♥❞ u❀ ✇❡ ❝❛♥ t❤❡♥ ❧♦♦❦ ❛t t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ f ❛❧♦♥❣ t❤❡ ♣❛t❤ ❛s ✇❡ ✈❛r② ♦♥❡ ♦❢

t❤❡s❡ ♣❛r❛♠❡t❡rs✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ♠✐❣❤t ❤❛✈❡ ❛ ❢❛♠✐❧② ♦❢ ♣❛t❤s ✐♥❞❡①❡❞ ❜② u✱ ✇✐t❤ ❡❛❝❤ ♣❛t❤ ❜❡✐♥❣

♣❛r❛♠❡t❡r✐③❡❞ ❜② t✐♠❡ t✳ ❲❡ ❝❛♥ t❤❡♥ ❛s❦✱ ❣✐✈❡♥ t❤❛t ✇❡ st✐❝❦ t♦ t❤❡ ♣❛t❤ ❣✐✈❡♥ ❜② u0✱ ✇❤❛t ✐s t❤❡

r❛t❡ ♦❢ ❝❤❛♥❣❡ ∂f/∂t ❛❧♦♥❣ t❤✐s ♣❛t❤❄

❚❤❡ ✜rst ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❡①♣r❡ss✐♦♥ ✐♥ t❡r♠s ♦❢ o (δx, δy) ❜② t❛❦✐♥❣ t❤❡

❢♦❧❧♦✇✐♥❣ ❧✐♠✐t ✇✐t❤ f = f (x (t) , y (t))✿

df

dt
= lim

δt→0

δf

δt

= lim
δt→0

[
∂f

∂x

δx

δt
+

∂f

∂y

δy

δt
+

o (δx, δy)

δt

]

❚❤❡♥ ♣r♦✈✐❞❡❞ ẋ = dx
dt ✐s ✜♥✐t❡✱ ✇❡ ❤❛✈❡ δx ≅ ẋδt ❛♥❞ s♦ ✐❢ ǫ = o (δx) t❤❡♥ ǫ = o (δt)✳ ❋r♦♠ t❤✐s ✐t

❢♦❧❧♦✇s t❤❛t
df

dt
=

∂f

∂x

dx

dt
+

∂f

∂y

dy

dt

❛s r❡q✉✐r❡❞✳

❆ s♣❡❝✐❛❧ ❝❛s❡ ❛r✐s❡s ❢r♦♠ s♣❡❝✐❢②✐♥❣ ❛ ♣❛t❤ ❜② y = y (x)✳ ❚❤❡♥✱ ❛❧♦♥❣ t❤✐s ♣❛t❤✱ ✇❡ ❤❛✈❡

df

dx
=

∂f

∂x
+

∂f

∂y

dy

dx

❘❡♠❛r❦✳ ■❢ ✇❡ ❛❞❞ ♠♦r❡ ✈❛r✐❛❜❧❡s✱ t❤❡ ❝❤❛✐♥ r✉❧❡ ✐s ❡①t❡♥❞❡❞ s✐♠♣❧② ❜② ❛❞❞✐♥❣ ♠♦r❡ t❡r♠s t♦ t❤❡ s✉♠✳

✶✾



❙♦ ✐❢ f = f (x1, x2, · · · , xn) ✇❡ ✇♦✉❧❞ ❞✐s❝♦✈❡r✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❛t

df

dt
=

∂f

∂x1

dx1

dt
+

∂f

∂x2

dx2

dt
+ · · ·+ ∂f

∂xn

dxn

dt

❖♥❡ ✈❡r② ✉s❡❢✉❧ ✇❛② ♦❢ ❧♦♦❦✐♥❣ ❛t t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ ❣❡♥❡r❛❧ ✐s t♦ ❧♦♦❦ ❛t t❤❡ ✈❡❝t♦r x = (x1, x2, · · · , xn)✱

❛♥❞ t♦ r❡❛❧✐③❡ t❤❛t ✐❢ ✇❡ ❤❛❞ s♦♠❡ ♦t❤❡r ✈❡❝t♦r

v =

(
∂f

∂x1
,
∂f

∂x2
, · · · , ∂f

∂xn

)

t❤❡♥ ✇❡ ❝♦✉❧❞ s✐♠♣❧② ✇r✐t❡ t❤❡ ❝❤❛✐♥ r✉❧❡ ❛s ❛ ❞♦t ♣r♦❞✉❝t✱ ♠❛❦✐♥❣ ✐t ❧♦♦❦ ♠✉❝❤ ♠♦r❡ ❧✐❦❡ t❤❡ ♦r✐❣✐♥❛❧

❝❤❛✐♥ r✉❧❡✿
df

dt
= v · dx

dt

❚❤✐s ✐s ❡①❛❝t❧② ✇❤❛t ✇❡ ❞♦ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✷✳✷ ❚✇♦✲❉✐♠❡♥s✐♦♥❛❧ ❈❛❧❝✉❧✉s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❡❡ ❤♦✇ s♦♠❡ ❦❡② ✐❞❡❛s t♦ ❞♦ ✇✐t❤ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❢r♦♠ ❜❛s✐❝ ❝❛❧❝✉❧✉s ❝❛rr② ♦✈❡r t♦

❛ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✭t❤♦✉❣❤ ✇❡ ♦♥❧② ✇♦r❦ ✇✐t❤ t✇♦ ❞✐♠❡♥s✐♦♥s ❢♦r s✐♠♣❧✐❝✐t②✮✳

✷✳✷✳✶ ❉✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s

❈♦♥s✐❞❡r ❛ ✈❡❝t♦r ❞✐s♣❧❛❝❡♠❡♥t ds = (dx, dy) ❧✐❦❡ t❤❛t s❤♦✇♥ ❛s t❤❡ ❛rr♦✇ ✐♥ ❋✐❣✉r❡ ✷✳✶✳ ❚❤❡ ❝❤❛♥❣❡

✐♥ f (x, y) ♦✈❡r t❤❛t ❞✐s♣❧❛❝❡♠❡♥t ✐s

df =
∂f

∂x
dx+

∂f

∂y
dy

= (dx, dy) ·
(
∂f

∂x
,
∂f

∂y

)

= ds ·∇f

✇❤❡r❡ ✇❡ ❞❡✜♥❡∇f ✭✇❤✐❝❤ ✇❡ r❡❛❞ ❵❣r❛❞ f ✬ ♦r ❵❞❡❧ f ✬ ✲ t❤❡ s②♠❜♦❧ ✐s ❛ ♥❛❜❧❛✮ t♦ s❛t✐s❢② t❤✐s r❡❧❛t✐♦♥s❤✐♣✿

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ■♥ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✱

gradf ≡ ∇f ≡
(
∂f

∂x
,
∂f

∂y

)

❘❡♠❛r❦✳ ◆♦t❡ t❤❛t (∇f) (x, y) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣♦s✐t✐♦♥✱ ♦r ❛ ✜❡❧❞ ✲ s✐♥❝❡ ∇f ✐s ❛ ✈❡❝t♦r✱ ✐t ✐s ❛ ✈❡❝t♦r

✜❡❧❞✳

◆♦t❡ t❤❛t ✐❢ ✇❡ ✇r✐t❡ ds = ŝds ✇❤❡r❡ |ŝ| = 1 s♦ t❤❛t ŝ ✐s ❛ ✉♥✐t ✈❡❝t♦r✱ ✇❡ ❤❛✈❡

df

ds
= ŝ ·∇f

✷✵



✇❤✐❝❤ ✐s t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ f ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ŝ✳

❚❤✐s ❣✐✈❡s ✉s t❤❡ str✐❦✐♥❣ r❡❧❛t✐♦♥s❤✐♣

∣
∣
∣
∣

df

ds

∣
∣
∣
∣
= |∇f | cos θ

s♦ t❤❛t t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ f ❛t ❛ ♣♦✐♥t ✈❛r✐❡s ❡①❛❝t❧② ❧✐❦❡ cos θ ❛s ✇❡ ❧♦♦❦ ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ❛t

❛♥❣❧❡ θ✳ ❲❡ ❝❛♥ ♠❛❦❡ ❛ ❢❡✇ ♦❜s❡r✈❛t✐♦♥s ❜❛s❡❞ ♦♥ t❤✐s✿

✭✐✮ maxθ
df
ds = |∇f | s♦ ∇f ❛❧✇❛②s ❤❛s ❛ ♠❛❣♥✐t✉❞❡ ❡q✉❛❧ t♦ ♠❛①✐♠✉♠ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ f (x, y) ✐♥

❛♥② ❞✐r❡❝t✐♦♥✳

✭✐✐✮ ❚❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ∇f ✐s t❤❡ ❞✐r❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ f ✐♥❝r❡❛s❡s ♠♦st r❛♣✐❞❧② ✲ ❤❡♥❝❡ ❵∇f ❛❧✇❛②s ♣♦✐♥ts

✉♣❤✐❧❧✬✳

✭✐✐✐✮ ■❢ ds ✐s ❛ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ ❛ ❝♦♥t♦✉r ♦❢ f ✱ t❤❡♥ ❜② ❞❡✜♥✐t✐♦♥

df

ds
= 0 ⇐⇒ ŝ ·∇f = 0

⇐⇒ ∇f ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❝♦♥t♦✉r

s♦ ❝♦♥t♦✉rs ❝♦rr❡s♣♦♥❞ ❡①❛❝t❧② t♦ ❧✐♥❡s ❛t r✐❣❤t✲❛♥❣❧❡s t♦ t❤❡ ❣r❛❞✐❡♥t ∇f ✳

✷✳✷✳✷ ❙t❛t✐♦♥❛r② ♣♦✐♥ts

❚❤❡ ❧❛st ♣♦✐♥t ✇❡ ♥♦t❡❞ ❛❜♦✈❡ t❡❧❧s ✉s t❤❛t t❤❡r❡ ✐s ❛❧✇❛②s ♦♥❡ ❞✐r❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ df
ds ✐s ③❡r♦ ✲ ❜✉t ✇❤❛t

❛❜♦✉t tr✉❡ ♠❛①✐♠❛ ❛♥❞ ♠✐♥✐♠❛❄

▲♦❝❛❧ ♠❛①✐♠❛ ❛♥❞ ♠✐♥✐♠❛ ♠✉st ❤❛✈❡ df
ds = 0 ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s✿

ŝ ·∇f = 0 ∀ŝ
⇐⇒ ∇f = 0

⇐⇒ ∂f

∂x
=

∂f

∂y
= 0

❚❤✐s ✐s ♣r♦❜❛❜❧② ♥♦t ❛ ✈❡r② s✉r♣r✐s✐♥❣ r❡s✉❧t✱ ❜✉t ❧✐❦❡ t❤❡ ✐❞❡❛ ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ st❛t✐♦♥❛r②

♣♦✐♥t✱ ✐t ✐s ❢✉♥❞❛♠❡♥t❛❧✳

❚❤❡ ❝❛s❡s ♦❢ ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ❛♥❞ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡s ✷✳✷ ❛♥❞ ✷✳✸ r❡s♣❡❝t✐✈❡❧②✱

❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦♥t♦✉r ♣❧♦ts ❢♦r t❤❡ s❤♦✇♥ s✉r❢❛❝❡s✳ ◆♦t❡ t❤❛t ❛t ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❝❛❧ ♠❛①✐♠✉♠✱

t❤❡ ❢✉♥❝t✐♦♥ ✐s ❛t ❛ ♠❛①✐♠✉♠ ✐♥ ❜♦t❤ t❤❡ x ❛♥❞ y ❞✐r❡❝t✐♦♥s✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛ ✲ s✐♠✐❧❛r❧② ❢♦r ♠✐♥✐♠❛✳

❍♦✇❡✈❡r✱ ✇❡ ❣❡t ❛♥ ✐♥t❡r❡st✐♥❣ ♥❡✇ ❝❛s❡ ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❛ ♠❛①✐♠✉♠ ❛❧♦♥❣ ♦♥❡ ❞✐r❡❝t✐♦♥✱ ❛♥❞ ❛

♠✐♥✐♠✉♠ ❛❧♦♥❣ ❛♥♦t❤❡r✳ ❚❤✐s ❝❛s❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✹✱ ❛♥❞ ✐s ♦♥❡ ❡①❛♠♣❧❡ ♦❢ ❛ s✲❝❛❧❧❡❞ s❛❞❞❧❡ ♣♦✐♥t

✲ t❤✐s ❣❡♥❡r❛❧✐③❡s t❤❡ ✐❞❡❛ ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ♦❢ ❛ ❝✉r✈❡ ✇❤✐❝❤ ✐s st❛t✐♦♥❛r② ✇✐t❤♦✉t ❜❡✐♥❣ ❛♥

❡①tr❡♠✉♠ ♦❢ ❛♥② ❦✐♥❞ ✭❧✐❦❡ ❛t x = 0 ❢♦r t❤❡ ❝✉r✈❡ y = x3✮✳

✷✶



✭❛✮ ❙✉r❢❛❝❡ ✭❜✮ ❈♦♥t♦✉rs

❋✐❣✉r❡ ✷✳✷✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠

✭❛✮ ❙✉r❢❛❝❡ ✭❜✮ ❈♦♥t♦✉rs

❋✐❣✉r❡ ✷✳✸✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠

✷✷



✭❛✮ ❙✉r❢❛❝❡ ✭❜✮ ❈♦♥t♦✉rs

❋✐❣✉r❡ ✷✳✹✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ s❛❞❞❧❡ ♣♦✐♥t

✷✳✷✳✸ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❚❛②❧♦r s❡r✐❡s

❖♥❝❡ ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ✐❞❡❛s ♦❢ ❞✐r❡❝t✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ❛♥❞ ❧♦♦❦❡❞ ❛t ✜♥❞✐♥❣ st❛t✐♦♥❛r② ♣♦✐♥ts✱

✐t ✐s ♥❛t✉r❛❧ t♦ tr② t♦ ❡①t❡♥❞ t❤❡ ✐❞❡❛ ♦❢ ✉s✐♥❣ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ t♦ ❝❧❛ss✐❢② t❤❡s❡ ♣♦✐♥ts ❛s s❤♦✇♥

❛❜♦✈❡✳ ❙✐♥❝❡ ✇❡ ❢♦r♠❛❧❧② ❞❡❞✉❝❡ t❤❡ ♥❛t✉r❡ ♦❢ st❛t✐♦♥❛r② ♣♦✐♥ts ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❜② ❧♦♦❦✐♥❣

❛t t❤❡ s❡❝♦♥❞✲♦r❞❡r t❡r♠s ✐♥ t❤❡ ❧♦❝❛❧ ❚❛②❧♦r s❡r✐❡s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ ❛❜♦✉t t❤❡ ♣♦✐♥t✱ ✐t ✇✐❧❧ ❜❡ ✉s❡❢✉❧

t♦ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❛♥❛❧♦❣♦✉s t♦

f (x) = f (a) + (x− a) f ′ (a) +
1

2
(x− a)

2
f ′′ (a) + · · ·

❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧ ♥♦✇ ❞❡❞✉❝❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❚❛②❧♦r s❡r✐❡s ♦❢ ❛ ❢✉♥❝t✐♦♥ f (x) ❢♦r ❛ ✈❡❝t♦r

x ✭t❤✐♥❦✐♥❣ ♠❛✐♥❧② ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤♦✉❣❤ t❤❡ s❛♠❡ ♣r♦❝❡ss ❡①t❡♥❞s ❡❛s✐❧② t♦ ❤✐❣❤❡r

❞✐♠❡♥s✐♦♥s✮✳ ❚❤❡♥✱ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✹✱ ✇❡ ✇✐❧❧ ❞✐s❝♦✈❡r ❤♦✇ t♦ ❛❝t✉❛❧❧② ❝❧❛ss✐❢② t❤❡s❡ ♣♦✐♥ts✳

❙✐♥❝❡ ✇❡ ❤❛✈❡ ♥♦ t❡❝❤♥✐q✉❡s ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ ✈❡❝t♦r s❡r✐❡s ②❡t✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ✇♦r❦ ✐♥ t❤❡ ❝❛s❡

✇❡ ❛❧r❡❛❞② ❦♥♦✇ ❛❜♦✉t✿ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ f (x) ❛❧♦♥❣ ❛♥ ❛r❜✐tr❛r② ❧✐♥❡ x0 + sŝ t❤r♦✉❣❤ t❤❡ ♣♦✐♥t

x0✳ ❈♦♥s✐❞❡r ❛ s♠❛❧❧ ✜♥✐t❡ ❞✐s♣❧❛❝❡♠❡♥t δs = (δs) ŝ ❛❧♦♥❣ t❤✐s ❧✐♥❡✳ ❚❤❡♥ t❤❡ ❚❛②❧♦r s❡r✐❡s ❢♦r

f (x) = f (x (s)) ❛❧♦♥❣ t❤✐s ❧✐♥❡ ✐s ❣✐✈❡♥ ❜②

f (x) = f (x0 + δs) = f (x0) + δs
df

ds
+

1

2
(δs)

2 d2f

ds2
+ · · ·

= f (x0) + (δs) ŝ ·∇f + (δs)
2 · (ŝ ·∇) (ŝ ·∇) f + · · ·

= f (x0) + (δs) ŝ ·∇f + (δs)
2 · (ŝ ·∇)

2
f + · · ·

✇❤❡r❡

(δs) ŝ ·∇f = δx
∂f

∂x
+ δy

∂f

∂y

✷✸



❛♥❞

(δs)
2 · (ŝ ·∇)

2
f = (δs)

2 ·
[

ŝx
∂

∂x
+ ŝy

∂

∂y

]2

f

= (δs)
2 ·
[

ŝ2x
∂2f

∂x2
+ ŝxŝy

∂2f

∂x∂y
+ ŝy ŝx

∂2f

∂y∂x
+ ŝ2y

∂2f

∂y2

]

= (δx)
2
fxx + (δx) (δy) fyx + (δy) (δx) fxy + (δy)

2
fyy

r❡❝❛❧❧✐♥❣ t❤❛t

∇ ≡
(

∂

∂x
,
∂

∂y

)

❘❡♠❛r❦✳ ◆♦t❡ t❤❛t t❤❡ ♣♦✇❡r ♦❢ t✇♦ ❛❢t❡r t❤❡ ♦♣❡r❛t♦r [ŝx∂/∂x+ ŝy∂/∂y] ✐♥❞✐❝❛t❡s t❤❛t ✐t ✐s ❛♣♣❧✐❡❞

t✇✐❝❡✱ ♥♦t t❤❛t t❤❡ r❡s✉❧t ✐s sq✉❛r❡❞✳

❚♦ s✐♠♣❧✐❢② t❤✐s ❡①♣r❡ss✐♦♥✱ ✐t ✐s ♥❛t✉r❛❧ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ♥❡✇ ✈❡❝t♦r ♥♦t❛t✐♦♥ ✇❡ ❤❛✈❡

❛❞♦♣t❡❞✱ ❛♥❞ ✇r✐t❡ t❤✐s ❧❛st t❡r♠ ❛s ❢♦❧❧♦✇s✿

(δs)
2 · (ŝ ·∇)

2
f ≡

(

δx δy
)
(

fxx fxy

fyx fyy

)(

δx

δy

)

≡ δs · (∇∇f) · δs

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ❚❤❡ ♠❛tr✐①

∇∇f =

(

fxx fxy

fyx fyy

)

✐s ❝❛❧❧❡❞ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ✳

❘❡♠❛r❦✳ ❲❡ ❞♦ ♥♦t ✇r✐t❡ ∇
2f ❢♦r t❤✐s ♠❛tr✐① ❜❡❝❛✉s❡ t❤✐s ♥♦t❛t✐♦♥ ❤❛s ❛ s♣❡❝✐❛❧ ♠❡❛♥✐♥❣❀ ✐t ✐s t❤❡

▲❛♣❧❛❝✐❛♥ ∇ · (∇f) ✇❤✐❝❤ ✐s ❛ s❝❛❧❛r✱ ♥♦t ❛ ♠❛tr✐①✳

❚❤✉s ✐♥ ❝♦♦r❞✐♥❛t❡✲❢r❡❡ ❢♦r♠ ✇❡ ❤❛✈❡ t❤❡ ❚❛②❧♦r s❡r✐❡s

f (x) = f (x0) + δx ·∇f (x0) +
1

2
δx · [∇∇f ] · δx+ · · ·

❋♦r t❤❡ ❝❛s❡ ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✱ ✇✐t❤ ❝♦♥t✐♥✉♦✉s s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✱

✇❡ ❝❛♥ ✇r✐t❡

f (x, y) = f (x0, y0) + (x− x0) fx + (y − y0) fy

+
1

2

[

(x− x0)
2
fxx + 2 (x− x0) (y − y0) fxy + (y − y0)

2
fyy

]

+ · · ·

❲✐t❤ t❤✐s ❡①♣r❡ss✐♦♥✱ ✇❡ ❝❛♥ ♠♦✈❡ ♦♥ t♦ ✇♦r❦ ♦✉t t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ f ♥❡❛r ❛ st❛t✐♦♥❛r② ♣♦✐♥t✳

✷✹



✷✳✷✳✹ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ st❛t✐♦♥❛r② ♣♦✐♥ts

❖❜✈✐♦✉s❧②✱ ♥❡❛r ❛ st❛t✐♦♥❛r② ♣♦✐♥t✱ ❜② ❞❡✜♥✐t✐♦♥ ∇f = 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ f ✐s ❣✐✈❡♥ ❜②

f (x) = f (x0) +
1

2
δx ·H · δx+ · · ·

✇❤❡r❡ ✇❡ ❤❛✈❡ ✇r✐tt❡♥ H = ∇∇f ❢♦r t❤❡ ❍❡ss✐❛♥✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♥♦t ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ✈❛♥✐s❤ ✲ t❤❡r❡❢♦r❡✱ t❤❡

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛tr✐① H ❛r❡ ❛❧❧ t❤❛t ♠❛tt❡r✳

❆t ❛ ♠✐♥✐♠✉♠✱ ✇❡ ♠✉st ❤❛✈❡ f (x) > f (x0) ❢♦r ❛❧❧ s✉✣❝✐❡♥t❧② s♠❛❧❧ δx✱ r❡❣❛r❞❧❡ss ♦❢ ✇❤✐❝❤

❞✐r❡❝t✐♦♥ δx ♣♦✐♥ts ✐♥ ✲ t❤❛t ✐♠♣❧✐❡s t❤❛t

δx ·H · δx > 0 ∀δx 6= 0

♥♦t✐♥❣ t❤❛t t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ δx ✐s ✐rr❡❧❡✈❛♥t t♦ t❤❡ s✐❣♥ ♦❢ t❤❡ r❡s✉❧t✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ ♠❛①✐♠✉♠

δx ·H · δx < 0 ∀δx 6= 0

❛♥❞ ❛t ❛ s❛❞❞❧❡ ♣♦✐♥t✱ δx ·H · δx t❛❦❡s ❜♦t❤ s✐❣♥s✳

❚❤❡s❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛tr✐① ❛r❡ ❣✐✈❡♥ ♥❛♠❡s✿

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ■❢ v†
Av = v · (Av) > 0 ❢♦r ❛❧❧ ✈❡❝t♦rs v ♥♦t ❡q✉❛❧ t♦ t❤❡ ③❡r♦ ✈❡❝t♦r✱ t❤❡♥ t❤❡

♠❛tr✐① A ✐s s❛✐❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❲❡ s♦♠❡t✐♠❡s ✇r✐t❡ A > 0✳

■❢ v†
Av < 0 ❢♦r ❛❧❧ v 6= 0✱ t❤❡♥ A ✐s s❛✐❞ t♦ ❜❡ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✳ ❙✐♠✐❧❛r❧②✱ ✇❡ s♦♠❡t✐♠❡s ✇r✐t❡

A < 0✳

❆♥ ✐♥❞❡✜♥✐t❡ ♠❛tr✐① A ✐s ♦♥❡ ❢♦r ✇❤✐❝❤ ✈❡❝t♦rs v ❛♥❞ w ❡①✐st ✇✐t❤

v
†
Av > 0 > w

†
Aw

■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ ✇❡ ❝❛♥ ✜♥❞ ♦✉t ✇❤❡t❤❡r ❛ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❡t❝✳✱ ✐t ✐s ❤❡❧♣❢✉❧

t♦ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ fxy = fyx = 0✱ s♦ t❤❛t t❤❡ ♠❛tr✐① A ✐s ❞✐❛❣♦♥❛❧✿

A =

(

fxx 0

0 fyy

)

v
†
Av =

(

δx δy
)
(

fxx 0

0 fyy

)(

δx

δy

)

= fxx (δx)
2
+ fyy (δy)

2

■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ❝❧❡❛r t❤❛t v
†
Av ✐s ❛❧✇❛②s str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r v 6= 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ fxx > 0 ❛♥❞

fyy > 0✳ ❙✐♠✐❧❛r❧②✱ A ✐s ♥❡❣❛t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ fxx, fyy < 0✱ ❛♥❞ ✐♥❞❡✜♥✐t❡ ✐❢ ♦♥❡ ✐s ♥❡❣❛t✐✈❡ ❛♥❞ t❤❡

♦t❤❡r ♣♦s✐t✐✈❡✳ ✭❚❤✐s ✐s ✇❤❡r❡ ✇❡ ♦♠✐t t❤❡ ❝❛s❡ ♦❢ ❛ ③❡r♦ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ✲ ✇❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r

❤✐❣❤❡r✲♦r❞❡r ❜❡❤❛✈✐♦✉r ✐♥ t❤❛t ❞✐r❡❝t✐♦♥ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ❛♥② ✉s❡❢✉❧ ❞❡❞✉❝t✐♦♥s✳✮

■t ✐s ✐♥t❡r❡st✐♥❣ t❤❛t✱ ✐♥ t❤✐s ❝❛s❡✱ ♦♥❧② t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ f ❛❧♦♥❣ t❤❡ t✇♦ ❧✐♥❡s f (x, y0) ❛♥❞ f (x0, y)

✷✺



✐s r❡❧❡✈❛♥t ✲ ❦♥♦✇✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❛❧♦♥❣ t❤❡ ❛①❡s ❛❧❧♦✇s ✉s t♦ ❞❡❞✉❝❡ t❤✐s ✈❛❧✉❡

❛❧♦♥❣ ❛♥② ♦t❤❡r ❛①✐s✱ ❥✉st ❧✐❦❡ ✐♥ t❤❡ ❝❛s❡ ♦❢∇f ❛♥❞ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡s✳ ■t ✐s ♥❛t✉r❛❧ t♦ ✇♦♥❞❡r ✇❤❡t❤❡r

t❤❡r❡ ✐s ✐♥ ❣❡♥❡r❛❧ ❛ s✐♥❣❧❡ ♣❛✐r ♦❢ ♥✉♠❜❡rs ✭♦r ❛ s✐♥❣❧❡ ♣❛✐r ♦❢ ❛①❡s✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❛tr✐① t❤❛t

❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ✐t ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ s♦ ♦♥ ✲ ✐♥ ❢❛❝t✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s t♦

❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs✳

❙✐♥❝❡ A ✐s r❡❛❧ ❛♥❞ s②♠♠❡tr✐❝ ✭✐❢ fxy = fyx✮✱ ✐t ❝❛♥ ❜❡ ❞✐❛❣♦♥❛❧✐③❡❞ ✭s❡❡ t❤❡ ❝♦✉rs❡ ♦♥ ❱❡❝t♦rs ❛♥❞

▼❛tr✐❝❡s ✲ t❤✐s ✐s t❤❡ s♣❡❝tr❛❧ t❤❡♦r❡♠✮ ❛s ✐t ❤❛s ❛ ❢✉❧❧ s❡t ♦❢ ♦rt❤♦❣♦♥❛❧ ❡✐❣❡♥✈❡❝t♦rs ✇✐t❤ ❛ss♦❝✐❛t❡❞

❡✐❣❡♥✈❛❧✉❡s λi✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ✇r✐t✐♥❣ ✈❡❝t♦rs ✐♥ t❤❡ ❜❛s✐s ♦❢ ❡✐❣❡♥✈❡❝t♦rs✱ ✇❡ ❛❧✇❛②s ❤❛✈❡

δx ·H · δx =
(

δx δy · · · δz
)









λx 0 · · · 0

0 λy · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · λz

















δx

δy
✳✳✳

δz









= λx (δx)
2
+ λy (δy)

2
+ · · ·+ λz (δz)

2

s♦ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡② r❡s✉❧t✿

▲❡♠♠❛ ✷✳✽✳ H ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ⇐⇒ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s λx, · · · , λz ❛r❡ ♣♦s✐t✐✈❡✳ ❙✐♠✐❧❛r❧② ❢♦r t❤❡

♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ❝❛s❡✳

■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❤❛✈✐♥❣ t♦ ❡①♣❧✐❝✐t❧② ✇♦r❦ ♦✉t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐① ❡❛❝❤ t✐♠❡ ✇❡ ❞♦ t❤✐s✱

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❝❛❧❧❡❞ ❙②❧✈❡st❡r✬s ❝r✐t❡r✐♦♥✱ ✐s ✈❡r② ✉s❡❢✉❧✿

▲❡♠♠❛ ✷✳✾ ✭❙②❧✈❡st❡r✬s ❝r✐t❡r✐♦♥✮✳ ❆♥ n× n r❡❛❧ s②♠♠❡tr✐❝✶ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ⇐⇒ t❤❡

❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ ❧❡❛❞✐♥❣ ♠✐♥♦rs✱ ♦r t❤❡ ✉♣♣❡r ❧❡❢t 1× 1✱ 2× 2✱ · · · ✱ ❛♥❞ n× n ♠❛tr✐❝❡s✱ ❛r❡ ❛❧❧

♣♦s✐t✐✈❡✳

❙♦ ❢♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❍❡ss✐❛♥ ✇✐t❤ ♥♦♥✲③❡r♦ ❞❡t❡r♠✐♥❛♥t ✭s♦ ✐t ❤❛s ♥♦

③❡r♦ ❡✐❣❡♥✈❛❧✉❡s✮✱ t♦ t❡st ❢♦r ❛ ♠✐♥✐♠✉♠ ✐t ✐s ❡♥♦✉❣❤ t♦ t❡st t❤❛t fxx > 0 ❛♥❞

∣
∣
∣
∣
∣

fxx fxy

fyx fyy

∣
∣
∣
∣
∣
= fxxfyy − fxyfyx > 0

❙✐♠✐❧❛r❧② ✭❛s ❝❛♥ ❜❡ s❡❡♥ ❜② ❥✉st ♥❡❣❛t✐♥❣ t❤❡ ❡♥t✐r❡ ♠❛tr✐① H✮ t❤❡ ♠❛tr✐① ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡ ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤❡ ✜rst ❞❡t❡r♠✐♥❛♥t ✐s ♥❡❣❛t✐✈❡✱ fxx < 0✱ t❤❡ s❡❝♦♥❞ ✐s ♣♦s✐t✐✈❡✱ ❛♥❞ s♦ ♦♥ ✐♥ ❛♥ ❛❧t❡r♥❛t✐♥❣

❢❛s❤✐♦♥✳ ❋✐♥❛❧❧②✱ ❛♥② ♦t❤❡r ♣❛tt❡r♥ t❤❛♥ ++++ · · · ❛♥❞ −+−+ · · · r❡s✉❧ts ✐♥ ❛♥ ✐♥❞❡✜♥✐t❡ ♠❛tr✐①✳

❈♦♠❜✐♥✐♥❣ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ❤❛✈❡✿

❚❤❡♦r❡♠ ✷✳✶✵✳ ❚❤❡ ♣❛tt❡r♥ ♦❢ s✐❣♥s ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥ts ✐♥ ❛ ❍❡ss✐❛♥ ❛t ❛ st❛t✐♦♥❛r② ♣♦✐♥t ✇✐t❤

♥♦♥✲③❡r♦ ❞❡t❡r♠✐♥❛♥t ❞❡t❡r♠✐♥❡s t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣♦✐♥t ❛s ❢♦❧❧♦✇s✿

✶❖r ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ❍❡r♠✐t✐❛♥✳

✷✻



++++ · · · ❚❤❡ ❍❡ss✐❛♥ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ❛♥❞ t❤❡ ♣♦✐♥t ✐s ❛ ♠✐♥✐♠✉♠✳

−+−+ · · · ❚❤❡ ❍❡ss✐❛♥ ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ ❛♥❞ t❤❡ ♣♦✐♥t ✐s ❛ ♠❛①✐♠✉♠✳

♦t❤❡r ❚❤❡ ❍❡ss✐❛♥ ✐s ✐♥❞❡✜♥✐t❡✱ ❛♥❞ t❤❡ ♣♦✐♥t ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

❊①❛♠♣❧❡ ✷✳✶✶✳ ❋✐♥❞ ❛♥❞ ❝❛t❡❣♦r✐③❡ t❤❡ st❛t✐♦♥❛r② ♣♦✐♥ts ♦❢ t❤❡ ❢✉♥❝t✐♦♥

f (x, y) = 8x3 + 2x2y2 − x4y4 − 2− 6x

❋✐rst✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ t✇♦ ✜rst ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s

fx = 24x2 + 4xy2 − 4x3y4 − 6

fy = 4x2y − 4x4y3

s♦ t❤❛t t❤❡ ❣r❛❞✐❡♥t ✐s

∇f =

(

24x2 + 4xy2 − 4x3y4 − 6

4x2y − 4x4y3

)

❚♦ ✜♥❞ t❤❡ st❛t✐♦♥❛r② ♣♦✐♥ts✱ ✇❡ ♥❡❡❞ t♦ s♦❧✈❡ ∇f = 0✳ ❋r♦♠ t❤❡ fy = 0 ❡q✉❛t✐♦♥ ✇❡ ❤❛✈❡

4x2y − 4x4y3 = 0

4x2y
(
1− x2y2

)
= 0

❛♥❞ t❤❡r❡❢♦r❡ (x, y) = (0, ?) , (?, 0) ,
(
x, 1

x

)
,
(
x,− 1

x

)
✳

x = 0✿ fx = −6 = 0✳ ◆♦ s♦❧✉t✐♦♥s✳

y = 0✿ fx = 24x2 − 6 = 0✳ ❙♦❧✉t✐♦♥s x = ± 1
2 ✳

(
x, 1

x

)
✿ fx = 24x2 + 4 1

x − 4 1
x − 6 = 0✳ ❙♦❧✉t✐♦♥s x = ± 1

2 ❛♥❞ y = ±2✳

(
x,− 1

x

)
✿ fx = 24x2 + 4 1

x − 4 1
x − 6 = 0 ❛❣❛✐♥✳ ❙♦❧✉t✐♦♥s x = ± 1

2 ❛♥❞ y = ∓2✳

❍❡♥❝❡ t❤❡ s✐① st❛t✐♦♥❛r② ♣♦✐♥ts ❛r❡ ❧♦❝❛t❡❞ ❛t
(
± 1

2 , 0
)
✱
(
± 1

2 ,±2
)
❛♥❞

(
± 1

2 ,∓2
)
✳

◆♦✇ t♦ ❝❧❛ss✐❢② t❤❡s❡ ♣♦✐♥ts✱ ✇❡ ♠✉st ❝❛❧❝✉❧❛t❡ t❤❡ ❍❡ss✐❛♥✿

H = ∇∇f =

(

fxx fxy

fyx fyy

)

=

(

48x+ 4y2 − 12x2y4 8xy − 16x3y3

8xy − 16x3y3 4x2 − 12x4y2

)

= 4

(

12x+ y2 − 3x2y4 2xy
(
1− 2x2y2

)

2xy
(
1− 2x2y2

)
x2
(
1− 3x2y2

)

)

❍❡♥❝❡ ✇❡ ❤❛✈❡✿

✷✼



(
1
2 , 0
)
✿ ❍❡r❡

H = 4

(

6 0

0 1
4

)

✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ s♦ t❤✐s ✐s ❛ ♠✐♥✐♠✉♠✳

(
− 1

2 , 0
)
✿ ❍❡r❡

H = 4

(

−6 0

0 1
4

)

✇❤✐❝❤ ✐s ❝❧❡❛r❧② ✐♥❞❡✜♥✐t❡✱ s♦ t❤✐s ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

(
1
2 , 2
)
✿ ❍❡r❡

H = 4

(

−2 −2

−2 − 1
2

)

✇❤✐❝❤ ❤❛s fxx < 0 ❛♥❞ ❛ ❞❡t❡r♠✐♥❛♥t ✇❤✐❝❤ ✐s ❛❧s♦ ♥❡❣❛t✐✈❡✱ ❛♥❞ s♦ ✐s ❛❧s♦ ✐♥❞❡✜♥✐t❡✱

❛♥❞ ❤❡♥❝❡ t❤✐s ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t✳

(
1
2 ,−2

)
✿ ◆♦✇

H = 4

(

−2 2

2 − 1
2

)

✇❤✐❝❤ ❛❣❛✐♥ ✐s ✐♥❞❡✜♥✐t❡✱ s♦ t❤✐s ✐s ❛ t❤✐r❞ s❛❞❞❧❡ ♣♦✐♥t✳

(
− 1

2 , 2
)
✿ ❚❤✐s t✐♠❡

H = 4

(

−14 2

2 − 1
2

)

✇❤✐❝❤ ❤❛s fxx < 0 ❛♥❞ ❛ ♣♦s✐t✐✈❡ ❞❡t❡r♠✐♥❛♥t ✲ ❤❡♥❝❡ t❤✐s ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ ❛♥❞ t❤❡

♣♦✐♥t ✐s ❛ ♠❛①✐♠✉♠✳

(
− 1

2 ,−2
)
✿ ❋✐♥❛❧❧②

H = 4

(

−14 −2

−2 − 1
2

)

✇❤✐❝❤ ✐s ❛❧s♦ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♠❛①✐♠✉♠✳

❘❡♠❛r❦✳ ❲❡ ❝♦✉❧❞ ❤❛✈❡ s❛✈❡❞ t✐♠❡ ❜② ♥♦t✐♥❣ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✉♥❞❡r y → −y❀ t❤❡ ❧❛②♦✉t

❛♥❞ ❝❤❛r❛❝t❡r ♦❢ st❛t✐♦♥❛r② ♣♦✐♥ts ♠✉st ❛❧s♦ ❜❡ s②♠♠❡tr✐❝❛❧ ❛❝r♦ss t❤❡ x✲❛①✐s✳

■♥ ❢❛❝t✱ t❤✐s ❣✐✈❡s ✉s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♥❡❡❞❡❞ t♦ ♠❛❦❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ ❝♦♥t♦✉rs✳ ◆♦t❡ t❤❛t ♥❡❛r

❛ st❛t✐♦♥❛r② ♣♦✐♥t✱ t❤❡ ❚❛②❧♦r s❡r✐❡s t❡❧❧s ✉s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✐s ❛♣♣r♦①✐♠❛t❡❧② ♦❢ t❤❡ ❢♦r♠

f (x) ≅ f (x0) +
1

2

[

(δx1)
2
λ1 + (δx2)

2
λ2

]

✷✽



✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r✐♥❝✐♣❛❧ ❛①❡s ✭t❤❡ ❡✐❣❡♥✈❡❝t♦rs✮ ♦❢ t❤❡ ❍❡ss✐❛♥✳ ❙♦ t❤❡ ❝♦♥t♦✉rs ❛r❡ s♦❧✉t✐♦♥s ♦❢

f (x) = f (x0) +
1

2

[

(δx1)
2
λ1 + (δx2)

2
λ2

]

= ❝♦♥st❛♥t

(δx1)
2
λ1 + (δx2)

2
λ2 = ❝♦♥st❛♥t

❇✉t ❝❧❡❛r❧② ✐❢ λ1, λ2 ❜♦t❤ ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✱ t❤❡s❡ ❛r❡ s✐♠♣❧② ❡❧❧✐♣s❡s✱ r♦t❛t❡❞ ❜❡t✇❡❡♥ t❤❡ ♣r✐♥❝✐♣❛❧

❛①❡s ❛♥❞ t❤❡ st❛♥❞❛r❞ ❛①❡s❀ ❛♥❞ ✐❢ t❤❡② ❤❛✈❡ ❞✐✛❡r❡♥t s✐❣♥s✱ t❤❡♥ t❤❡s❡ ❛r❡ ❤②♣❡r❜♦❧❛❡✳

❍❛✈✐♥❣ ❞r❛✇♥ t❤❡ ❧♦❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❝♦♥t♦✉rs ♥❡❛r ❛❧❧ st❛t✐♦♥❛r② ♣♦✐♥ts✱ ✇❡ ♠✉st t❤❡♥ ✜❧❧ ✐♥

t❤❡ s♣❛❝❡ ✭❛♥❞ ❥♦✐♥ ✉♣ t❤❡ ❤②♣❡r❜♦❧✐❝ ❧✐♥❡s✮ ✇✐t❤♦✉t ❝r❡❛t✐♥❣ ❛♥② ♥❡✇ st❛t✐♦♥❛r② ♣♦✐♥ts ✲ t❤❛t ✐s✱ ♥♦

♠♦r❡ ❝♦♥t♦✉rs ♠✉st ❝r♦ss✱ ❛♥❞ ♥♦ ♠♦r❡ ❝❧♦s❡❞ ❧♦♦♣s ♠❛② ❜❡ ❢♦r♠❡❞✳

❚❤❡ ❛❝t✉❛❧ ❝♦♥t♦✉rs ❛♥❞ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❧♦t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✺✳

✭❛✮ ❈♦♥t♦✉rs ✭❜✮ ❙✉r❢❛❝❡

❋✐❣✉r❡ ✷✳✺✿ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ st❛t✐♦♥❛r② ♣♦✐♥ts

✷✳✸ ❈❤❛♥❣❡ ♦❢ ❱❛r✐❛❜❧❡s

❆ ✈❡r② ❝♦♠♠♦♥ t❛s❦ ✐♥ ♠❛t❤❡♠❛t✐❝s ✐s t♦ tr❛♥s❢♦r♠ t❤❡ ✇❛② ✇❡ ✇r✐t❡ ❞♦✇♥ ❛ ♣r♦❜❧❡♠ ✈✐❛ ❛ ❝❤❛♥❣❡

♦❢ ✈❛r✐❛❜❧❡s✳ ❆s ✇✐t❤ t❤❡ ❝❤❛✐♥ r✉❧❡✱ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ ❤♦✇ t♦ ❞❡❛❧ ✇✐t❤ t❤✐s ✐♥ t❤❡ s✐♥❣❧❡✲✈❛r✐❛❜❧❡ ❝❛s❡✱

❜❡❝❛✉s❡ t❤✐s ✐s ♣r❡❝✐s❡❧② t❤❡ ❝❤❛✐♥ r✉❧❡✦ ❲❡ ❧❡t f (x) = f (x (t)) ❛♥❞ t❤❡♥

df

dt
=

df

dx
· dx
dt

s♦
df

dx
=

df
dt/dx

dt

✷✾



✇❤✐❝❤ ✐s ✉s✉❛❧❧② ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✳

❚❤❡ ♠✉❧t✐♣❧❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ❛s ♠✐❣❤t ❜❡ ❡①♣❡❝t❡❞✱ r❡q✉✐r❡s t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❤❛✐♥ r✉❧❡✳

❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ✇r♦t❡ x = x (r, θ) ❛♥❞ y = y (r, θ) ❛s ✇❡ ✇♦✉❧❞ ✇❤❡♥ ❝♦♥✈❡rt✐♥❣ ❢r♦♠ ❈❛rt❡s✐❛♥

❝♦♦r❞✐♥❛t❡s (x, y) t♦ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s (r, θ)✱ t❤❡♥ ✇❡ ✇♦✉❧❞ ❤❛✈❡ f ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r ❛♥❞ θ✿

f = f (x (r, θ) , y (r, θ))

❚❤❡♥ t❤❡ ❝❤❛✐♥ r✉❧❡ ✇♦✉❧❞ ❣✐✈❡ ✉s

∂f

∂r

∣
∣
∣
∣
θ

=
∂f

∂x

∂x

∂r

∣
∣
∣
∣
θ

+
∂f

∂y

∂y

∂r

∣
∣
∣
∣
θ

✇❤❡r❡ ✇❡ ❤❛✈❡ ❡①♣❧✐❝✐t❧② st❛t❡❞✱ ✇❤❡♥ t❛❦✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ r ❢♦r ❡①❛♠♣❧❡✱

t❤❛t ✇❡ ❛r❡ ♥♦t ❤♦❧❞✐♥❣ x ♦r y ❝♦♥st❛♥t✱ ❜✉t ✐♥st❡❛❞ t❤❡ ❛❝❝♦♠♣❛♥②✐♥❣ ✈❛r✐❛❜❧❡ θ✳

❊①❛♠♣❧❡ ✷✳✶✷✳ ■❢ f = xy ❛♥❞ x = r cos θ ❛♥❞ y = r sin θ✱ t❤❡♥

f = r2 sin θ cos θ

❛♥❞ ❝❧❡❛r❧②
∂f

∂r

∣
∣
∣
∣
θ

= 2r sin θ cos θ

❲❡ ❝❛♥ ❝❤❡❝❦ t❤❡ ❝❤❛✐♥ r✉❧❡✿

∂f

∂r

∣
∣
∣
∣
θ

=
∂f

∂x

∂x

∂r

∣
∣
∣
∣
θ

+
∂f

∂y

∂y

∂r

∣
∣
∣
∣
θ

= y · cos θ + x · sin θ
= r sin θ cos θ + r sin θ cos θ

= 2r sin θ cos θ

❛s ❡①♣❡❝t❡❞✳

✷✳✹ ■♠♣❧✐❝✐t ❉✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ❘❡❝✐♣r♦❝❛❧s

❖♥❡ ♦❢ t❤❡ ♦t❤❡r t❤✐♥❣s ✇❡ ❝❛♥ ♥♦✇ ❣❡♥❡r❛❧✐③❡ ✐s t❤❡ ✐❞❡❛ ♦❢ ✐♠♣❧✐❝✐t ❞✐✛❡r❡♥t✐❛t✐♦♥✳ ❈❧❛ss✐❝❛❧❧②✱ t❤✐s

♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❧✐❦❡

F (x, y) = ❝♦♥st❛♥t

❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t dF
dx = 0 ❢♦r ✐♥st❛♥❝❡✱ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡ t♦ ❝❛❧❝✉❧❛t❡

d

dx
(xy) = y + x

dy

dx

❛♥❞ s♦ ♦♥✳

✸✵



◆♦✇ ✐♠❛❣✐♥❡ ❛ s✉r❢❛❝❡ ✐♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ s♣❡❝✐✜❡❞ ❜②

F (x, y, z) = ❝♦♥st❛♥t

♦✈❡r s♣❛❝❡✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤✐s ❛s

F (x, y, z (x, y)) = ❝♦♥st❛♥t

t❤♦✉❣❤ t❤✐s ✐s ❛ s❧✐❣❤t ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ❜❡❝❛✉s❡ z (x, y) ✐s ♥♦t ♥❡❝❡ss❛r✐❧② s✐♥❣❧❡✲✈❛❧✉❡❞ t❤❡r❡ ♠❛② ❜❡

♠✉❧t✐♣❧❡ ♣♦✐♥ts ❛❜♦✈❡ ❛♥❞✴♦r ❜❡❧♦✇ t❤❡ ♣♦✐♥t (x, y, 0) ✐♥ t❤❡ xy✲♣❧❛♥❡✳

❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ♦❢ t❤❡ ❝❤❛✐♥ r✉❧❡ ✭❛❣❛✐♥ ❜❡st ✉s❡❞ ❛s ❛ ♠♥❡♠♦♥✐❝✮ ✐s

dF =
∂F

∂x
dx+

∂F

∂y
dy +

∂F

∂z
dz

❚❤❡♥ ❛t ❛♥② s✉❝❤ ♣♦✐♥t✱ ❜② t❤❡ ❝❤❛✐♥ r✉❧❡✱ ✇❡ ❣❡t

∂F

∂x

∣
∣
∣
∣
y

=
∂F

∂x

∂x

∂x

∣
∣
∣
∣
y

+
∂F

∂y

∂y

∂x

∣
∣
∣
∣
y

+
∂F

∂z

∂z

∂x

∣
∣
∣
∣
y

✇❤❡r❡ t❤❡ t❡r♠s ❧✐❦❡ ∂F/∂x ❤❛✈❡ ❜♦t❤ y ❛♥❞ z ❤❡❧❞ ❝♦♥st❛♥t✳ ❈❧❡❛r❧②✱

∂x

∂x

∣
∣
∣
∣
y

= 1

❛♥❞
∂y

∂x

∣
∣
∣
∣
y

= 0

s♦ t❤✐s ❣✐✈❡s ✉s
∂F

∂x

∣
∣
∣
∣
y

=
∂F

∂x
+

∂F

∂z

∂z

∂x

∣
∣
∣
∣
y

❛♥❞ ❤❡♥❝❡
∂z

∂x

∣
∣
∣
∣
y

= −
∂F/∂x
∂F/∂z

✇❤❡r❡ ❜♦t❤ t❡r♠s ♦♥ t❤❡ r✐❣❤t ❤❛✈❡ t❤❡ ✈❛r✐❛❜❧❡s ♥♦t ✐♥✈♦❧✈❡❞ ❤❡❧❞ ❝♦♥st❛♥t ✭s♦ y, z ❢♦r t❤❡ t♦♣ t❡r♠

❛♥❞ x, y ❢♦r t❤❡ ❜♦tt♦♠ t❡r♠✮✳

■t ✐s ✈❡r② ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ s✐❣♥ ❤❡r❡✿ t❤❡r❡ ✐s ♥♦t ❛ s✐♠♣❧❡

❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥ ❣✐✈✐♥❣ r✐s❡ t♦ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ✭❵❝❛♥❝❡❧❧✐♥❣ t❤❡ ∂F t❡r♠s✬ ❢♦r ❡①❛♠♣❧❡✮✳

❚❤❡s❡ ❣✐✈❡ r✐s❡ t♦ t❤❡ ✐♥t❡r❡st✐♥❣ r❡❧❛t✐♦♥s❤✐♣ t❤❛t ❢♦r ❛♥② ✷❉ s✉r❢❛❝❡ ✐♥ ✸❉ s♣❛❝❡✱

∂x

∂y

∣
∣
∣
∣
z

∂y

∂z

∣
∣
∣
∣
x

∂z

∂x

∣
∣
∣
∣
y

= −1

❘❡❝✐♣r♦❝❛❧s

■♥ t❤❡ s❛♠❡ s♦rt ♦❢ ✇❛② t❤❛t t❤❡ ❛❜♦✈❡ ♥❡❣❛t✐✈❡ s✐❣♥ ❝♦♥❢♦✉♥❞s ♦✉r ❡①♣❡❝t❛t✐♦♥s ❢r♦♠ s✐♥❣❧❡✲✈❛r✐❛❜❧❡

t❤❡♦r②✱ t❤❡ r✉❧❡s ❢♦r ✐♥✈❡rt✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛r❡ ♥♦t ❡♥t✐r❡❧② ♦❜✈✐♦✉s✳
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❚❤❡ ♥♦r♠❛❧ r❡❝✐♣r♦❝❛❧ r✉❧❡s ❞♦ ❤♦❧❞ ♣r♦✈✐❞❡❞ ✇❡ ❦❡❡♣ t❤❡ s❛♠❡ ✈❛r✐❛❜❧❡s ❝♦♥st❛♥t✳

❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ (x, y) → (r, θ) ✇❡ ❤❛✈❡

∂r

∂x
6≡ 1

∂x/∂r

❜❡❝❛✉s❡ ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t y ✐s ❤❡❧❞ ❝♦♥st❛♥t✱ ✇❤✐❧st ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡

✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t θ ✐s ❤❡❧❞ ❝♦♥st❛♥t✳

❚❤❡ ❝♦rr❡❝t st❛t❡♠❡♥t ✇♦✉❧❞ ❜❡
∂r

∂x

∣
∣
∣
∣
y

=
1

∂x/∂r|y
✇❤✐❝❤ ✐s ❛♥ ❛❧t♦❣❡t❤❡r ❞✐✛❡r❡♥t st❛t❡♠❡♥t✳ ❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ t❡r♠ ♦♥ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞

s✐❞❡ ✇♦✉❧❞ ❜❡ ❵❤♦✇ ❢❛st ❞♦❡s x ❝❤❛♥❣❡ ❛s ■ ✐♥❝r❡❛s❡ r ❛t ❛ st❡❛❞② r❛t❡✱ ❣✐✈❡♥ t❤❛t ■ ❛❧s♦ ❛❞❥✉st θ s♦

t❤❛t y r❡♠❛✐♥s ❝♦♥st❛♥t❄✬

❊①❛♠♣❧❡ ✷✳✶✸✳ ❚♦ s❡❡ t❤✐s ❡①♣❧✐❝✐t❧② ❢♦r t❤❡ ❝❛s❡ ♦❢ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✱ ✇r✐t❡ x = r cos θ ❛♥❞

y = r sin θ s♦ t❤❛t r =
√

x2 + y2 ❛♥❞ θ = tan−1 (y/x)✳ ❚❤❡♥

∂r

∂x

∣
∣
∣
∣
y

=
x

√

x2 + y2

=
r cos θ

r
= cos θ

❛♥❞
∂x

∂r

∣
∣
∣
∣
y

=
∂ (r cos θ)

∂r

∣
∣
∣
∣
y

❛♥❞ ✐❢ y = r sin θ ✐s ❝♦♥st❛♥t✱ t❤❡♥ sin θ = y
r s♦ cos θ =

√

1−
(
y
r

)2
✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡

∂x

∂r

∣
∣
∣
∣
y

=

∂

(

r

√

1−
(
y
r

)2
)

∂r

∣
∣
∣
∣
∣
∣
∣
∣
y

=
∂
(√

r2 − y2
)

∂r

∣
∣
∣
∣
∣
∣
y

=
r

√

r2 − y2

=
1

√

1−
(
y
r

)2

=
1

√

1− sin2 θ

=
1

cos θ

✸✷



❛s r❡q✉✐r❡❞✳ ❇② ❝♦♥tr❛st✱
∂x

∂r

∣
∣
∣
∣
θ

= cos θ 6≡ 1

cos θ

✷✳✺ ❉✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ■♥t❡❣r❛❧s ✇✐t❤ ❘❡s♣❡❝t t♦ P❛r❛♠❡t❡rs

❈♦♥s✐❞❡r ❛s ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s f = f (x, c)✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛ ❞✐✛❡r❡♥t ❣r❛♣❤ f = fc (x) ❢♦r ❡❛❝❤ c✳

❚❤❡♥ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛♠✐❧② ♦❢ ✐♥t❡❣r❛❧s✱

I (b, c) =

ˆ b

0

f (x, c) dx

❚❤❡♥ ❜② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❝❛❧❝✉❧✉s✱

∂I

∂b
= f (b, c)

❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✇✐t❤ r❡s♣❡❝t t♦ c ✇❡ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

∂I

∂c
= lim

δc→0

1

δc

[
ˆ b

0

f (x, c+ δc) dx−
ˆ b

0

f (x, c) dx

]

= lim
δc→0

[
ˆ b

0

f (x, c+ δc)− f (x, c)

δc
dx

]

=

ˆ b

0

∂f

∂c

∣
∣
∣
∣
x

dx

❛ss✉♠✐♥❣ t❤❛t ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ❡①❝❤❛♥❣❡ ❧✐♠✐ts ❛♥❞ ✐♥t❡❣r❛❧s ❧✐❦❡ t❤✐s ✭t❤✐s r❡s✉❧t ✐s ❛❝t✉❛❧❧② ❛❧✇❛②s

✈❛❧✐❞ ✐❢ ❜♦t❤ f ❛♥❞ ∂f/∂c ❛r❡ ❝♦♥t✐♥✉♦✉s ♦✈❡r t❤❡ r❡❣✐♦♥ ♦❢ ✐♥t❡❣r❛t✐♦♥ [0, b]✱ ❛♥❞ t❤❡ r❡❣✐♦♥ ♦❢ c ✐♥

✇❤✐❝❤ ✇❡ t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡✷✮✳

❙♦ ✐❢ ✇❡ t❛❦❡

I (b (x) , c (x)) =

ˆ b(x)

0

f (y, c (x)) dy

t❤❡♥ ✇❡ ❣❡t✱ ✈✐❛ t❤❡ ❝❤❛✐♥ r✉❧❡✱

dI

dx
=

∂I

∂b

db

dx
+

∂I

∂c

dc

dx

= f (b, c) b′ (x) + c′ (x)

ˆ b

0

∂f

∂c

∣
∣
∣
∣
y

dy

✷❚❤✐s r❡s✉❧t ✐s ❝❛❧❧❡❞ t❤❡ ▲❡✐❜♥✐③ ✐♥t❡❣r❛❧ r✉❧❡✱ ♦r ▲❡✐❜♥✐③✬s r✉❧❡ ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥ ✉♥❞❡r t❤❡ ✐♥t❡❣r❛❧ s✐❣♥✳ ❆ s♦♣❤✐s✲
t✐❝❛t❡❞ r❡s✉❧t ❝❛❧❧❡❞ t❤❡ ❉♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❢♦r ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ t②♣❡ ♦❢ ✐♥t❡❣r❛❧
❝❛❧❧❡❞ t❤❡ ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❧ ✭✇❡ ❛r❡ ✉s✐♥❣ t❤❡ ❘✐❡♠❛♥♥ ✐♥t❡❣r❛❧✮✳

✸✸



❋♦r ❡①❛♠♣❧❡✱ ✐❢ I (x) =
´ x

0
f (x, y) dy t❤❡♥

dI

dx
= f (x, x) +

ˆ x

0

∂f

∂x

∣
∣
∣
∣
y

dy

✸✹



✸ ❋✐rst✲❖r❞❡r ❊q✉❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❜♦t❤ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ✭❛❧s♦ ❦♥♦✇♥ ❛s

r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥s✮ ♦❢ t❤❡ ✜rst✲♦r❞❡r✱ ✐♥ ✇❤✐❝❤ ♥♦ ♠♦r❡ t❤❛♥ ♦♥❡ ❞❡r✐✈❛t✐✈❡✱ ♦r ♦♥❡ ♣r❡✈✐♦✉s t❡r♠ ♦❢

❛ s❡q✉❡♥❝❡✱ ❛♣♣❡❛rs✳

■t ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧ t♦ ❤❛✈❡ ❛ ✜r♠ ❣r❛s♣ ♦❢ ♦♥❡ ♣❛rt✐❝✉❧❛r ❢✉♥❝t✐♦♥✿

✸✳✶ ❚❤❡ ❊①♣♦♥❡♥t✐❛❧ ❋✉♥❝t✐♦♥

❈♦♥s✐❞❡r f (x) = ax✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t a > 0✳

❚❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ s✉❝❤ ❛ ♠❛♣ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

df

dx
= lim

h→0

ax+h − ax

h
= lim

h→0

ax
(
ah − 1

)

h

= ax lim
h→0

ah − 1

h
= ax · λ

❢♦r s♦♠❡ ❝♦♥st❛♥t λ ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ x✮ ✲ ♥♦t❡ t❤❛t t❤✐s ❧✐♠✐t ♠✉st ❝♦♥✈❡r❣❡ t♦ s♦♠❡ ✈❛❧✉❡✱ s✐♥❝❡ t❤✐s

♠❛♣ ✐s ♦❜✈✐♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✸✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ expx ≡ ex ✐s ❞❡✜♥❡❞ ❜② ❝❤♦♦s✐♥❣ a s♦ t❤❛t λ = 1✱ ✐✳❡✳ df
dx = f ✳ ❲❡

✇r✐t❡ e = a ❢♦r t❤✐s ❝❛s❡✳

❘❡♠❛r❦✳ ▲❡t t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ u = ex ❜❡ ❣✐✈❡♥ ❜② x = lnu✳ ❚❤❡♥ ✐❢ ✇❡ ✇r✐t❡ y = ax = ex ln a

✐t ❜❡❝♦♠❡s ❝❧❡❛r ✈✐❛ t❤❡ ❝❤❛✐♥ r✉❧❡ t❤❛t

dy

dx
= (ln a) ex ln a

= (ln a) ax

= (ln a) y

s♦ t❤❛t λ = ln a✳

❖♥❡ ♦t❤❡r ❧✐♠✐t ✇❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ ✐s

lim
n→∞

(

1 +
x

n

)n

= ex

❊①❡r❝✐s❡ ✸✳✷✳

✭✐✮ Pr♦✈❡ t❤❛t✱ ❢♦r x > 0✱
d

dx
lnx =

1

x

✭❍✐♥t ✿ ❯s❡ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ r✉❧❡✳✮

✸❲❡ ❞♦ ♥♦t s❤♦✇ t❤✐s ❢♦r♠❛❧❧② ✐♥ t❤✐s ❝♦✉rs❡ ✲ ✐♥ ❆♥❛❧②s✐s ■ ✇❡ ❝♦♥s✐❞❡r ax t♦ ❜❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ex✱ ❛♥❞ ❞❡✜♥❡
ex ✐♥ t❡r♠s ♦❢ ✐ts ♣♦✇❡r s❡r✐❡s ex = 1 + x+ 1

2
x2 + 1

3!
x3 + · · · ✱ ❛♥❞ ❞❡r✐✈❡ ❛❧❧ ♦❢ t❤❡s❡ ♣r♦♣❡rt✐❡s ❢r♦♠ ❤❡r❡✳

✸✺



✭✐✐✮ ❲r✐t❡ ❞♦✇♥ t❤❡ ✜rst ❢❡✇ t❡r♠s ✐♥ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s ♦❢ ex ❛♥❞ ln (1 + x)✳

✭✐✐✐✮ ❯s❡ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ t♦ ❡✈❛❧✉❛t❡ ✐t✿

lim
n→∞

ln
(

1 +
x

n

)n

✭✐✈✮ ❲❤② ❞♦❡s ✐t ❢♦❧❧♦✇ t❤❛t

lim
n→∞

(

1 +
x

n

)n

= ex❄

❯s✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❝❛❧❝✉❧✉s✱ ❛♥❞ t❤❡ ✜rst r❡s✉❧t ❢r♦♠ t❤✐s ❡①❡r❝✐s❡✱ ✇❡ ❤❛✈❡ t❤❛t

ˆ b

a

1

x
dx = [lnx]

b
a

✐❢ a ❛♥❞ b ❛r❡ ❜♦t❤ str✐❝t❧② ♣♦s✐t✐✈❡✳

◆♦✇ ✐❢ a ❛♥❞ b ❛r❡ ❜♦t❤ ♥❡❣❛t✐✈❡✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✐♥t❡❣r❛❧ ❡✐t❤❡r ❜② s②♠♠❡tr②✱ ♦r ❢♦r♠❛❧❧②

❜② t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s u = −x✱

ˆ b

a

1

x
dx =

ˆ −b

−a

1

(−u)
· (−1) · du

=

ˆ −b

−a

1

u
du

= ln (−b)− ln (−a)

= ln |b| − ln |a|
= [ln |x|]ba

❇❡❝❛✉s❡ ♦❢ t❤❡s❡ t✇♦ ❢❛❝ts✱ ✇❡ ❝♦♠♠♦♥❧② ✇r✐t❡

ˆ

1

x
dx = ln |x|

❍♦✇❡✈❡r✱ t❤✐s ❛ss✉♠❡s t❤❛t x ❞♦❡s ♥♦t ❝❤❛♥❣❡ s✐❣♥ ♦r ♣❛ss t❤r♦✉❣❤ 0 ♦✈❡r t❤❡ r❡❣✐♦♥ ♦❢ ✐♥t❡❣r❛t✐♦♥

✲ ✐❢ ✐t ❞♦❡s✱ t❤❡♥ t❤❡ ✐♥t❡❣r❛❧ ✐s ✉♥❞❡✜♥❡❞✳

❆ ❜❡tt❡r ✇❛② ♦❢ ✇r✐t✐♥❣ t❤✐s ✐s
ˆ b

a

1

x
dx = ln

(
b

a

)

✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r t❤❡ s❛♠❡ a ❛♥❞ b ❜✉t ✇❤✐❝❤ ❛✈♦✐❞ ✉s✐♥❣ t❤❡ ♠♦❞✉❧✉s s✐❣♥s |x|✳ ❆ ✈❡r② ✉s❡❢✉❧ r❡s✉❧t

✇❤✐❝❤ ❤♦❧❞s ✐♥ ❣❡♥❡r❛❧ ❢♦r ✈❛❧✐❞ ❝♦♠♣❧❡① ♣❛t❤s ✭♥♦t ♣❛ss✐♥❣ t❤r♦✉❣❤ ✵✮ ✐s t❤❛t

e
´

b

a
1
x
dx =

b

a

❊①❛♠♣❧❡ ✸✳✸✳ ❇♦t❤ ✐♥t❡❣r❛❧s ✐♥

ˆ 2

1

x−1dx =

ˆ −2

−1

x−1dx = ln 2

✸✻



❛r❡ ❞❡✜♥❡❞✱ ❜✉t
ˆ 2

−1

x−1dx

✐s ♥♦t✳

✸✳✷ ❋✐rst✲❖r❞❡r ▲✐♥❡❛r ❖❉❊s

■t ✐s ♦❢t❡♥ ❜❡st t♦ ❜❡❣✐♥ ❛ ♥❡✇ t♦♣✐❝ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡✱ s♦ t❤❛t ✐s ❡①❛❝t❧② ✇❤❛t ✇❡ s❤❛❧❧ ❞♦✳

❊①❛♠♣❧❡ ✸✳✹✳ ❙♦❧✈❡ 5y′ − 3y = 0✳

❲❡ ❝❛♥ ❡❛s✐❧② s♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥ ❜❡❝❛✉s❡ ✐t ✐s s❡♣❛r❛❜❧❡✿

y′

y
=

3

5
ˆ

dy

y
=

ˆ

3

5
dt

ln |y| =
3

5
t+ C

y = De
3
5
t

❚❤✐s ✐s t❤❡ ♦♥❧② ❢✉♥❝t✐♦♥ ♦❢ t❤✐s ❢♦r♠✳ y = Ae3/5x ✐s ❛ s♦❧✉t✐♦♥ ❢♦r ❛♥② r❡❛❧ A✱ ✐♥❝❧✉❞✐♥❣ A = 0

s♦ y = 0✳ ■♥ t❤✐s ❢❛♠✐❧② ♦❢ s♦❧✉t✐♦♥ ❝✉r✈❡s✱ ♦r tr❛❥❡❝t♦r✐❡s ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s ❧✐❦❡ t❤✐s✱ ✐t ✐s

♣♦ss✐❜❧❡ t♦ ♣✐❝❦ ♦✉t ♦♥❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ✉s✐♥❣ ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ❧✐❦❡ y = y0 ❛t x = 0✱ s♦

t❤❛t A = y0✳

■♥ ❢❛❝t✱ t❤❡r❡ ❛r❡ ♥♦ ♦t❤❡r s♦❧✉t✐♦♥s✳ ❚♦ s❡❡ t❤✐s✱ ❧❡t u (t) ❜❡ ❛♥② s♦❧✉t✐♦♥✱ ❛♥❞ ❝♦♠♣✉t❡ t❤❡

❞❡r✐✈❛t✐✈❡ ♦❢ ue−
3
5
t✿

d

dt

(

ue−
3
5
t
)

= e−
3
5
t du

dt
− 3

5
e−

3
5
tu

= e−
3
5
t

[
du

dt
− 3

5
u

]

= 0

■t ✐s ❛ ❦❡② r❡s✉❧t ❢r♦♠ ♦✉r ❢✉♥❞❛♠❡♥t❛❧ ✇♦r❦ t❤❛t ue−
3
5
t ✐s t❤❡r❡❢♦r❡ ❛ ❝♦♥st❛♥t k✱ s♦ ✐♥❞❡❡❞

u = ke
3
5
t ❛s r❡q✉✐r❡❞✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐❢ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

❧✐❦❡ t❤♦s❡ ❛❜♦✈❡✳

■t ✐s ♥♦t ❤❛r❞ t♦ ❣✉❡ss✱ ❢r♦♠ t❤❡ ✇❛② t❤❛t t❤❡ ♥✉♠❜❡rs 3 ❛♥❞ 5 ❛♣♣❡❛r❡❞ ✐♥ ♦✉r s♦❧✉t✐♦♥✱ t❤❛t ❛♥②

s✐♠✐❧❛r ❡q✉❛t✐♦♥ ❤❛s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ eλt✱ ❛♥❞ ✐♥ ❢❛❝t ❛❧❧ s♦❧✉t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠ keλt✳ ■♥ ❢❛❝t✱

❛♥② ❧✐♥❡❛r✱ ❤♦♠♦❣❡♥❡♦✉s ❖❉❊ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ❤❛s ❢❛♠✐❧✐❡s ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠ eλt✳ ❲❡

✇✐❧❧ ❞❡✜♥❡ ✇❤❛t ❛❧❧ ♦❢ t❤❡s❡ t❡r♠s ♠❡❛♥✿

✸✼



❉❡✜♥✐t✐♦♥ ✸✳✺✳ ❆♥ nt❤ ♦r❞❡r ❧✐♥❡❛r ❖❉❊ ❤❛s t❤❡ ❢♦r♠

cn (x)
dny

dxn
+ cn−1 (x)

dn−1y

dxn−1
+ · · ·+ c1 (x)

dy

dx
+ c0 (x) y = f (x)

❆ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥ ❤❛s f (x) ≡ 0 s♦ t❤❛t y = 0 ✐s ❛ s♦❧✉t✐♦♥✳

❆ ❧✐♥❡❛r ❖❉❊ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ❤❛s ci (x) = ci (0) = ❝♦♥st❛♥t ❢♦r ❛❧❧ i✳

❚❤❡r❡ ❛r❡ ❛ ❢❡✇ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ s✉❝❤ ❡q✉❛t✐♦♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❛r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t

❢♦r ✉s✿

✭✐✮ ▲✐♥❡❛r✐t② ❛♥❞ ❤♦♠♦❣❡♥❡✐t② ♠❡❛♥ t❤❛t ❛♥② ♠✉❧t✐♣❧❡ ♦❢ ❛ s♦❧✉t✐♦♥ ✐s ❛♥♦t❤❡r s♦❧✉t✐♦♥✱ ❛s ✐s t❤❡ s✉♠

♦❢ ❛♥② t✇♦ s♦❧✉t✐♦♥s ✲ t❤❛t ✐s✱ ❛♥② ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ✐s ❛♥♦t❤❡r s♦❧✉t✐♦♥✳ ✭❍❡♥❝❡

❢✉♥❝t✐♦♥s ❧✐❦❡ y = Aeλ1x +Beλ2x + · · · ✇✐❧❧ ❛❧✇❛②s ❜❡ ❛ s♦❧✉t✐♦♥ ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s✐❝ t❡r♠s

❛r❡✳✮

✭✐✐✮ ❆♥ nt❤ ♦r❞❡r ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❤❛s ✭♦♥❧②✮ n ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s ✲ t❤❛t ✐s✱

❣✐✈❡♥ n + 1 s♦❧✉t✐♦♥s ✇❡ ❝❛♥ ❛❧✇❛②s r❡✇r✐t❡ ♦♥❡ ♦❢ t❤❡♠ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♦t❤❡rs✳

✭❘❡❝❛❧❧ y = Ae3/5x ✇❛s t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥✳✮

❚❤❡ ✜rst ❢❛❝t ✐s ❡❛s② t♦ ♣r♦✈❡✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ✐s ♥♦t ♦❜✈✐♦✉s✳ ❲❡ ✇✐❧❧ ❜❡❣✐♥ t♦ s❡❡ ❤♦✇ t♦ t❛❧❦

❛❜♦✉t ✐♥❞❡♣❡♥❞❡♥❝❡ ✐♥ s❡❝t✐♦♥ ✹✳✸✱ ❛♥❞ ♣r♦✈❡ ✐♥ s❡❝t✐♦♥ ✻ ❛❧❧ t❤❡ r❡s✉❧ts ✇❡ ♥❡❡❞ ❛❜♦✉t s♦❧✉t✐♦♥s t♦

❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥s✱ ✇❡ ✇✐❧❧ ❜r✐❡✢② ❞✐s❝✉ss ❡①✐st❡♥❝❡

❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ✐♥ s❡❝t✐♦♥ ✸✳✼✳ ❋♦r ♥♦✇✱ ❤♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ❧❡❛✈❡ t❤❡s❡ ✐❞❡❛s t♦ ♦♥❡ s✐❞❡✳

■t ✐s✱ ❤♦✇❡✈❡r✱ ✉s❡❢✉❧ t♦ s❡❡ ✇❤② t❤❡ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❡①♣♦♥❡♥t✐❛❧ ❢♦r♠✳ ❚❤❡ ❦❡② ✐❞❡❛ ✐s

t❤❛t ♦❢ ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✭✇❤✐❝❤ ✐s ❜❛s✐❝❛❧❧② t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡✮✳

❋♦r ♦✉r ♣✉r♣♦s❡s✿

❉❡✜♥✐t✐♦♥ ✸✳✻✳ ❆ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r D [y] ❛❝ts ♦♥ ❛ ❢✉♥❝t✐♦♥ y (x) t♦ ❣✐✈❡ ❜❛❝❦ ❛♥♦t❤❡r ❢✉♥❝t✐♦♥

❜② ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❛❞❞✐t✐♦♥ ♦❢ t❤❛t ❢✉♥❝t✐♦♥ ✲ ❢♦r ❡①❛♠♣❧❡

D [y] = x
d2y

dx2
− 3y✳

❆♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r D ✐s ❛ ❢✉♥❝t✐♦♥ y s✉❝❤ t❤❛t

D [y] = λy

❢♦r s♦♠❡ ❝♦♥st❛♥t λ✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡✳

❘❡♠❛r❦✳ ❚❤❡ ✐❞❡❛ ✐s ✈❡r② ❧✐❦❡ t❤❛t ♦❢ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♠❛tr✐❝❡s✳

❚❤❡ ✐♠♣♦rt❛♥t ♣♦✐♥t t♦ r❡❛❧✐③❡ ✐s t❤❛t y = eλx ✐s ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ ♦✉r ✜rst✲♦r❞❡r ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧

♦♣❡r❛t♦rs ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✱ ❜❡❝❛✉s❡

d

dx
eλx = λeλx
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❙♦ ✐♥ s♦❧✈✐♥❣ ay′ + by = 0 ❛❧❧ ✇❡ ♥❡❡❞ t♦ ❞♦ ✐s s♦❧✈❡

(aλ+ b) eλx = 0

✇❤✐❝❤ ❣✐✈❡s

λ = − b

a

❛s ✇❡ ❢♦✉♥❞ ❛❜♦✈❡✳

❆❧❧ ✇❡ ❛r❡ r❡❛❧❧② ❞♦✐♥❣ ✐♥ s♦❧✈✐♥❣ t❤❡s❡ ✉♥❢♦r❝❡❞ ❡q✉❛t✐♦♥s ✐s tr②✐♥❣ t♦ ✜♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ✇✐t❤

❡✐❣❡♥✈❛❧✉❡ ✵✱ t♦ ❣✐✈❡ t❤❡ ③❡r♦ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✹✳

✸✳✷✳✶ ❉✐s❝r❡t❡ ❡q✉❛t✐♦♥

❚❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥

5y′ − 3y = 0

✭s❛② ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ y = y0 ❛t x = 0✮ ❤❛s ❛♥❛❧♦❣♦✉s ❞✐s❝r❡t❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❢♦r♠ ♦❢

❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s✱ ✇❤❡r❡ ✇❡ s♦❧✈❡ ❢♦r t❤❡ ✈❛❧✉❡s ♦❢ s♦♠❡ s❡q✉❡♥❝❡ yn ♠❡❛♥t t♦ ❛♣♣r♦①✐♠❛t❡ y ❛t

t✐♠❡ st❡♣s ❧✐❦❡ yn = y (nh)✳

❚❤❡ s♦✲❝❛❧❧❡❞ ✭s✐♠♣❧❡✮ ❊✉❧❡r ❛♣♣r♦①✐♠❛t✐♦♥ s✉❜st✐t✉t❡s y ↔ yn ❛♥❞ y′ ↔ yn+1−yn

h ✇❤❡r❡ ✇❡ t❛❦❡

❞✐s❝r❡t❡ st❡♣s ♦❢ s✐③❡ h✱ ❣✐✈✐♥❣ x = nh✳

❚❤✐s ❣✐✈❡s ✉s

5
yn+1 − yn

h
− 3yn = 0

yn+1 =

(

1 +
3h

5

)

yn

yn =

(

1 +
3h

5

)n

y0

❯s✐♥❣ ♦✉r ❡q✉❛t✐♦♥ ❢♦r t❤❡ st❡♣ s✐③❡✱ ✇❡ ♥♦t❡ h = x
n s♦ t❤❛t ✇❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ h ❛♥❞ r❡t✉r♥ t♦ ❤❛✈✐♥❣

❛ ❞❡♣❡♥❞❡♥❝❡ ♦♥

y (x) = yn = y0

(

1 +
3

5

x

n

)n

❛♥❞ ✐❢ ✇❡ ♥♦✇ t❛❦❡ t❤❡ ❧✐♠✐t h → 0 ♦r ❡q✉✐✈❛❧❡♥t❧② n → ∞✱ s♦ t❤❛t ✇❡ r❡✜♥❡ t❤❡ st❡♣ s✐③❡✱ ✇❡ r❡tr✐❡✈❡

y (x) = y0 lim
n→∞

(

1 +
3x

5
· 1
n

)n

= y0e
3x
5

✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❡q✉❛t✐♦♥ ✇❡ ♦r✐❣✐♥❛❧❧② ❡st❛❜❧✐s❤❡❞ ✭s❡❡ ✸✳✷✮✳ ❚❤✐s ✐s ♥♦t ✈❡r② s✉r♣r✐s✐♥❣✱ ❜❡❝❛✉s❡

t❤❡ ❧✐♠✐t h → 0 ❝♦rr❡s♣♦♥❞s✱ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✇❡ ❛r❡ s♦❧✈✐♥❣✱ t♦ t❤❡ ❧✐♠✐t✐♥❣ ❡q✉❛t✐♦♥ 5dy
dx − 3y = 0✳

✹■❢ ②♦✉ ❦♥♦✇ s♦♠❡ ❧✐♥❡❛r ❛❧❣❡❜r❛ ✭❧✐❦❡ t❤❡ ♠❛t❡r✐❛❧ ❢r♦♠ t❤❡ ❱❡❝t♦rs ✫ ▼❛tr✐❝❡s ❝♦✉rs❡✮✱ t❤❡♥ ②♦✉ ♠✐❣❤t ✜♥❞ ✐t
✐♥t❡r❡st✐♥❣ t♦ t❤✐♥❦ ♦❢ t❤✐s ❛s tr②✐♥❣ t♦ ✜♥❞ ❛ ❜❛s✐s ❢♦r t❤❡ ❦❡r♥❡❧ ♦r ♥✉❧❧✲s♣❛❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r D✳
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✸✳✷✳✷ ❙❡r✐❡s s♦❧✉t✐♦♥

❆♥♦t❤❡r ✇❛② ♦❢ ✜♥❞✐♥❣ ❛ s♦❧✉t✐♦♥ ✭✐❢ ❛ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❢♦r♠ ❡①✐sts ✲ s❡❡ t❤❡ s❡❝t✐♦♥ ♦♥ s❡r✐❡s s♦❧✉t✐♦♥s

❧❛t❡r ✐♥ t❤✐s ❝♦✉rs❡✮ ✐s t♦ ❛ss✉♠❡

y =

∞∑

n=0

anx
n

s♦ t❤❛t ✇❡ ❛❧s♦ ❤❛✈❡

y′ =

∞∑

n=0

annx
n−1

◆♦✇ ✐❢ ✇❡ t❛❦❡ ♦✉r ❡q✉❛t✐♦♥ 5y′ − 3y = 0 ✇❡ ♥♦t❡ t❤❛t ✇❡ ❝❛♥ r❡✇r✐t❡ t❤✐s ❛s

5 (xy′)− 3x (y) = 0

✭t❤❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ ❜r❛❝❦❡t❡❞ t❡r♠s ❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥s✱

✇✐t❤ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ x ❜❛❧❛♥❝❡❞ ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❜② x ✲ t❤♦✉❣❤ ♥♦✇ ✇❡ ❤❛✈❡ ♥♦♥✲❝♦♥st❛♥t

❝♦❡✣❝✐❡♥ts✮ ❛♥❞ ❤❡♥❝❡ t❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

∑

an
[
5nx · xn−1 − 3x · xn

]
= 0

∑

anx
n [5n− 3x] = 0

◆♦✇ ✐♥ t❤✐s ❡q✉❛t✐♦♥✱ s✐♥❝❡ t❤❡ ❧❡❢t s✐❞❡ ✐s ✐❞❡♥t✐❝❛❧❧② ✵ ❢♦r ❛❧❧ x✱ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢

xn✳ ❚❤✐s ❣✐✈❡s

5n · an − 3an−1 = 0

❢♦r ❛❧❧ n ✐♥❝❧✉❞✐♥❣ n = 0 ✭✐❢ ✇❡ ✇r✐t❡ a−1 = 0✮✳

n = 0✿ ❚❤❡ ✜rst ❡q✉❛t✐♦♥ ✇❡ ❣❡t ❢r♦♠ t❤✐s ✐s t❤❛t 0 ·a0 = 0✱ ✇❤✐❝❤ s②♠❜♦❧✐③❡s t❤❡ ❢❛❝t t❤❛t ✇❡ ♠❛②

❝♦♥s✐❞❡r a0 t♦ ❜❡ ❛r❜✐tr❛r② ✲ r❡♠❡♠❜❡r ✇❡ ❤❛✈❡ ❛ ❝♦♥st❛♥t A ♦r y0 ✐♥ ♦✉r ♦t❤❡r s♦❧✉t✐♦♥s✳

n > 0✿ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❞✐✈✐❞❡ t❤r♦✉❣❤ ❜② n t♦ ♦❜t❛✐♥

an =
3

5n
an−1

=
3

5n
· 3

5 (n− 1)
an−2

= · · ·

=

(
3

5

)n

· 1

n!
a0

❍❡♥❝❡ ✇❡ ❤❛✈❡

y = a0

∞∑

n=0

(
3

5

)n

· 1

n!
xn

✇❤✐❝❤ ✐s ❛ ✈❛❧✐❞ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❡ ❣♦♦❞ ❢♦rt✉♥❡ t♦ ❜❡ ❛❜❧❡

✹✵



t♦ ✐❞❡♥t✐❢② ✐t ✐♥ ❝❧♦s❡❞ ❢♦r♠✿

y = a0

∞∑

n=0

1

n!

(
3x

5

)n

= a0e
3x
5

❘❡♠❛r❦✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t♦ ❡①♣❡❝t ❛ ❝❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥✱ s♦ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥

✇♦✉❧❞ s✉✣❝❡ ❛s ❛♥ ❛♥s✇❡r✳

✸✳✸ ❋♦r❝❡❞ ✭■♥❤♦♠♦❣❡♥❡♦✉s✮ ❊q✉❛t✐♦♥s

❚❤❡r❡ ❛r❡ ❛ ❢❡✇ ✇❛②s t♦ ❝❧❛ss✐❢② ❞✐✛❡r❡♥t ❢♦r❝✐♥❣ t❡r♠s f (x)✳ ❲❡ ✇✐❧❧ ❧♦♦❦ ❛t ✸ ❞✐✛❡r❡♥t t②♣❡s ♦❢

❢♦r❝✐♥❣ ❢♦r ❡q✉❛t✐♦♥s ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ✐♥ t❤✐s s❡❝t✐♦♥✿

✭✐✮ ❈♦♥st❛♥t ❢♦r❝✐♥❣✿ ❡✳❣✳ f (x) = 10

✭✐✐✮ P♦❧②♥♦♠✐❛❧ ❢♦r❝✐♥❣✿ ❡✳❣✳ f (x) = 3x2 − 4x+ 2

✭✐✐✐✮ ❊✐❣❡♥❢✉♥❝t✐♦♥ ❢♦r❝✐♥❣✿ ❡✳❣✳ f (x) = ex

❲❡ ✇✐❧❧ s♦❧✈❡ ❡❛❝❤ ❝❛s❡ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ t♦ ✐❧❧✉str❛t❡ ❤♦✇ t♦ ❤❛♥❞❧❡ t❤❡s❡ ♣r♦❜❧❡♠s✳

❘❡♠❛r❦✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ s❡❝t✐♦♥ ✹✳✹ ✭✇❤✐❝❤ tr❡❛ts t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝❛s❡✮ ❛♥❞ ❧❛t❡r ✐♥ ✻✳✺ ✭✇❤✐❝❤ ✐s

t❤❡ ❣❡♥❡r❛❧ tr❡❛t♠❡♥t✮ t❤❛t t❤❡r❡ ❛r❡ ✇❛②s ♦❢ s♦❧✈✐♥❣ ❛♥② ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ✐♥❤♦♠♦❣❡♥❡✐t② ✇✐t❤ s♦♠❡

❝❧❡✈❡r❧② ❝❤♦s❡♥ ✐♥t❡❣r❛❧s✳

✸✳✸✳✶ ❈♦♥st❛♥t ❢♦r❝✐♥❣

❊①❛♠♣❧❡ ✸✳✼✳ 5y′ − 3y = 10

◆♦t❡ t❤❛t t❤❡r❡ ✐s ❣✉❛r❛♥t❡❡❞ t♦ ❜❡ ❛ st❡❛❞② ♦r ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥✱ ✐♥ t❤✐s ❝❛s❡ ❣✐✈❡♥ ❜② t❤❡

♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ✭P❙ ✮ yp = −10/3✱ s♦ t❤❛t y′p = 0✳

■t t✉r♥s ♦✉t t❤❛t ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥

y = yc + yp

✇❤❡r❡ yc ✐s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ ✭❈❋ ✮ t❤❛t s♦❧✈❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥❢♦r❝❡❞ ❡q✉❛t✐♦♥ ✲ s♦

s✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ yp = Ae
3x
5 ✱ ✇❡ ❤❛✈❡ ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢

y = Ae
3x
5 − 10

3

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ t❤❡♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤✐s ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✭♥♦t t❤❡ ❝♦♠♣❧❡♠❡♥t❛r②

❢✉♥❝t✐♦♥✮✳

❙♦ t❤❡ ❣❡♥❡r❛❧ t❡❝❤♥✐q✉❡ ✐s t♦ ✜♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ ✇❤✐❝❤ ♣❡r❢❡❝t❧② ❜❛❧❛♥❝❡s t❤❡ ❢♦r❝❡❞ ❡q✉❛t✐♦♥✱

❛♥❞ t❤❡♥ ❛❞❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❛❝t✉❛❧❧② ❢❛✐r❧② ❣❡♥❡r❛❧✳
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✸✳✸✳✷ P♦❧②♥♦♠✐❛❧ ❢♦r❝✐♥❣

❊①❛♠♣❧❡ ✸✳✽✳ 5y′ − 3y = 3x2 − 4x+ 2

■t ✐s ❤♦♣❡❢✉❧❧② ❝❧❡❛r t❤❛t t❤❡r❡ ✐s ♥♦ ❝♦♥st❛♥t s♦❧✉t✐♦♥ t♦ t❤✐s ❡q✉❛t✐♦♥✱ s✐♥❝❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡

♠✉st ✈❛r② t♦ ❣✐✈❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❜❡❤❛✈✐♦✉r ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ❇✉t t❤❡ ❛❜♦✈❡ ❛♣♣r♦❛❝❤ ✐s

s✉❣❣❡st✐✈❡✿ ❝♦✉❧❞ ✇❡ ✜♥❞ ❛ q✉❛❞r❛t✐❝ t♦ ♠❛t❝❤ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡❄

▲❡t ✉s ❛ss✉♠❡ yp = ax2 + bx+ c ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤✐s ❡q✉❛t✐♦♥✳ ❚❤❡♥

5y′ − 3y = (−3a)x2 + (10a− 3b)x+ (5b− 3c)

s♦ ❝♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts✱

−3a = 3

10a− 3b = −4

5b− 3c = 2

✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛s✐❧② s♦❧✈❡❞ t♦ ❣✐✈❡

a = −1

b = −2

c = −4

❚❤✉s

yp = −
(
x2 + 2x+ 4

)

✐s ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥✱ ❛♥❞ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s

y = Ae
3x
5 −

(
x2 + 2x+ 4

)

❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ ❛♥② ♣♦❧②♥♦♠✐❛❧ ✲ ✇❡ ❥✉st ❝♦♠❡ ✉♣ ✇✐t❤ ❛ tr✐❛❧ s♦❧✉t✐♦♥ ✭s♦♠❡t✐♠❡s

❝❛❧❧❡❞ ❛♥ ❛♥s❛t③✱ ❜❛s✐❝❛❧❧② ❥✉st ❛♥ ❡❞✉❝❛t❡❞ ❣✉❡ss✮ ✇❤✐❝❤ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡

❢♦r❝✐♥❣ t❡r♠✱ ❛♥❞ s♦❧✈❡ t♦ ✜♥❞ t❤❡ r✐❣❤t ❝♦❡✣❝✐❡♥ts✳

✸✳✸✳✸ ❊✐❣❡♥❢✉♥❝t✐♦♥ ❢♦r❝✐♥❣

❖♥❡ ♦t❤❡r t②♣❡ ♦❢ ♣r♦❜❧❡♠ ✇❡ ❝♦♠♠♦♥❧② ❣❡t ✐♥✈♦❧✈❡❞ ❛ ❢♦r❝✐♥❣ t❡r♠ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥

♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✳ ❲❡ s❤❛❧❧ ✐♥✈❡st✐❣❛t❡ t❤✐s ✈✐❛ ❛ ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡✱ t❛❦✐♥❣ t❤❡ ♦♣♣♦rt✉♥✐t②

t♦ ❞❡♠♦♥str❛t❡ t❤❡ ♣r♦❝❡ss ♦❢ ❝♦♥✈❡rt✐♥❣ ❛ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠ ✐♥t♦ ❛ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳

❊①❛♠♣❧❡ ✸✳✾✳ ■♥ ❛ r❛❞✐♦❛❝t✐✈❡ r♦❝❦✱ ✐s♦t♦♣❡ A ❞❡❝❛②s ✐♥t♦ ✐s♦t♦♣❡ B ❛t ❛ r❛t❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡

♥✉♠❜❡r a ♦❢ r❡♠❛✐♥✐♥❣ ♥✉❝❧❡✐ ♦❢ A✱ ❛♥❞ B ❞❡❝❛②s ✐♥t♦ C ❛t ❛ r❛t❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

✈❛r✐❛❜❧❡ b✳ ❉❡t❡r♠✐♥❡ b (t)✳
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❲❡ ❤❛✈❡ t✇♦ t✐♠❡✲✈❛r②✐♥❣ ✈❛r✐❛❜❧❡s✱ a ❛♥❞ b✳ ❲❡ ❦♥♦✇ ❡①❛❝t❧② ❤♦✇ a ✈❛r✐❡s ♦✈❡r t✐♠❡✱ s✐♥❝❡ ✇❡

❝❛♥ ✇r✐t❡ ✐ts ❡✈♦❧✉t✐♦♥ ✈✐❛ ❛ s✐♠♣❧❡ ❤♦♠♦❣❡♥❡♦✉s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇❤♦s❡ s♦❧✉t✐♦♥ ✇❡ ❦♥♦✇✱ ❜②

✐♥tr♦❞✉❝✐♥❣ ❛ ♣♦s✐t✐✈❡ ❞❡❝❛② ❝♦♥st❛♥t ka ❝♦♥tr♦❧❧✐♥❣ ❤♦✇ ❢❛st t❤❡ A → B r❡❛❝t✐♦♥ ♦❝❝✉rs✿

da

dt
= −kaa

a = a0e
−kat

✇❤❡r❡ ✇❡ ❤❛✈❡ ✇r✐tt❡♥ a (0) = a0✳

❚❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ b ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❜❡❝❛✉s❡ ✐t ❡①♣❧✐❝✐t❧② ❞❡♣❡♥❞s ♦♥ t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ a ✲ ✐♥tr♦❞✉❝✐♥❣ ❛ ♥❡✇ ❞❡❝❛② ❝♦♥st❛♥t kb✱ ✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡ ❛ −kbb t❡r♠ ✐♥ b′✱ ❜✉t ✇❡

❛❧s♦ ❤❛✈❡ b ✐♥❝r❡❛s✐♥❣ ❛t t❤❡ s❛♠❡ r❛t❡ ❛s a ❞❡❝r❡❛s❡s✳ ❍❡♥❝❡✿

db

dt
= kaa− kbb

db

dt
+ kb = kaa0e

−kat

◆♦✇ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❢♦r❝✐♥❣ t❡r♠ ✐s ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ♦♥ t❤❡ ❧❡❢t

❤❛♥❞ s✐❞❡✱ ❛♥❞ s♦ ✇❡ ❝❛♥ tr② t♦ ✜♥❞ ❛ ♣❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧ ✇❤✐❝❤ ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤✐s ❢✉♥❝t✐♦♥✱ ✇✐t❤

❛ ❝♦❡✣❝✐❡♥t ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❡✐❣❡♥✈❛❧✉❡✳ ❚❤❛t ✐s✱ ✇❡ ❣✉❡ss

bp = De−kat

❚❤❡♥ ✐❢ bp ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ ✇❡ ❝❛♥ ❝❛♥❝❡❧ t❤❡ e−kat t❡r♠s t♦ ❜❡ ❧❡❢t ✇✐t❤

−kaD + kbD = kaa0

D (kb − ka) = kaa0

◆♦✇ ♦❜✈✐♦✉s❧② ✇❡ ❤❛✈❡ ❛ ♣r♦❜❧❡♠ ✐❢ kb− ka = 0✱ s✐♥❝❡ t❤❡♥ t❤✐s ❡q✉❛t✐♦♥ ❤❛s ♥♦ s♦❧✉t✐♦♥ ✉♥❧❡ss

ka ♦r a0 ✐s ③❡r♦ ✭❜♦t❤ ♦❢ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ tr✐✈✐❛❧ ❝❛s❡s ♦❢ t❤❡ ♣r♦❜❧❡♠✮✳

❆ss✉♠✐♥❣ kb 6= ka✿ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ b ✈✐❛ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ bc = Ee−kbt✱ ✇✐t❤

b (t) = bp + bc

=
ka

kb − ka
a0e

−kat + Ee−kbt

❛♥❞ ✐❢ b = 0 ❛t t = 0✱ ✇❡ ❤❛✈❡

b (t) =
ka

kb − ka
ao
(
e−kat − e−kbt

)

◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❛❧s♦ ❞❡t❡r♠✐♥❡ ❢r♦♠ t❤✐s t❤❡ ✈❛❧✉❡ ♦❢ b/a ♦✈❡r t✐♠❡ ✇✐t❤♦✉t ❦♥♦✇✐♥❣ a0✿

b

a
=

ka
kb − ka

[

1− e(ka−kb)t
]

✹✸



❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ s❡❡ t❤❡r❡ ❛r❡ s♦♠❡ ✐♥ ✇❤✐❝❤ t❤✐s s♦rt ♦❢ ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ✇♦r❦ ✐♥ q✉✐t❡ t❤❡

❡①♣❡❝t❡❞ ❢♦r♠ ✲ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❤❛✈❡ t♦ ♣r♦❞✉❝❡ ❛ t❡r♠ ✇❤✐❝❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❛♥♥✐❤✐❧❛t❡s❄

❇② t❤✐s✱ ✇❡ ♠❡❛♥✱ ❢♦r ❡①❛♠♣❧❡✱ tr②✐♥❣ t♦ s♦❧✈❡ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ ✇✐t❤ kb = ka ✲ t❤❡♥ t❤❡ bp = De−kat

❣✉❡ss ✇✐❧❧ ❧❡❛❞ t♦ ❛ 0 = f (t) ❡q✉❛t✐♦♥✱ ✇✐t❤ t❤❡ ❛❞❥✉st❛❜❧❡ ♣❛r❛♠❡t❡r D ❞✐s❛♣♣❡❛r✐♥❣✳ ❆ s✐♠♣❧❡r

❡①❛♠♣❧❡ ✇♦✉❧❞ ❜❡ s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ✇❤❡r❡ ❧✐❦❡ y′ − y = ex ✇❤❡r❡ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❢♦r❝✐♥❣ t❡r♠ ex

✐s ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ y′ − y ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ ✵✳

✸✳✸✳✹ ❘❡s♦♥❛♥t ❢♦r❝✐♥❣

❲❤❡♥ ✇❡ ❝♦♠❡ t♦ s❡❡ s❡❝♦♥❞✲♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t t❤✐s s♦rt ♦❢ ❢♦r❝✐♥❣ ❧❡❛❞s t♦

✇❤❛t ✐s ❝❛❧❧❡❞ r❡s♦♥❛♥❝❡ ✐♥ ♦s❝✐❧❧❛t♦r② s②st❡♠s ✲ ❛ s②st❡♠ ✇❤✐❝❤ ✇♦✉❧❞ ♥♦r♠❛❧❧② ❜❡❤❛✈❡ ❧✐❦❡ ❛ s✐♥❡

✇❛✈❡✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❤✐❝❤ ✐s ❢♦r❝❡❞ ❛t ✐ts ♦✇♥ ❢r❡q✉❡♥❝② ❝❛♥ ❜❡ ♠❛❞❡ t♦ ❤❛✈❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♦♥s

❣r♦✇ ♦✈❡r t✐♠❡✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ ❤♦✇❡✈❡r✱ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤❡s t♦ s♦❧✈✐♥❣ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✉s❡❞

❢♦r ❛♥② ♦r❞❡r ♦❢ ❡q✉❛t✐♦♥✳

❚❤❡ ♠❛✐♥ ♠❡t❤♦❞ ✇❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ ✐♥✈♦❧✈❡s ❞❡t✉♥✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✱ s♦ t❤❛t ✐t ❤❛s ❛♥

❡✐❣❡♥✈❛❧✉❡ λ ✈❡r② s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✱ ❛♥❞ t❤❡♥ ❧❡tt✐♥❣ λ → 0✳

❊①❛♠♣❧❡ ✸✳✶✵ ✭❉❡t✉♥✐♥❣✮✳ ❋✐♥❞ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ y′ − y = ex ❜② ❞❡t✉♥✐♥❣ t❤❡ ❡q✉❛t✐♦♥✳

❚❤❡ ✜rst st❡♣ ❤❡r❡ ✐s t♦ s✉❜st✐t✉t❡ t❤❡ ❢♦r❝✐♥❣ t❡r♠ ✇✐t❤ e(µ+1)x ✇❤❡r❡ ✇❡ t❤✐♥❦ ♦❢ µ ❛s ❜❡✐♥❣

✈❡r② s♠❛❧❧ ❜✉t ♥♦♥✲③❡r♦✳ ❲❡ t❤❡♥ ✇❛♥t t♦ ✜♥❞ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ❢♦r t❤✐s t❡r♠ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤

✇❡ ❦♥♦✇ ❤♦✇ t♦ ❞♦✿

y = De(µ+1)x

y′ − y = [D (µ+ 1)−D] e(µ+1)x

D (µ+ 1)−D = 1

D =
1

µ

❍❡♥❝❡

y =
1

µ
e(µ+1)x

=
1

µ
eµx · ex

◆♦✇ t♦ t❛❦❡ t❤❡ ❧✐♠✐t ❛s µ → 0 ♦❢ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✱ s✐♥❝❡ 1
µ → ∞ ❛♥❞ eµx → 1✱ s♦ ✐t ❤❛s ♥♦

❧✐♠✐t✳ ■♥ t❡r♠s ♦❢ t❤❡ ❚❛②❧♦r s❡r✐❡s ✐♥ µ✱

1

µ
eµx · ex = µ−1

(

1 + µx+
1

2
µ2x2 + · · ·

)

· ex

= µ−1ex + x · ex + o (µ)

❇✉t ♥♦t❡ t❤❛t ✇❤❡♥ ✇❡ ♣✐❝❦❡❞ ♦✉t ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥✱ ✐t ✇❛s ❢❛✐r❧② ❛r❜✐tr❛r② t❤❛t ✇❡ ❛ss✉♠❡❞ ✐t

✇❛s ♦❢ t❤❡ ❢♦r♠ De(µ+1)x ✲ ✇❡ ❝❛♥ ❡❛s✐❧② ❛❞❞ ❛r❜✐tr❛r② ♠✉❧t✐♣❧❡s ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r②

✹✹



❡q✉❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ❝❧❡❛r t❤❛t

1

µ
eµx · ex − 1

µ
ex

✐s ❛ s♦❧✉t✐♦♥✱ s✐♥❝❡ ex s♦❧✈❡s t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❛t

y = xex + o (µ)

✐s ❛❧✇❛②s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ ❛♥❞ ❛s t❤✐s s✉❣❣❡sts✱ ❛s µ → 0 ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ xex✿

(xex)
′ − xex = (xex + ex)− xex

= ex

❛s r❡q✉✐r❡❞✳

■♥ ❢❛❝t✱ t❤✐s ✐s t❤❡ ❡♠❜♦❞✐♠❡♥t ♦❢ ❛ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡ ✲ s❛② ✇❡ ❤❛✈❡ ❛♥② ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥

ay′ + by = f (x)

❢♦r a, b ❝♦♥st❛♥t✱ ✇❤❡r❡ f (x) ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ yc✱ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡q✉❛t✐♦♥✳ ❚❤❡♥ ♥♦t❡

t❤❛t

a (x · yc)′ + bx · yc = ayc + axy′c + bx · yc
= x (ay′c + byc)

︸ ︷︷ ︸

0

+ayc

= ayc

◆♦✇ ✐❢ t❤✐s ✐s r❡❛❧❧② ❛ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥✱ a 6= 0✱ s♦ ✐❢ ✇❡ ❤❛✈❡ ❛♥ ❡q✉❛t✐♦♥ ❢♦r❝❡❞ ❜② t❤❡ ❡✐❣❡♥✲

❢✉♥❝t✐♦♥ yc✱ t❤❡♥ ✇❡ ❝❛♥ ✜♥❞ ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ❜② ❛❞❞✐♥❣ ♦♥ s♦♠❡ ♠✉❧t✐♣❧❡ ♦❢ x · yc✳

❘❡♠❛r❦✳ ❆s ♥♦t❡❞ ❛t t❤❡ st❛rt ♦❢ t❤✐s s❡❝t✐♦♥✱ s❡❝t✐♦♥ ✻✳✺ ♦♥ t❤❡ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ♦❢ ✈❛r✐❛t✐♦♥ ♦❢

♣❛r❛♠❡t❡rs ❣✐✈❡s ✉s ❛ ❣❡♥❡r❛❧ ♣r♦♦❢ ♦❢ t❤✐s✳

❊①❛♠♣❧❡ ✸✳✶✶✳ ❋✐♥❞ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ 2y′ + 6y = 3
(
e−3x + e3x

)
✳

◆♦t❡ t❤❛t t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ s♦❧✈❡s 2y′c + 6yc = 0✳ ❍❡♥❝❡ yc = Ae−3x✳

◆♦✇ ❢♦r ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥✱ ✇❡ ❝❛♥ ❣✉❡ss ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ c · xe−3x + d · e3x ❜❡❝❛✉s❡

e−3x s♦❧✈❡s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡q✉❛t✐♦♥✿

2y′ + 6y = 2ce−3x − 6cxe−3x + 6de3x

+6cxe−3x + 6de3x

= 2ce−3x + 12de3x

✹✺



❚❤✉s ❝♦♠♣❛r✐♥❣ ❝♦❡✣❝✐❡♥ts✱ ✇❡ ❝❤♦♦s❡ c = 3
2 ❛♥❞ d = 1

4 t♦ ♦❜t❛✐♥

y = Ae−3x +
3

2
xe−3x +

1

4
e3x

=

(

A+
3

2
x

)

e−3x +
1

4
e3x

✸✳✹ ◆♦♥✲❈♦♥st❛♥t ❈♦❡✣❝✐❡♥ts ❛♥❞ ■♥t❡❣r❛t✐♥❣ ❋❛❝t♦rs

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♠❡t❤♦❞s ❢♦r ❤❛♥❞❧✐♥❣ ✜rst✲♦r❞❡r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♥st❛♥t

❝♦❡✣❝✐❡♥ts✳ ❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ s✉❝❤ ❛♥ ❡q✉❛t✐♦♥ ✐s

a (x) y′ + b (x) y = c (x)

❲❡ ♣✉t s✉❝❤ ❛♥ ❡q✉❛t✐♦♥ ✐♥t♦ st❛♥❞❛r❞ ❢♦r♠ ❜② ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y′ ✲ t❤❛t ✐s✱ ❜② ❞✐✈✐❞✐♥❣

t❤r♦✉❣❤ ❜② a (x)✿

y′ + p (x) y = f (x)

❚❤❡r❡ ❛r❡ ❛ ✈❛r✐♦✉s t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡s❡ ♣r♦❜❧❡♠s✳ ❆ ❢r❡q✉❡♥t❧② ✈❡r② ✉s❡❢✉❧

❛♣♣r♦❛❝❤ ✐s t♦ r❡❞✉❝❡ ✐t t♦ ❛ ♣r♦❜❧❡♠ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ❝♦✉❧❞ ❛tt❡♠♣t t♦ ❞❡✜♥❡

❛ ♥❡✇ ✈❛r✐❛❜❧❡ z s♦ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ t❤✐s ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❢♦r♠ z′ = g (x)✱ ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ♠✐①❡❞ t❡r♠

p (x) y✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ ✉s✐♥❣ ❛♥ ✐♥t❡❣r❛t✐♥❣ ❢❛❝t♦r✳

❈♦♥s✐❞❡r ❛ ♥❡✇ ✈❛r✐❛❜❧❡ z (x) = µ (x) y (x)✳ ❚❤❡♥

z′ = µy′ + µ′y

= µ (f (x)− p (x) y) + µ′y

= µf (x) + y (µ′ − µp (x))

✇❤✐❝❤ ✐s ✐♥ t❤❡ r❡q✉✐r❡❞ ❢♦r♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢

dµ

dx
= µp

❇✉t t❤✐s ✐s ❛ s❡♣❛r❛❜❧❡ ❡q✉❛t✐♦♥✿ ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ ✐t ❛s ❢♦❧❧♦✇s✿

p =
1

µ

dµ

dx
ˆ

pdx =

ˆ

1

µ

dµ

dx
dx

=

ˆ

1

µ
dµ

= ln |µ|+ C

❚❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r ❛ s✉✐t❛❜❧❡ µ ✭♥♦t✐♥❣ t❤❡ ❛r❜✐tr❛r② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t
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❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❛❞❞✐t✐✈❡ ♦♥❡ ✐♥ t❤❡ ✐♥t❡❣r❛❧✮ ✐♥ t❤❡ ❢♦r♠

µ = Ae
´

p dx

◆♦✇ ✇❡ ❤❛✈❡

z′ = µf

z = µy =

ˆ

µfdx

s♦ ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥

y (x) =
1

µ

ˆ

µfdx

✇❤❡r❡ ✇❡ ❝❛♥ t❛❦❡

µ (x) = e
´

pdx

❊①❛♠♣❧❡ ✸✳✶✷✳ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ xy′ + (1− x) y = 1✳

❚❤❡ ✜rst st❛❣❡ ✐♥ s♦❧✈✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ✐s t♦ ♣✉t t❤❡♠ ✐♥ st❛♥❞❛r❞ ❢♦r♠✱ ✇❤✐❝❤ ❣✐✈❡s

y′ +

(
1

x
− 1

)

y =
1

x

❍❡♥❝❡✱ ✉s✐♥❣ ❛♥ ✐♥t❡❣r❛t✐♥❣ ❢❛❝t♦r

µ = e
´

( 1
x
−1)dx

= eln x−x+C

= Axe−x

✇❤❡r❡ ❢♦r ❝♦♠♣❧❡t❡♥❡ss ✇❡ ❤❛✈❡ ✐♥❝❧✉❞❡❞ t❤❡ ❝♦♥st❛♥t A = eC ✳ ✭■t ❝❛♥❝❡❧s ❛t t❤❡ ♥❡①t st❛❣❡✳✮

❍❡♥❝❡ ✇❡ ❤❛✈❡

Axe−xy =

ˆ

Axe−x · 1
x
dx

xe−xy =

ˆ

e−xdx

= D − e−x

✇✐t❤ ✜♥❛❧ s♦❧✉t✐♦♥

y =
1

x
[Dex − 1]

=
D

x
· ex − 1

x

❘❡♠❛r❦✳ ❙♦❧✉t✐♦♥s ✇❤❡r❡ t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t a (x) ❤❛s ❛ ③❡r♦ ❛t s♦♠❡ ♣♦✐♥t ✲ ❛s ✐♥ t❤❡ ❛❜♦✈❡

❡①❛♠♣❧❡✱ ✇❤❡r❡ a (x) = x ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ③❡r♦ ❛t x = 0 ✲ ♦❢t❡♥ ❡①❤✐❜✐t s✐♥❣✉❧❛r ❜❡❤❛✈✐♦✉r ❛t t❤❡s❡
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♣♦✐♥ts ✭s♦♠❡t❤✐♥❣ ✐♥✈❡st✐❣❛t❡❞ ❛❣❛✐♥ ✐♥ ✹✳✻✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❤❛s s♦❧✉t✐♦♥s ✇❤♦s❡

✈❛❧✉❡ ❣♦❡s t♦ ±∞ ❛s x → 0✳

■♥ ❢❛❝t✱ ✐❢ ✇❡ ❞❡♠❛♥❞❡❞ ❛ s♦❧✉t✐♦♥ t❤❛t ✇❛s ✜♥✐t❡ ❡✈❡r②✇❤❡r❡✱ t❤❡♥ ✇❡ ✇♦✉❧❞ ❜❡ ❢♦r❝❡❞ t♦ t❛❦❡

D = 1✱ ❛s ♦♥❧② t❤❡♥ ❞♦ ✇❡ ❣❡t

y =
ex − 1

x
→ 1 ❛s x → 0

✸✳✺ ◆♦♥✲▲✐♥❡❛r ❊q✉❛t✐♦♥s

❆♥ ❡✈❡♥ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥s ❛❧❧♦✇s t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ dy
dx ❛♥❞ y t♦ ❞❡♣❡♥❞ ✉♣♦♥

y ❛s ✇❡❧❧ ❛s x✳

❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ s✉❝❤ ❛ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐s

Q (x, y)
dy

dx
+ P (x, y) = 0

✇❤❡r❡ ✇❡ ❤❛✈❡ ♥♦ ❛♣♣❛r❡♥t ❵❢♦r❝✐♥❣ t❡r♠s✬ ❛s P (x, y) ❝❛♥ ❛❜s♦r❜ t❤❡♠ ❛❧❧ ✭♥♦t❡ P ✐s ❝♦♥str❛✐♥❡❞ t♦

❜❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ y✱ ❛s ✇❡ ❝❛♥ ❥✉st ♠✉❧t✐♣❧② ❜② 1
y ✦✮✳

❆s ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ ✐♥ ❞❡r✐✈✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ✐♥t❡❣r❛t✐♥❣ ❢❛❝t♦rs✱ ♦♥❡ ❝❧❛ss ♦❢ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡

❡❛s✐❧② s♦❧✈❡❞✿

✸✳✺✳✶ ❙❡♣❛r❛❜❧❡ ❡q✉❛t✐♦♥s

❚❤❡ ❡q✉❛t✐♦♥ ✐s s❡♣❛r❛❜❧❡ ✐❢ ✐t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

q (y)
dy

dx
= p (x)

♦r ♣❡r❤❛♣s ♠♦r❡ ♠❡♠♦r❛❜❧② ✭✐♥ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✮

q (y) dy = p (x) dx

■❢ ❜♦t❤ ❡①♣r❡ss✐♦♥s ❛r❡ ✐♥t❡❣r❛❜❧❡✱ t❤❡♥ t❤✐s ❝❛♥ s♦❧✈❡❞ ❜② ✐♥t❡❣r❛t✐♦♥ ♦❢ ❜♦t❤ s✐❞❡s ❛s ✇❡ s❛✇ ❛❜♦✈❡✿

ˆ

p (x) dx =

ˆ

q (y)
dy

dx
dx

=

ˆ

q (y) dy

❛❧t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❣❡t ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r y ✐♥ t❡r♠s ♦❢ x ✭t❤✐s ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r ✇❡ ❝❛♥

✐♥✈❡rt t❤❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛♣♣❡❛rs ✉♣♦♥ ✐♥t❡❣r❛t✐♥❣ q✮✳

❊①❛♠♣❧❡ ✸✳✶✸✳ ❙♦❧✈❡

x
dy

dx
+ 1 = y2
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❆✇❛② ❢r♦♠ x = 0 ✇❡ ♠❛② ✇r✐t❡

dy

dx
=

y2 − 1

x

❛♥❞ ❛✇❛② ❢r♦♠ y = ±1 ✇❡ ❤❛✈❡
1

y2 − 1
· dy
dx

=
1

x

❛♥❞ t❤❡♥ ✇❡ ♥❡❡❞ t♦ ♣❡r❢♦r♠ t✇♦ ✐♥t❡❣r❛t✐♦♥s✿
´

1
xdx ❛♥❞

´

1
y2−1dy✳

◆♦t❡ ♥♦✇ t❤❛t ✇❡ ♠✉st s❡♣❛r❛t❡❧② ♥♦t❡ t❤❡ t✇♦ ❝♦♥st❛♥t s♦❧✉t✐♦♥s✱ y = 1 ❛♥❞ y = −1✱ ✇❤✐❝❤

❜♦t❤ s❛t✐s❢② t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✳

❚❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐s ✉s✉❛❧❧② ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ♣❛rt✐❛❧ ❢r❛❝t✐♦♥s✿ ✇❡ ✇r✐t❡

1

y2 − 1
=

1

(y + 1) (y − 1)

=
A

y + 1
+

B

y − 1

❛♥❞ ✐t ❝❛♥ ❜❡ ❢♦✉♥❞ t❤❛t A = −1/2 ❛♥❞ B = 1/2✳

❙♦ ❢♦r r❛♥❣❡s ✇❤❡r❡ y ❞♦❡s ♥♦t ♣❛ss t❤r♦✉❣❤ ±1✱ ✇❡ ❤❛✈❡

ˆ

1

y2 − 1
dy =

1

2

ˆ

[

− 1

y + 1
+

1

y − 1

]

dy

=
1

2
[− ln |y + 1|+ ln |y − 1|]

=
1

2
ln

∣
∣
∣
∣

y − 1

y + 1

∣
∣
∣
∣

❛♥❞ s♦ ✇❡ ❤❛✈❡
1

2
ln

∣
∣
∣
∣

y − 1

y + 1

∣
∣
∣
∣
= ln |x|+ C1

◆♦t❡ t❤❛t t❤❡ t❡r♠ ✐♥ t❤❡ ♠♦❞✉❧✉s s②♠❜♦❧ ♦♥ t❤❡ ❧❡❢t ❝❛♥ ♦♥❧② ❝❤❛♥❣❡ s✐❣♥ ❛t y = ±1✱ ❛♥❞ s✐♠✐❧❛r❧②

❛t x = 0 ♦♥ t❤❡ r✐❣❤t✳ ❙♦ ✐♥ ❛♥② r❡❣✐♦♥ ✇❤❡r❡ ♦✉r ❛♥❛❧②s✐s ✐s ✈❛❧✐❞✱ t❤✐s ❡q✉❛t✐♦♥ ✐s t♦♦✳

◆♦✇ ✐♥ t❤✐s ❝❛s❡ ✐t ✐s ❛❝t✉❛❧❧② ♣♦ss✐❜❧❡ t♦ r❡❛rr❛♥❣❡ t❤✐s ✐♥t♦ ❛♥ ❡q✉❛t✐♦♥ ❢♦r y✿

ln

∣
∣
∣
∣

y − 1

y + 1

∣
∣
∣
∣

= 2 ln |x|+ C2

= lnx2 + C2

❚❤❡♥ ✇❡ ❤❛✈❡ ∣
∣
∣
∣

y − 1

y + 1

∣
∣
∣
∣
= |C3|x2

◆♦✇ ✇❡ ❝❛♥ ❛❧s♦ ❞r♦♣ t❤❡ ♦t❤❡r ♠♦❞✉❧✉s s✐❣♥s ❜② ❛❧❧♦✇✐♥❣ C3 t♦ ❤❛✈❡ ❛r❜✐tr❛r② s✐❣♥✿

y − 1

y + 1
= ± |C3|x2

= C3x
2
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x

y

❋✐❣✉r❡ ✸✳✶✿ ❙♦❧✉t✐♦♥s t♦ ❊①❛♠♣❧❡ ✸✳✶✸ ❢♦r D = −1,−0.9,−0.8, · · · , 0.9, 1 ♣❧✉s t❤❡ ❝♦♥st❛♥t s♦❧✉t✐♦♥
y = −1

✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ t♦ ❣❡t

y =
1 + C3x

2

1− C3x2

❙♦ t♦ s✉♠♠❛r✐③❡✱ t❤❡r❡ ❛r❡ t✇♦ ❝♦♥st❛♥t s♦❧✉t✐♦♥s✱ y = ±1✳ ❋♦r y ✐♥ (−∞,−1)✱ ♦r (−1, 1)✱ ♦r

(1,∞)✱ t❤❡r❡ ❛r❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠

y =
1 +Dx2

1−Dx2
=

2

1−Dx2
− 1

✇❤✐❝❤ ♠❛② ❜❡ ❥♦✐♥❡❞ ❝♦♥t✐♥✉♦✉s❧② t♦ ❛♥② ♦t❤❡r ♣❛rt✲s♦❧✉t✐♦♥ ❛t y = ±1 t♦ ❢♦r♠ ❛ ❝♦rr❡❝t ❣❧♦❜❛❧

s♦❧✉t✐♦♥✳ ✭❙✐♠✐❧❛r❧②✱ ❛t t❤❡ s✐♥❣✉❧❛r✐t② ❵y = ±∞✬ ✇❤✐❝❤ ♦❝❝✉rs ❢♦r x = D−1/2 ✇❤❡♥ D > 0✱ ♦♥❡

❝❛♥ ❛tt❛❝❤ ❛♥② ♦t❤❡r s♦❧✉t✐♦♥✱ ❛♥❞ t❤❡ r❡s✉❧t ✇✐❧❧ ❛❧s♦ ❜❡ ❛ ❝♦rr❡❝t s♦❧✉t✐♦♥ ❡✈❡r②✇❤❡r❡ ❡①❝❡♣t ❛t

t❤❡ s✐♥❣✉❧❛r✐t②✳✮ ❚❤❡ t✇♦ ❝♦♥st❛♥t s♦❧✉t✐♦♥s ❛❧♦♥❣ ✇✐t❤ ❛ s❡❧❡❝t✐♦♥ ♦❢ ♦t❤❡r ❝✉r✈❡s ❢♦r ♣♦s✐t✐✈❡ ❛♥❞

♥❡❣❛t✐✈❡ D ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❤❡r❡ ✇❡ ♥♦t❡❞ s✐♥❣✉❧❛r ❜❡❤❛✈✐♦✉r ✇❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y′ ✇❛s ✵✱ ✇❡

s❡❡ ❤❡r❡ t❤❛t ❛t x = 0 t❤❡ ❡q✉❛t✐♦♥ r❡❞✉❝❡s t♦ 1 = y2✱ ❛♥❞ ❤❡♥❝❡ ✐t ✐s ♥♦ ❧♦♥❣❡r ❛ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥✳

❚❤✐s ❜❡❤❛✈✐♦✉r r❡s✉❧ts ✐♥ ❛♥ ❡①tr❛ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✐♥ t❤❡ s♦❧✉t✐♦♥✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✇❤✐❝❤ s♦❧✉t✐♦♥s

✇❡ ❵❣❧✉❡✬ ♦♥ ❛t x = 0 ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ y = 1✮✳ ✭❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ s♦♠❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢

s✐♥❣✉❧❛r✐t② ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✻✳✮

✺✵



◆♦t❡ t❤❛t ❜❡❝❛✉s❡ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✇❛s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ x → −x✱ ❢♦r ❛♥②

s♦❧✉t✐♦♥ y (x)✱ t❤❡ r❡✢❡❝t✐♦♥ y (−x) ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ❜❡❝❛✉s❡ x ♦♥❧② ❛♣♣❡❛r❡❞ ✐♥ ❛ s♦✲❝❛❧❧❡❞

❡q✉✐❞✐♠❡♥s✐♦♥❛❧ t❡r♠ x · dy/dx ✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r x → ax ❢♦r ❛♥② a 6= 0✱ ❢♦r ❛♥② s♦❧✉t✐♦♥ y (x)✱

t❤❡ ❤♦r✐③♦♥t❛❧ r❡s❝❛❧✐♥❣ y (ax) ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ ✐❢ a 6= 0✳

◆♦t❡ ❛❧s♦ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ❛s x → ±∞ ✲ ❛♣❛rt ❢r♦♠ t❤❡ ✉♥st❛❜❧❡ s♦❧✉t✐♦♥ y = 1✱ ✇❤✐❝❤

♦t❤❡r s♦❧✉t✐♦♥s t❡♥❞ ❛✇❛② ❢r♦♠ ❛s |x| ❣r♦✇s✱ ❛❧❧ s♦❧✉t✐♦♥s ✇✐❧❧ ❝♦♥✈❡r❣❡ ✐♥ t❤✐s ❧✐♠✐t t♦ y = −1✱ ❛ st❛❜❧❡

s♦❧✉t✐♦♥✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤✐s t②♣❡ ♦❢ ❜❡❤❛✈✐♦✉r ✐♥ s❡❝t✐♦♥ ✸✳✻✳

✸✳✺✳✷ ❊①❛❝t ❡q✉❛t✐♦♥s

❚❤❡r❡ ✐s ❛♥♦t❤❡r ✇✐❞❡ ❝❧❛ss ♦❢ ✜rst✲♦r❞❡r ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ r❡❛s♦♥❛❜❧② str❛✐❣❤t✲

❢♦r✇❛r❞❧②✳ ❚❤❡ ❡q✉❛t✐♦♥

Q (x, y)
dy

dx
+ P (x, y) = 0

✐s s❛✐❞ t♦ ❜❡ ❛♥ ❡①❛❝t ❡q✉❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠

Q (x, y) dy + P (x, y) dx

✐s ❛♥ ❡①❛❝t ❞✐✛❡r❡♥t✐❛❧ df ♦❢ s♦♠❡ ❢✉♥❝t✐♦♥ f (x, y)✳

■❢ s♦✱ t❤❡♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t df = 0✱ s♦ f = C ✐s ❝♦♥st❛♥t✱ ✇❤✐❝❤ ❣✐✈❡s ✉s ❛♥

✐♠♣❧✐❝✐t r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ x ❛♥❞ y ✲ t❤❛t ✐s✱ t❤❡ s♦❧✉t✐♦♥✳

❋♦r♠❛❧❧②✱ ✇❡ ✇❛♥t t♦ ❦♥♦✇ t❤❛t ❣✐✈❡♥ ❛♥② ♣❛t❤ (x (t) , y (t)) ✐♥ t❤❡ xy✲♣❧❛♥❡ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡

❡q✉❛t✐♦♥✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ f (x (t) , y (t)) ✐s ❝♦♥st❛♥t ❛❧♦♥❣ t❤❛t ♣❛t❤✳ ❍❡♥❝❡✱ ❜② t❤❡ ❝❤❛✐♥ r✉❧❡✱

df

dt
=

∂f

∂x

dx

dt
+

∂f

∂y

dy

dt
= 0

s♦ ✇❡ ✇❛♥t t♦ ✐❞❡♥t✐❢②

P =
∂f

∂x

Q =
∂f

∂y

◆♦✇ ✐❢ t❤✐s ✐s tr✉❡✱ t❤❡♥ ❛ss✉♠✐♥❣ t❤❛t f ✐s s✉✣❝✐❡♥t❧② ♥✐❝❡ t❤❛t t❤❡ ♦r❞❡r ♦❢ s❡❝♦♥❞ ♣❛rt✐❛❧

❞❡r✐✈❛t✐✈❡s ✐s ✐rr❡❧❡✈❛♥t✺✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡

∂P

∂y
=

∂2f

∂y∂x

∂Q

∂x
=

∂2f

∂x∂y

❛♥❞ ❤❡♥❝❡
∂P

∂y
=

∂Q

∂x

✺❘❡❝❛❧❧ ❚❤❡♦r❡♠ ✷✳✸ ✲ ✐❢ f ❤❛s ❛❧❧ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ❜❡✐♥❣ ❝♦♥t✐♥✉♦✉s✱ t❤❡♥ t❤✐s ❤♦❧❞s✳

✺✶



♠❛❦✐♥❣ t❤✐s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r Pdx+Qdy t♦ ❜❡ ❛♥ ❡①❛❝t ❞✐✛❡r❡♥t✐❛❧ ♦❢ s✉❝❤ ❛ ❢✉♥❝t✐♦♥ f ✳

❲❡ ✇✐❧❧ st❛t❡ t❤❡ ❝♦♥✈❡rs❡ ✇✐t❤♦✉t ♣r♦♦❢ ❤❡r❡✿

❚❤❡♦r❡♠ ✸✳✶✹✳ ■❢ ∂P
∂y = ∂Q

∂x t❤r♦✉❣❤♦✉t ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ D t❤❡♥ Pdx+Qdy ✐s ❛♥ ❡①❛❝t

❞✐✛❡r❡♥t✐❛❧ ♦❢ ❛ s✐♥❣❧❡✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✐♥ D✳

❘❡♠❛r❦✳ ❆ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ✐s ❛ s♣❛❝❡ ❧✐❦❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ♣❧❛♥❡✱ ♦r ❛ ❞✐s❝ ❡♠❜❡❞❞❡❞ ✐♥ ✐t✱ ✐♥

✇❤✐❝❤ ❛♥② t✇♦ ♣♦✐♥ts ❤❛✈❡ ❛ ♣❛t❤ ♣❛ss✐♥❣ ❜❡t✇❡❡♥ t❤❡♠ ✭✐t ✐s ♣❛t❤✲❝♦♥♥❡❝t❡❞✮ ❛♥❞ s✉❝❤ t❤❛t ❛♥② t✇♦

❞✐✛❡r❡♥t ♣❛t❤s ❝❛♥ ❜❡ ❝♦♥t✐♥✉♦✉s❧② ❞❡❢♦r♠❡❞ ✐♥t♦ ❡❛❝❤ ♦t❤❡r✳ ✭❙♦ ❢♦r ❡①❛♠♣❧❡✱ ❛ ❞✐s❝ ✇✐t❤ ❛ ❤♦❧❡ ✐♥

t❤❡ ♠✐❞❞❧❡ ✐s ♥♦t s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ ❜❡❝❛✉s❡ t✇♦ ♣❛t❤s ♣❛ss✐♥❣ ♦♥ ❡✐t❤❡r s✐❞❡ ♦❢ t❤❡ ❤♦❧❡ ❝❛♥♥♦t ❜❡

♠♦r♣❤❡❞ ✐♥t♦ ❡❛❝❤ ♦t❤❡r✳✮

■❢ t❤❡ ❡q✉❛t✐♦♥ ✐s ❡①❛❝t✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ f = ❝♦♥st❛♥t ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② ✐♥t❡❣r❛t✐♥❣ ❜♦t❤ ❡①♣r❡ss✐♦♥s

P =
∂f

∂x

Q =
∂f

∂y

❛s ✇❡ ❞❡♠♦♥str❛t❡ ❤❡r❡✿

❊①❛♠♣❧❡ ✸✳✶✺✳ ❙♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥

cos (xy)

[

y + x
dy

dx

]

+ 2

[

x− y
dy

dx

]

= 0

❲❡ ❝❛♥ r❡✇r✐t❡ t❤✐s ❛s

(x cos (xy)− 2y)
dy

dx
+ (y cos (xy) + 2x) = 0

❛♥❞ ❤❡♥❝❡

(x cos (xy)− 2y)
︸ ︷︷ ︸

Q

dy + (y cos (xy) + 2x)
︸ ︷︷ ︸

P

dx = 0

❚❤❡♥ ✇❡ ❝❛♥ s❡❡

∂P

∂y
= cos (xy)− xy sin (xy)

∂Q

∂x
= cos (xy)− xy sin (xy)

s♦ t❤✐s ✐s ❛♥ ❡①❛❝t ❡q✉❛t✐♦♥✳

❍❡♥❝❡

∂f

∂x
= y cos (xy) + 2x

f = sin (xy) + x2 + C (y)

✺✷



✇❤❡r❡ t❤❡ ❵❝♦♥st❛♥t✬ t❡r♠ C1 ✐s ♦♥❧② ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t t♦ x✱ ❜✉t ♠❛② ✈❛r② ✇✐t❤ r❡s♣❡❝t t♦ y✳

◆♦✇ t❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤✐s ✇✐t❤ r❡s♣❡❝t t♦ y ✇❡ ♦❜t❛✐♥

∂f

∂y
= x cos (xy) + C ′ (y)

❜✉t s✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ∂f
∂y = Q ✇❡ ❤❛✈❡

x cos (xy) + C ′ (y) = x cos (xy)− 2y

C ′ (y) = −2y

C (y) = −y2 +D

❛♥❞ ❤❡♥❝❡

f = sin (xy) + x2 − y2 +D

❚❤✉s t❤❡ ✜♥❛❧ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❝♦♥st❛♥t f ❀ t❤❛t ✐s✱

sin (xy) + x2 − y2 = ❝♦♥st❛♥t

❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱ ❢♦r ❧❛r❣❡ |x| ♦r |y| t❤❡ sin (xy) t❡r♠ ❜❡❝♦♠❡s ❧❡ss

❞♦♠✐♥❛♥t✱ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s t❡♥❞ t♦✇❛r❞s t❤❡ ❤②♣❡r❜♦❧❛❡ x2−y2 = ❝♦♥st✳ ❙✐♠✐❧❛r❧②✱ ❢♦r s♠❛❧❧ |x| ❛♥❞
|y| t❤❡ s♦❧✉t✐♦♥ ✭✇♦r❦✐♥❣ t♦ ✜rst ♦r❞❡r ✐♥ x ❛♥❞ y ✐♥❞❡♣❡♥❞❡♥t❧②✮ ✐s r♦✉❣❤❧② xy+x2−y2 = ❝♦♥st❛♥t

✇❤✐❝❤ ❛r❡ ❛♥♦t❤❡r s❡t ♦❢ ❤②♣❡r❜♦❧❛❡ ❛t ❛ ❞✐✛❡r❡♥t ❛♥❣❧❡✳ ❆❧❧ ♦❢ t❤✐s ❜❡❤❛✈✐♦✉r ❝❛♥ ❜❡ s❡❡♥ ✈❡r✐✜❡❞

❜② ✈✐s✉❛❧✐③✐♥❣ t❤❡ s♦❧✉t✐♦♥s✳

❆ ❝♦♥t♦✉r ♣❧♦t ♦❢ f ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ♦r✐❣✐♥ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✷✳ ◆♦t❡ t❤❛t ✇❤❛t ✇❡

❤❛✈❡ s❤♦✇♥ ✐s t❤❛t t❤❡ s♦❧✉t✐♦♥ tr❛❥❡❝t♦r✐❡s ❛r❡ ❝♦♥str❛✐♥❡❞ t♦ ♠♦✈❡ ❛❧♦♥❣ t❤❡s❡ ❝♦♥t♦✉rs✱ s✐♥❝❡

df/dt = 0 ❛❧♦♥❣ ❛♥② ❛❝❝❡♣t❛❜❧❡ ♣❛t❤ ❣✐✈❡♥ ❜② ✈❛r②✐♥❣ x ❛♥❞ y✳ ■t ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❢♦❧❧♦✇✱

❤♦✇❡✈❡r✱ t❤❛t ❛♥② ❝♦♥t♦✉r ✇✐❧❧ ❣✐✈❡ ❛ ❣❧♦❜❛❧❧② ✈❛❧✐❞ s♦❧✉t✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✳

❚❤✐s ✐s ❜❡❝❛✉s❡ ✇❡ r❡q✉✐r❡ ✐t t♦ ❜❡ ♣♦ss✐❜❧❡ t♦ ♣❛r❛♠❡tr✐③❡ t❤❡ ❝♦♥t♦✉r ❛s y (x)✱ ♥♦t ❥✉st ❛s

(x (t) , y (t))✱ s♦ ❝♦♥t♦✉rs ✇❤✐❝❤ ❵❞♦✉❜❧❡ ❜❛❝❦✬ ♦♥ t❤❡♠s❡❧✈❡s ♦♥❧② s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥ ✉♣ ✉♥t✐❧ t❤❡

♣♦✐♥t t❤❡② r❡✈❡rs❡ ❞✐r❡❝t✐♦♥ ✲ ❛t t❤✐s ♣♦✐♥t dy/dx → ±∞ s♦ ✇❡ ❝❛♥ ❡①♣❡❝t t♦ ✜♥❞ s✐♥❣✉❧❛r✐t✐❡s ✐♥

t❤❡ ♦r✐❣✐♥❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ dy/dx ✐s (x cos (xy)− 2y) ✇❤✐❝❤ ✐s ✵ ❛t

♣r❡❝✐s❡❧② t❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥s ❢❛✐❧✳

◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ✐s s✐♥❣✉❧❛r ❛t t❤❡ ♦r✐❣✐♥✱ ❛s ✐t ♠✉st ❜❡ s✐♥❝❡ t✇♦ ❝♦♥t♦✉rs ❝r♦ss

t❤❡r❡✦ ❚❤✐s ✐s t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ✇❡ ❤❛❞ ♣r❡✈✐♦✉s❧②✱ ✇❤❡r❡ ❡✐t❤❡r ♣❛t❤ ❧❡❛✈✐♥❣ t❤❡ ♦r✐❣✐♥ ✐s ✈❛❧✐❞✳

❍♦✇❡✈❡r✱ t❤❡ ❡q✉❛t✐♦♥ ✐s ♥♦♥✲s✐♥❣✉❧❛r ❛❧♦♥❣ t❤❡ ❡♥t✐r❡ ♣❛t❤ ✐❢ (x cos (xy)− 2y) 6= 0 ❛♥②✇❤❡r❡

❛❧♦♥❣ ✐t✱ ❛ ❝♦♥❞✐t✐♦♥ ♦❜❡②❡❞ ✐❢ |2y| > |x|✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❛♥② ♥❡❣❛t✐✈❡ ❝♦♥st❛♥t✱ ❛s ②♦✉ ♠❛②

❧✐❦❡ t♦ ✈❡r✐❢②✳

✺✸
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✭❜✮ ❙✐♥❣✉❧❛r✐t✐❡s ❧✐❡ ♦♥ t❤❡ ❞♦tt❡❞ ❧✐♥❡s

❋✐❣✉r❡ ✸✳✷✿ ❆ ❢❡✇ s♦❧✉t✐♦♥s t♦ ❊①❛♠♣❧❡ ✸✳✶✺ ♥❡❛r t❤❡ ♦r✐❣✐♥✱ ❢♦r ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥st❛♥t✳

✸✳✻ ❆♥❛❧②s✐s ♦❢ ●❡♥❡r❛❧ ❋✐rst✲❖r❞❡r ❊q✉❛t✐♦♥s

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ♦❜s❡r✈❡❞ ✐♥t❡r❡st✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s t♦ ♥♦♥✲❧✐♥❡❛r

❡q✉❛t✐♦♥s✳ ■t ✐s ♥❛t✉r❛❧ t♦ ❛s❦ ✇❤❡t❤❡r t❤❡r❡ ❛r❡ ❛♥② ❣❡♥❡r❛❧ t❡❝❤♥✐q✉❡s ❢♦r ❛♥❛❧②③✐♥❣ ❡q✉❛t✐♦♥s

✇✐t❤♦✉t s♦❧✈✐♥❣ t❤❡♠✳ ❖❜✈✐♦✉s❧② ♦♥❡ ❛♥s✇❡r ✐s t❤❛t ✇❡ ✉s❡ ❛ ❝♦♠♣✉t❡r t♦ s♦❧✈❡ t❤❡♠ ♥✉♠❡r✐❝❛❧❧②✱

✉s✐♥❣ t❡❝❤♥✐q✉❡s ❧✐❦❡ t❤♦s❡ ❞❡♠♦♥str❛t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✶✱ ✇❤❡r❡ ✇❡ t✉r♥❡❞ t❤❡ ❡q✉❛t✐♦♥ ✐♥t♦ ❛ st❡♣✲

❜②✲st❡♣ ♣r♦❝❡ss✳ ❍♦✇❡✈❡r✱ t❤✐s ❤❛s t✇♦ ❦❡② ♣r♦❜❧❡♠s✿

• ❲❡ ❝❛♥ ♦♥❧② ♥✉♠❡r✐❝❛❧❧② ✐♥t❡❣r❛t❡ ♦♥❡ s♣❡❝✐✜❝ ✐♥st❛♥❝❡ ♦❢ ❛ ♣r♦❜❧❡♠ ❛t ❛ t✐♠❡ ✲ t❤❡r❡ ♠❛②

❜❡ ❝♦♠♣❧✐❝❛t❡❞ ❜❡❤❛✈✐♦✉rs ✇❡ ❞♦♥✬t ♦❜s❡r✈❡ ❜❡❝❛✉s❡ ✇❡ ❞♦♥✬t tr② t❤❡ ❝♦rr❡❝t ♣❛r❛♠❡t❡rs✳ ❚❤❡

❡①tr❡♠❡ ❝❛s❡ ♦❢ t❤✐s ✐s ✐♥ ❛ ❝❤❛♦t✐❝ s②st❡♠✱ ✇❤❡r❡ t✐♥② ❝❤❛♥❣❡s ✐♥ ✐♥✐t✐❛❧ ✐♥♣✉t r❡s✉❧t ✐♥ ♠❛ss✐✈❡

❝❤❛♥❣❡s ✐♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦✈❡r ❢❛✐r❧② s❤♦rt ♣❡r✐♦❞s✳

• ■t ♠❛② ♥♦t ❜❡ ♣♦ss✐❜❧❡ t♦ ♥✉♠❡r✐❝❛❧❧② ✐♥t❡❣r❛t❡ t❤❡ ❡q✉❛t✐♦♥ ❛❝❝✉r❛t❡❧② ❡♥♦✉❣❤ t♦ ❡①❛♠✐♥❡ ✐ts

❜❡❤❛✈✐♦✉r ❡①❝❡♣t ♦✈❡r ✈❡r② s❤♦rt ♣❡r✐♦❞s ❛s t❤❡ s②st❡♠ ❤❛s s✐♥❣✉❧❛r ❜❡❤❛✈✐♦✉r ❛t s♦♠❡ ♣♦✐♥ts✳

❚❤✐s ♠❡❛♥s t❤❛t ✐t ✐s ✈❡r② ✉s❡❢✉❧ t♦ ❞❡✈❡❧♦♣ t♦♦❧s ❢♦r ❛♥❛❧②③✐♥❣ ❛♥ ❛♥❛❧②t✐❝❛❧ ♣r♦❜❧❡♠ ✐♥ ❛s ♠✉❝❤ ❞❡t❛✐❧

❛s ♣♦ss✐❜❧❡ ❜❡❢♦r❡ r❡s♦rt✐♥❣ t♦ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤❡s✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠

dy

dt
= f (y, t)

▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❡q✉❛t✐♦♥ t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ ❛♥❛❧②t✐❝❛❧❧②✳

✸✳✻✳✶ ❲♦r❦❡❞ ❡①❛♠♣❧❡ ♦❢ s♦❧✉t✐♦♥ s❦❡t❝❤✐♥❣

✺✹



❊①❛♠♣❧❡ ✸✳✶✻✳ ❆♥❛❧②③❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ s♦❧✉t✐♦♥s ✐♥ ❝❛s❡

f = t
(
1− y2

)

♦r ẏ = t
(
1− y2

)
✳

❚❤✐s ❡q✉❛t✐♦♥ ✐s s❡♣❛r❛❜❧❡✿

ˆ

dy

1− y2
=

ˆ

tdt

1

2
ln

∣
∣
∣
∣

1 + y

1− y

∣
∣
∣
∣

=
t2

2
+ C

1 + y

1− y
= Aet

2

y =
Aet

2 − 1

Aet2 + 1

❚❤✐s ❣✐✈❡s ✉s ❛ ♣❛r❛♠❡tr✐③❡❞ ❢❛♠✐❧② ♦❢ s♦❧✉t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ A✳ ❲❡ ❝❛♥ r❡✇r✐t❡

t❤✐s ❛s

y = 1− 2

1 +Aet2

❛♥❞ ❤❡♥❝❡ s❦❡t❝❤ ✐t ❢♦r s❛② A = 1 ✲ ✇❡ ❝♦♥s✐❞❡r t > 0 ✭tr❡❛t✐♥❣ t❤✐s ❛s ❛ ♣r♦❜❧❡♠ ♦❢ ❡✈♦❧✉t✐♦♥ ✐♥

t✐♠❡ ❢r♦♠ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✲ ✇❡ ❝❛❧❧ t❤❡ s♦❧✉t✐♦♥ ❝✉r✈❡ ❛ tr❛❥❡❝t♦r② ✇❤❡♥ ✇❡ ❧♦♦❦ ❛t ✐t t❤✐s ✇❛②✮✿
1

❋✐❣✉r❡ ✸✳✸✿ ❙♦❧✉t✐♦♥ ❝✉r✈❡ ❢♦r ❊①❛♠♣❧❡ ✸✳✶✻ ❢♦r t❤❡ ❝❛s❡ A = 1

❙♦ ❝❛♥ ✇❡ ✉♥❞❡rst❛♥❞ t❤✐s ❡q✉❛t✐♦♥ ✇✐t❤♦✉t s♦❧✈✐♥❣ ✐t❄

✭✐✮ ❆ ♥❛t✉r❛❧ ✜rst st❡♣ ✐s t♦ ✜♥❞ ✇❤❡r❡ ẏ = f = 0✳ ■♥ t❤✐s ❝❛s❡✱ t❤✐s ♦❝❝✉rs ❛t t = 0 ❛♥❞ y = ±1✳

❋r♦♠ t❤✐s ✐t ❢♦❧❧♦✇s t❤❛t y = 1 ❛♥❞ y = −1 ❛r❡ ❜♦t❤ s♦❧✉t✐♦♥s✳

❆❧s♦✱ ✐❢ ✇❡ ❢♦❝✉s ♦♥ t > 0✱ t❤❡♥ ✇❡ ❝❛♥ ❛❝t✉❛❧❧② ♥♦t❡ ❢✉rt❤❡r t❤❛t ẏ < 0 ❢♦r y > 1 ❛♥❞ y < −1✱

❛♥❞ ẏ > 0 ❢♦r y ∈ (−1, 1)✳

✭✐✐✮ ❆♥♦t❤❡r ✈❡r② ✉s❡❢✉❧ ✐❞❡❛ ❢♦r s❦❡t❝❤✐♥❣ s♦❧✉t✐♦♥s ❛♥❞ s❡❡✐♥❣ ❤♦✇ t❤❡② ❜❡❤❛✈❡ ✐s t♦ ❝♦♥s✐❞❡r

❤♦✇ t❤❡ ❣r❛❞✐❡♥t ✜❡❧❞ ✈❛r✐❡s ✐♥ s♣❛❝❡✳ ❖♥❡ ✇❛② t♦ ❞♦ t❤✐s ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ✐s♦❝❧✐♥❡s✱ ✇❤✐❝❤

❛r❡ t❤❡ ❧✐♥❡s ❛❧♦♥❣ ✇❤✐❝❤ f ✐s ❝♦♥st❛♥t ✭✐✳❡✳ t❤❡ ❝♦♥t♦✉rs ♦❢ f✮✳

■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡

t
(
1− y2

)
= C

✺✺



❛♥❞ ❤❡♥❝❡ ❡✐t❤❡r t = 0✱ ❣✐✈✐♥❣ t❤❡ y✲❛①✐s✱ ♦r

y2 = 1− C

t

❲❡ ❝❛♥ s❡♣❛r❛t❡ t❤✐s ✐♥t♦ t❤❡ t✇♦ ❝❛s❡s C > 0 ❛♥❞ C < 0✱ ♦r ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❞❡❝r❡❛s✐♥❣ y ✲

♥♦t❡ t❤❛t C = 0 ❣✐✈❡s t❤❡ ✐s♦❝❧✐♥❡s y = ±1 ❛❧♦♥❣ ✇❤✐❝❤ t❤❡ ❣r❛❞✐❡♥t ✐s ✵✳

✭❛✮ ■❢ C > 0✱ t❤❡♥ y2 → 1 ❢r♦♠ ❜❡❧♦✇ ❛s t ❣r♦✇s✱ st❛rt✐♥❣ ✇❤❡r❡ y2 = 1 − C/t = 0❀ ✐✳❡✳ ❛t

t = C✳ ❚❤❡s❡ ❧✐♥❡s ❢♦r♠ ❧♦♥❣ ❵❝✬ s❤❛♣❡s ✐♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧✐♥❡s y = ±1✳

✭❜✮ ■❢ C < 0✱ t❤❡♥ y2 ❞❡s❝❡♥❞s ❢r♦♠ ❛r❜✐tr❛r✐❧② ❤✐❣❤ ♥❡❛r t = 0 t♦ 1 ❛s t ❣r♦✇s✳

❚❤❡s❡ ❧✐♥❡s ❛r❡ ❛❧❧ s❦❡t❝❤❡❞ ✇✐t❤ ❛rr♦✇s ✐♥❞✐❝❛t✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ✭❣✐✈❡♥ ❜② C✮

❛t t❤❛t ♣♦✐♥t t♦ ❣✐✈❡ ❛ ❞✐❛❣r❛♠ ❧✐❦❡ t❤♦s❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✹❛✳

✭✐✐✐✮ ❋r♦♠ t❤❡ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t y = 1 ✐s ❛ st❛❜❧❡ s♦❧✉t✐♦♥✱ ❛♥❞ y = −1 ✐s ❛♥ ✉♥st❛❜❧❡

s♦❧✉t✐♦♥✱ ❜② s❡❡✐♥❣ t❤❛t t❤❡ ❛rr♦✇s ❛r♦✉♥❞ t❤❡s❡ t✇♦ ❧✐♥❡s ♣♦✐♥t t♦✇❛r❞s ❛♥❞ ❛✇❛② ❢r♦♠ t❤❡♠

r❡s♣❡❝t✐✈❡❧②✳

✭✐✈✮ ❚♦ s❦❡t❝❤ s♦❧✉t✐♦♥ ❝✉r✈❡s✱ ✇❡ ❝❛♥ s✐♠♣❧② ❥♦✐♥ ✉♣ t❤❡ ❛rr♦✇s ✇❡ ❤❛✈❡ ❞r❛✇♥✱ ❛♥❞ ❛ s❡❧❡❝t✐♦♥

♦❢ s♦❧✉t✐♦♥s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✹❜✳

-1

1

✭❛✮ ■s♦❝❧✐♥❡s ✇✐t❤ ♠❛r❦❡❞ ❣r❛❞✐❡♥ts

-1

1

✭❜✮ ❙♦❧✉t✐♦♥ ❝✉r✈❡s ❛♥❞ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤
t❤❡ ✐s♦❝❧✐♥❡s

❋✐❣✉r❡ ✸✳✹✿ ■s♦❝❧✐♥❡s ❛♥❞ s♦❧✉t✐♦♥s ✭✢♦✇ ❧✐♥❡s✮ ❢♦r ❊①❛♠♣❧❡ ✸✳✶✻✳

◆♦t❡ t❤❛t ✐❢ t❤❡ ❢✉♥❝t✐♦♥ f (y, t) ❣✐✈✐♥❣ t❤❡ ❣r❛❞✐❡♥t ✐s s✐♥❣❧❡✲✈❛❧✉❡❞✱ s♦❧✉t✐♦♥ ❝✉r✈❡s ❝❛♥♥♦t ❝r♦ss✳ ❚❤✐s

✐s ❜❡❝❛✉s❡ ❛ s✐♥❣❧❡ ♣♦✐♥t ♦♥ t❤❡ ❝✉r✈❡ ✐s t❤❡r❡❢♦r❡ s✉✣❝✐❡♥t t♦ ❝❛❧❝✉❧❛t❡ dy/dt ❛t t❤❛t ♣♦✐♥t✱ ❛♥❞ t❤❡

✇❤♦❧❡ s♦❧✉t✐♦♥ ❝❛♥ t❤❡♥ ❜❡ ❞❡❞✉❝❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ❛✇❛② ❢r♦♠ t❤✐s ♣♦✐♥t✳

✺✻



✸✳✻✳✷ ❙t❛❜✐❧✐t② ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts

❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ t♦ ❛s❦ ❛❜♦✉t ❛ s♦❧✉t✐♦♥✱ ✐♥ ❧✐❣❤t ♦❢ t❤❡ ♣♦✐♥ts ♠❛❞❡ ✐♥ ✐♥tr♦❞✉❝✐♥❣ t❤✐s s❡❝t✐♦♥✱ ✐s

✇❤❡t❤❡r ♦r ♥♦t ❛ s♠❛❧❧ ❝❤❛♥❣❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❛t s♦♠❡ ♣♦✐♥t ❞❡❝❛②s ♦✈❡r t✐♠❡✱ ❜❡❝♦♠✐♥❣

✐♥s✐❣♥✐✜❝❛♥t✱ ♦r ❣r♦✇s t♦ ♠❛❦❡ t❤❡ t✇♦ s♦❧✉t✐♦♥s ❞✐✈❡r❣❡ s✐❣♥✐✜❝❛♥t❧②✳

❚❤✐s ✐s t❤❡ ✐❞❡❛ ♦❢ st❛❜✐❧✐t② ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳

❲❡ ✇✐❧❧ ❝♦♥❝❡r♥ ♦✉rs❡❧✈❡s ✇✐t❤ ✜①❡❞ ♦r ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ❤❡r❡ ✭❛❧t❤♦✉❣❤ ✐t ✐s ♣❡r❢❡❝t❧② ✈❛❧✐❞ ✐♥

❣❡♥❡r❛❧ t♦ t❛❧❦ ❛❜♦✉t t❤❡ st❛❜✐❧✐t② ♦❢ ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ s♦❧✉t✐♦♥✮✱ ✇❤✐❝❤ ❛r❡ ♣♦✐♥ts ✇❤❡r❡

dy

dt
= f (y, t) = 0 ❢♦r ❛❧❧ t

❛s ✐♥ y = ±1 ✐♥ ♦✉r ❡①❛♠♣❧❡ ❛❜♦✈❡✳ ❘❡❝❛❧❧ t❤❛t y = 1 ✇❛s st❛❜❧❡✱ ❛♥❞ y = −1 ✇❛s ✉♥st❛❜❧❡✳

P❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ■♠❛❣✐♥❡ t❤❛t ✇❡ ❤❛✈❡ ❧♦❝❛t❡❞ s♦♠❡ ✜①❡❞ ♣♦✐♥t y = a✱ s♦ t❤❛t f (a, t) ≡ 0✳

❚❤❡♥ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ a ♦✈❡r t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧

❝♦♥s✐❞❡r ❛♥ ✐♥✐t✐❛❧❧② ♥❡❛r❜② s♦❧✉t✐♦♥ y (t) = a+ ǫ (t)✱ ✇❤❡r❡ ✇❡ ❛ss✉♠❡ ǫ (t) ✐s s♠❛❧❧✳ ❚❤❡♥

dy

dt
= f (a+ ǫ (t) , t)

= f (a, t) + ǫ
∂f

∂y
(a, t) +O

(
ǫ2
)

= ǫ
∂f

∂y
(a, t) +O

(
ǫ2
)

❚❤✐s ❛❝t✉❛❧❧② ❣✐✈❡s ✉s ❛♥ ❛♣♣r♦①✐♠❛t❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r ǫ✱ s♦ ❧♦♥❣ ❛s ∂f
∂y (a, t) ✐s ♥♦♥✲③❡r♦

✭s❡❡ r❡♠❛r❦ ❜❡❧♦✇✮✱ ❜❡❝❛✉s❡ ❝❧❡❛r❧② dy/dt = dǫ/dt ❛s a ✐s ❛ ❝♦♥st❛♥t✿

dǫ

dt
≅

∂f

∂y
(a, t) · ǫ

◆♦t❡ t❤❛t t❤✐s ✐s ❡q✉❛t✐♦♥ ✐s ❧✐♥❡❛r✱ ❜❡❝❛✉s❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫ ✐s ♦♥❧② ❛ ❢✉♥❝t✐♦♥ ♦❢ t ✭❜❡❝❛✉s❡ ✇❡

❡✈❛❧✉❛t❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ❛t y = a✮✳

❊①❛♠♣❧❡ ✸✳✶✼✳ ❘❡t✉r♥✐♥❣ t♦ t❤❡ ❝❛s❡ f = t
(
1− y2

)
✇❡ ❤❛✈❡

∂f

∂y
= −2yt

=







−2t ❛t y = 1

2t ❛t y = −1

❛♥❞ ❤❡♥❝❡✿

• ♥❡❛r y = 1✱

ǫ̇ = −2tǫ

ǫ = ǫ0e
−t2 → 0 ❢♦r ❛♥② ǫ0 ❛s t → ∞

✺✼



❛♥❞ ❤❡♥❝❡ ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ǫ ✭s♠❛❧❧ ❡♥♦✉❣❤ t❤❛t t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ❛♣♣r♦①✐♠❛✲

t✐♦♥ ✐s ✈❛❧✐❞✮ ✇✐❧❧ ❛❧✇❛②s ❞❡❝❛② t♦ ✵✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥t y = 1 ✐s st❛❜❧❡✳

• ♥❡❛r y = −1✱

ǫ̇ = 2tǫ

ǫ = ǫ0e
t2 → ±∞ ❢♦r ❛♥② ǫ0 6= 0 ❛s t → ∞

s♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ǫ ❣r♦✇s ❛s t✐♠❡ ♣❛ss❡s✱ ❛♥❞ t❤❡ ✜①❡❞ ♣♦✐♥t y = −1 ✐s ✉♥st❛❜❧❡✳ ◆♦t❡

t❤❛t ✇❤❡♥ ✇❡ s❛② ❵ǫ → ±∞✬ ✇❡ ♦♥❧② ♠❡❛♥ t❤❛t ✐♥✐t✐❛❧❧② ǫ ❣r♦✇s❀ ✐♥ ❢❛❝t✱ ♦♥❝❡ ✐t ✐s s✉✣❝✐❡♥t❧②

❧❛r❣❡ ❤✐❣❤❡r✲♦r❞❡r t❡r♠s ♠❛② ❞♦♠✐♥❛t❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ǫ̇✱ ❛s ❤❛♣♣❡♥s ✇❤❡♥ ❛ s♠❛❧❧ ♣♦s✐t✐✈❡

❞✐s♣❧❛❝❡♠❡♥t ✐s ♠❛❞❡ ❢r♦♠ y = −1✳ ✭❲❡ ❦♥♦✇ t❤❛t t❤❡♥ y → 1✱ t❤❡ st❛❜❧❡ s♦❧✉t✐♦♥✳✮

❘❡♠❛r❦✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✐♥ t❤❡ ❝❛s❡ t❤❛t ∂f
∂y (a, t) = 0✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ǫ̇ ✐s ♥♦t ✈❛❧✐❞✱ ❛♥❞ ✇❡

♥❡❡❞ t♦ t❛❦❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ✐♥ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❢♦r f ✳ ❈♦♥s✐❞❡r✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ✉♥♣❧❡❛s❛♥t✲

❧♦♦❦✐♥❣ ❡q✉❛t✐♦♥ ẏ = cos y − 1✳ ❚❤✐s ❝❛♥ ✐♥ ❢❛❝t ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② t♦ ❣✐✈❡ y = 2 cot−1 (t+ C)❀ ✐♥

t❡r♠s ♦❢ y (0) = y0✱ C = cot (y0/2)✳

■♥ t❤✐s ❝❛s❡✱ ∂f/∂y = − sin y ✐s ✐❞❡♥t✐❝❛❧❧② ✵ ❛t t❤❡ ♦❜✈✐♦✉s ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ y = 0✳ ❍❡♥❝❡

t❛❦✐♥❣ ❛♥ ❡①tr❛ t❡r♠ ✐♥ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡ ❵❛♣♣r♦①✐♠❛t✐♦♥✬

ǫ̇ ≅
1

2

∂2f

∂y2
(0, t) · ǫ2

=
1

2
· (− cos 0) · ǫ2

= −1

2
ǫ2

✇❤✐❝❤ ❝❛♥ ❜❡ ❡①❛❝t❧② s♦❧✈❡❞ ❢♦r ǫ✱ t❤♦✉❣❤ t❤✐s ✐s ♥♦t ✐♥ ❢❛❝t ♥❡❝❡ss❛r②✿ s✐♠♣❧② ♥♦t❡ t❤❛t ❢♦r ❛♥② ǫ > 0✱

ǫ̇ < 0✱ ❛♥❞ ✐t ✐s ❝❧❡❛r t❤❡r❡❢♦r❡ t❤❛t ǫ → 0✱ s✐♥❝❡ ǫ̇ = 0 ❛t ǫ = 0✳ ❍❡♥❝❡ ♣♦s✐t✐✈❡ ♣❡rt✉r❜❛t✐♦♥s ❞❡❝❛②

♦✈❡r t✐♠❡✳ ❇✉t ❜② ❝♦♥tr❛st✱ ✐❢ ǫ < 0 t❤❡♥ ✇❡ ❛❧s♦ ❤❛✈❡ ǫ̇ < 0✱ s♦ ♥❡❣❛t✐✈❡ ♣❡rt✉r❜❛t✐♦♥s ❣r♦✇ ♦✈❡r t✐♠❡✳

❆s ❛ r❡s✉❧t✱ t❤❡ ♣♦✐♥t ✐s ✇❤❛t ✐s s♦♠❡t✐♠❡s t❡r♠❡❞ s❡♠✐✲st❛❜❧❡✳

❚❤✐s ❞❡♠♦♥str❛t❡s ❛ t②♣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r②✳ ❆ ♣❛rt✐❝✉❧❛r s♣❡❝✐❛❧ ❝❛s❡ ❛r✐s❡s ❢♦r ❛✉✲

t♦♥♦♠♦✉s s②st❡♠s✳

❉❡✜♥✐t✐♦♥ ✸✳✶✽✳ ❆♥ ❛✉t♦♥♦♠♦✉s s②st❡♠ ✐s ♦♥❡ ✐♥ ✇❤✐❝❤ ẏ = f (y) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✳

❆✉t♦♥♦♠♦✉s s②st❡♠s ■♥ t❤✐s ❝❛s❡✱ ♥❡❛r ❛ ✜①❡❞ ♣♦✐♥t y = a✱

y (t) = a+ ǫ (t)

ǫ̇ ≅

[
df

dy
(a)

]

ǫ

= ke

✺✽



❢♦r s♦♠❡ ❝♦♥st❛♥t k ❛s ❧♦♥❣ ❛s k 6= 0 ✭s❡❡ t❤❡ r❡♠❛r❦ ❛❜♦✈❡✮✳ ❲❡ ❦♥♦✇ t❤✐s ❤❛s s♦❧✉t✐♦♥

ǫ = ǫ0e
kt

❛♥❞ ❤❡♥❝❡ t❤❡ ✜①❡❞ ♣♦✐♥t y = a ✐s st❛❜❧❡ ♦r ✉♥st❛❜❧❡ ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r k = dy
dt (a) ✐s ♥❡❣❛t✐✈❡ ♦r

♣♦s✐t✐✈❡✳

❊①❛♠♣❧❡ ✸✳✶✾✳ ❖♥❡ ♣❤②s✐❝❛❧ ✐♥st❛♥❝❡ ♦❢ st❛❜✐❧✐t② ♣r♦❜❧❡♠s ❧✐❦❡ t❤✐s ♦❝❝✉rs ✐♥ ❝♦♥s✐❞❡r✐♥❣ ❝❤❡♠✐❝❛❧

r❡❛❝t✐♦♥s✳

❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ♥❡✉tr❛❧✐③❛t✐♦♥ r❡❛❝t✐♦♥ ✐♥ ✇❤✐❝❤ s♦❞✐✉♠ ❤②❞r♦①✐❞❡ ✭◆❛❖❍✮ ❛♥❞ ❤②✲

❞r♦❝❤❧♦r✐❝ ❛❝✐❞ ✭❍❈❧✮ ✐♥ ✇❛t❡r r❡❛❝t t♦ ❢♦r♠ ❛ ♥❡✇ ✇❛t❡r ♠♦❧❡❝✉❧❡ ❛♥❞ t❤❡ s❛❧t s♦❞✐✉♠ ❝❤❧♦r✐❞❡

✭◆❛❈❧✮✳

NaOH ✰ HCl
H2O−→ H2O ✰ NaCl

♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s a b c c

✐♥✐t✐❛❧ ♥✉♠❜❡r ♦❢ ♠♦❧❡❝✉❧❡s a0 b0 0 0
■❢ t❤❡ r❡❛❝t❛♥ts ❛r❡ ✐♥ ❞✐❧✉t❡ s♦❧✉t✐♦♥ ✐♥ ✇❛t❡r✱ t❤❡♥ t❤❡ r❛t❡ ♦❢ r❡❛❝t✐♦♥ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡

♣r♦❞✉❝t ♦❢ t❤❡ ♥✉♠❜❡rs ♦❢ r❡❛❝t❛♥ts✱ ab✳ ❍❡♥❝❡

dc

dt
= λab

= λ (a0 − c) (b0 − c)

= f (c)

❇❡❝❛✉s❡ t❤✐s s②st❡♠ ✐s ❛✉t♦♥♦♠♦✉s✱ ❛s f = f (c)✱ ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ ♣❧♦t ❣r❡❛t❧②✳ ■♥ ❢❛❝t✱ ✇❡

♥❡❡❞ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ♣❧♦t ♦❢ f = dc/dt ❛❣❛✐♥st c✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ss✉♠❡ a0 < b0✿

a0 b0

❋✐❣✉r❡ ✸✳✺✿ P❧♦t ♦❢ c ❛❣❛✐♥st f (c) ❢♦r ❊①❛♠♣❧❡ ✸✳✶✾✱ ✐♥ t❤❡ ❝❛s❡ a0 < b0

◆♦t✐♥❣ t❤❛t ♣♦✐♥ts ✇❤❡r❡ t❤❡ ❝✉r✈❡ ✐s ❛❜♦✈❡ t❤❡ c✲❛①✐s ❝♦rr❡s♣♦♥❞ t♦ ✐♥❝r❡❛s✐♥❣ c (t)✱ ❛♥❞

s✐♠✐❧❛r❧② ♣♦✐♥ts ❜❡❧♦✇ t♦ ❞❡❝r❡❛s✐♥❣ c (t)✱ ✇❡ ❝❛♥ ❢♦r♠ t❤❡ s♦✲❝❛❧❧❡❞ ♣❤❛s❡ ♣♦rtr❛✐t ✿

a0 b0
c

❋✐❣✉r❡ ✸✳✻✿ P❤❛s❡ ♣♦rtr❛✐t ❢♦r f (c) ✐♥ ❊①❛♠♣❧❡ ✸✳✶✾

❚❤❡ ❛rr♦✇s ❡✐t❤❡r s✐❞❡ ♦❢ a0 ♣♦✐♥t t♦✇❛r❞s ✐t✱ ❛♥❞ t❤❡ ❛rr♦✇s ❡✐t❤❡r s✐❞❡ ♦❢ b0 ♣♦✐♥t ❛✇❛② ❢r♦♠

✐t✳ ❍❡♥❝❡ a0 ✐s st❛❜❧❡✱ ❛♥❞ b0 ✐s ✉♥st❛❜❧❡✳

■♥ ❢❛❝t✱ ✐♥ t❤✐s ❝❤❡♠✐❝❛❧ ♣r♦❜❧❡♠✱ ✐t ✐s ❝❧❡❛r t❤❛t ✐t ✐s ♥♦t ❛ ♣❤②s✐❝❛❧ s♦❧✉t✐♦♥ t♦ ❤❛✈❡ ♥❡❣❛t✐✈❡

a ♦r b ❛♥❞ ❤❡♥❝❡ ♦♥❧② t❤❡ ❧❡❢t✲♠♦st ♣♦rt✐♦♥ ♦❢ t❤❡ ❞✐❛❣r❛♠ ✐s r❡❧❡✈❛♥t✱ s❤♦✇✐♥❣ t❤❛t t❤❡ s②st❡♠

✺✾



t❡♥❞s ✭❜❡❣✐♥♥✐♥❣ ❛t ❛♥② ♣♦✐♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♣♦ss✐❜❧❡ st❛❣❡ ✐♥ t❤❡ r❡❛❝t✐♦♥✮ t♦✇❛r❞s t❤❡ st❛❜❧❡

❡q✉✐❧✐❜r✐✉♠ ❛t c = a0 ✲ t❤❛t ✐s✱ t❤❡ r❡❛❝t✐♦♥ ❣r❛❞✉❛❧❧② s❧♦✇s t♦ ③❡r♦ ❛s ❛❧❧ ♦❢ ❝❤❡♠✐❝❛❧ a ✐s ✉s❡❞ ✉♣✱

❛s ✇❡ ✇♦✉❧❞ ❡①♣❡❝t✳

❘❡♠❛r❦✳ ❚❤❡ ♣❤❛s❡ ♣♦rtr❛✐t ❢♦r ❛ s❡♠✐✲st❛❜❧❡ ♣♦✐♥t x0 ✇♦✉❧❞ ❧♦♦❦ s♦♠❡t❤✐♥❣ ❧✐❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

x0
x

❋✐❣✉r❡ ✸✳✼✿ ❊①❛♠♣❧❡ ♦❢ ❛ ♣❤❛s❡ ♣♦rtr❛✐t ❢♦r ❛ s❡♠✐✲st❛❜❧❡ ♣♦✐♥t

❊①❡r❝✐s❡ ✸✳✷✵✳ ❙♦❧✈❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❡①♣❧✐❝✐t❧② ❢♦r c (t)✳

✸✳✻✳✸ ❚❤❡ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥

❚❤❡ ✜♥❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥ t❤❛t ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐s ❡①tr❡♠❡❧② ✇❡❧❧✲❦♥♦✇♥ ❜❡❝❛✉s❡ ♦❢

✐ts ✐♥t❡r❡st✐♥❣ ❜❡❤❛✈✐♦✉r✳ ■t ✇❛s ♦r✐❣✐♥❛❧❧② ♣r❡s❡♥t❡❞ ❛s ❛ s✐♠♣❧❡ ♠♦❞❡❧ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s✳

❋✐rst✱ ✐♠❛❣✐♥❡ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ s✐③❡ y✱ ✇❤❡r❡ ✇❡ ❛ss✉♠❡ y ✐s ❧❛r❣❡ ❡♥♦✉❣❤ t❤❛t t❛❦✐♥❣ ✐t t♦ ❜❡ ✈❛r②✐♥❣

❝♦♥t✐♥✉♦✉s❧② ✐♥ t✐♠❡ ✐s ❛ s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❙✉♣♣♦s❡ ✐t ✐s ❝♦♥tr♦❧❧❡❞ ❜② t✇♦ ♣❛r❛♠❡t❡rs✱

• ❛ ❝♦♥st❛♥t ❜✐rt❤ r❛t❡✱ s♦ t❤❛t y ✐♥❝r❡❛s❡s ❛t ❛ r❛t❡ αy❀ ❛♥❞

• ❛ ❝♦♥st❛♥t ❞❡❛t❤ r❛t❡✱ s♦ t❤❛t y ❞❡❝r❡❛s❡s ❛t ❛ r❛t❡ βy✳

❚❤❡♥ ♦❜✈✐♦✉s❧② ✇❡ ❤❛✈❡

dy

dt
= αy − βy = (α− β) y

y = y0e
(α−β)t

s♦ ❡✐t❤❡r y ❣r♦✇s ♦r ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧② ✭♦r r❡♠❛✐♥s ❝♦♥st❛♥t✮ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ✇❤❡t❤❡r α > β

♦r α < β ✭♦r α = β✮✳

❚❤❡ ♣r♦❜❧❡♠ ❤❡r❡ ✐s t❤❛t t❤❡ ❞❡❛t❤ r❛t❡✱ ❢♦r ♠♦st r❡❛❧✐st✐❝ ♣♦♣✉❧❛t✐♦♥s✱ ✐s ❝❧❡❛r❧② ❣♦✐♥❣ t♦ ❜❡ ❛✛❡❝t❡❞

❜② t❤❡ s✐③❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ❞✉❡ t♦ ❡✛❡❝ts ❧✐❦❡ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❧✐♠✐t❡❞ r❡s♦✉r❝❡s✳

❙♦ ♥♦✇ ✐♠❛❣✐♥❡ ❛ ♣♦♣✉❧❛t✐♦♥ ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❜✐rt❤ r❛t❡ ❛♥❞ ♥❛t✉r❛❧ ❞❡❛t❤ r❛t❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ y

❛s ❜❡❢♦r❡✱ ❜✉t ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝t t❤❛t ✐♥❞✐✈✐❞✉❛❧s ❛r❡ ❝♦♠♣❡t✐♥❣ ❢♦r ❢♦♦❞✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t

s♦♠❡ s♦✉r❝❡ ♦❢ ❢♦♦❞ ✐s ❢♦✉♥❞ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ y✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ s❛♠❡ s♦✉r❝❡ ♦❢ ❢♦♦❞ ❜❡✐♥❣

❢♦✉♥❞ ❜② t✇♦ ✐♥❞✐✈✐❞✉❛❧s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ y2✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t t✇♦ ✐♥❞✐✈✐❞✉❛❧s ✜♥❞✐♥❣ t❤❡ s❛♠❡

s♦✉r❝❡ ♦❢ ❢♦♦❞ ✜❣❤t t♦ t❤❡ ❞❡❛t❤ ♦✈❡r ✐t✱ t❤❡♥ ❛♥ ❡①tr❛ t❡r♠ ✐♥ t❤❡ ❞❡❛t❤ r❛t❡ ❛♣♣❡❛rs✱ ♣r♦♣♦rt✐♦♥❛❧

t♦ y2✿
dy

dt
= (α− β) y − γy2

❲❡ ❝♦♥✈❡♥t✐♦♥❛❧❧② r❡✇r✐t❡ t❤✐s ✐♥ t❡r♠s ♦❢ t✇♦ ♥❡✇ ✈❛r✐❛❜❧❡s r = α− β ❛♥❞ K = r
γ ❛s ❢♦❧❧♦✇s✿

ẏ = ry
(

1− y

K

)

✻✵



❍❡r❡✱ r ❞❡✜♥❡s t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✭t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✇♦✉❧❞ ❣r♦✇ ✐♥

t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝♦♠♣❡t✐t✐♦♥✱ ❛ss✉♠❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ❤❡r❡✱ s♦ t❤❛t t❤❡ s♣❡❝✐❡s ❞♦❡s ♥♦t s✐♠♣❧② ❣♦ ❡①t✐♥❝t

❡✈❡♥ ✐♥ ♣❡r❢❡❝t ❝♦♥❞✐t✐♦♥s✮✱ ❛♥❞ K ✐s t❤❡ ❝❛rr②✐♥❣ ❝❛♣❛❝✐t② ✿ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s t❤❛t

❝❛♥ ❜❡ s✉st❛✐♥❡❞ ✐♥❞❡✜♥✐t❡❧② ❜② t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ◆♦t❡ t❤❛t ẏ ❝❤❛♥❣❡s s✐❣♥ ❛t y = K✱ ❛♥❞ ✐♥❞❡❡❞ t❤❛t

y = K ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t✳

❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ✭❞✐✛❡r❡♥t✐❛❧✮ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥✳

❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❛r✐❛❜❧❡ x = y/K✱ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ t♦ t❤❡

❝❛rr②✐♥❣ ❝❛♣❛❝✐t②✱ ❡❧✐♠✐♥❛t✐♥❣ t❤✐s ♣❛r❛♠❡t❡r ❡♥t✐r❡❧②✿

ẋ =
1

K
ẏ

=
ry

K

(

1− y

K

)

= rx (1− x)

❲❡ ✇✐❧❧ ❛♥❛❧②③❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ s❝❛❧❡✲✐♥✈❛r✐❛♥t ❢♦r♠

ẋ = rx (1− x)

✇r✐t✐♥❣

ẋ = f (x)

■♥ ❢❛❝t✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❢♦r♠ t❤❡ ♣❤❛s❡ ♣♦rtr❛✐t ❢♦r t❤❡s❡ ❡q✉❛t✐♦♥s✿

0 Y
y

0 1
x

❋✐❣✉r❡ ✸✳✽✿ P❤❛s❡ ♣♦rtr❛✐ts ❢♦r t❤❡ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥

❚❤❡ ❧♦❣✐st✐❝ ♠❛♣ ■t ♠✐❣❤t ❜❡ ❢r✉✐t❢✉❧ t♦ t❤✐♥❦ ❛❜♦✉t ❝❤❛♥❣❡s ♦❢ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❤❛♣♣❡♥✐♥❣ ♦✈❡r

❞✐s❝r❡t❡ t✐♠❡❀ ❝r✉❞❡❧② s♣❡❛❦✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ t❤✐♥❦✐♥❣ ♦❢ t❤❡ ❜✐rt❤s ❤❛♣♣❡♥✐♥❣ ✐♥ s♣r✐♥❣✱ ❛♥❞ t❤❡

❞❡❛t❤s ✐♥ t❤❡ ✇✐♥t❡r✳

❙♦ ❧❡t ✉s ❛tt❡♠♣t t♦ ❝♦♥s✐❞❡r t❤❡ ❛♥❛❧♦❣♦✉s ❞✐s❝r❡t❡✲t✐♠❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥ ❜② ✇r✐t✐♥❣

x → zn ❛♥❞ ẋ → (zn+1 − zn) /∆t✱ ✇❤❡r❡ ∆t t✐♠❡ ♣❛ss❡s ❜❡t✇❡❡♥ zn ❛♥❞ zn+1✳

❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t✐♠❡✲❞❡r✐✈❛t✐✈❡ ❣✐✈❡s ✉s t❤❡ ❡q✉❛t✐♦♥

zn+1 − zn
∆t

= rzn (1− zn)

zn+1 = zn +∆t · rzn (1− zn)

= (1 + r∆t) zn − r∆t · z2n
= (1 + r∆t) zn

[

1−
(

r∆t

1 + r∆t

)

zn

]
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◆♦✇ ✇r✐t❡ λ = 1 + r∆t ❛♥❞ ❧❡t

xn =

(
r∆t

1 + r∆t

)

zn

s♦ ✇❡ ❤❛✈❡

xn+1 = λxn (1− xn)

■♥ t❤✐s ❡q✉❛t✐♦♥✱ xn ❛❝ts ❧✐❦❡ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ❛♥❞ λ ❧✐❦❡ ❛ t✐♠❡✲❛❞❥✉st❡❞ ✈❡rs✐♦♥ ♦❢ r✳ ❲❡ ❝❛❧❧ t❤✐s

❡q✉❛t✐♦♥ t❤❡ ❧♦❣✐st✐❝ ♠❛♣✳

❲❡ s✐♠✐❧❛r❧② ✇r✐t❡

xn+1 = f (xn)

✇❤❡r❡ f (x) = λx (1− x) ✐s ✐♥ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❢♦r♠ ❛s ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s ❡q✉❛t✐♦♥ ✭✇❡ ❤❛✈❡

♠❡r❡❧② tr❛♥s❢♦r♠❡❞ r → λ✮ ✲ ♥♦t❡ t❤❛t ✐t ✐s ♥♦t ♦❜✈✐♦✉s t❤❛t t❤✐s r❡❧❛t✐♦♥s❤✐♣ s❤♦✉❧❞ ❤♦❧❞✿ ✐♥ t❤❡ ❢♦r♠

ẏ = f (y)✱ f (y) ❡①♣r❡ss❡s ❛ r❛t❡ ♦❢ ❝❤❛♥❣❡✱ ✇❤❡r❡❛s ❤❡r❡✱ ✐t ❣✐✈❡s t❤❡ ♥❡①t ✈❛❧✉❡ ✐♥ t❤❡ s❡q✉❡♥❝❡✳

❘❡♠❛r❦✳ ❲❡ ❛r❡ t❛❦✐♥❣ λ > 0 ❤❡r❡ ❛s ✇❡❧❧✳

❇❡❤❛✈✐♦✉r ♦❢ t❤❡ ❧♦❣✐st✐❝ ♠❛♣ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❛♥❛❧②③❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦✈❡r t✐♠❡ ♦❢ ❛ ❞✐s❝r❡t❡

✜rst✲♦r❞❡r ♠❛♣ ❧✐❦❡ t❤✐s ❜② ♠❛❦✐♥❣ s♦✲❝❛❧❧❡❞ ❝♦❜✇❡❜ ❞✐❛❣r❛♠s✳

❲❡ ❜❡❣✐♥ ❜② ❞r❛✇✐♥❣ ❛ ❣r❛♣❤ ♦❢ xn ❛❣❛✐♥st xn+1✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♣❛r❛❜♦❧❛ f ✱ ❛♥❞ t❤❡♥ ✇❡ ❝❛♥

tr❛❝❡ t❤❡ r♦✉t❡ ✭♦r ♦r❜✐t✮ ❛ ♣♦✐♥t x0 t❛❦❡s ♦✈❡r t✐♠❡ ❛s ❢♦❧❧♦✇s✿

✭✐✮ ❋✐♥❞ t❤❡ ♣♦✐♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ x0 ♦♥ t❤❡ xn✲❛①✐s✳

✭✐✐✮ ❉r❛✇ ❛ ❧✐♥❡ ✈❡rt✐❝❛❧❧② ✉♥t✐❧ ✐t ✐♥t❡rs❡❝ts ✇✐t❤ t❤❡ ❝✉r✈❡ f ✳

✭✐✐✐✮ ❉r❛✇ ❛ ❧✐♥❡ ❤♦r✐③♦♥t❛❧❧② ✉♥t✐❧ ✐t ✐♥t❡rs❡❝ts ✇✐t❤ t❤❡ ❧✐♥❡ xn+1 = xn✳

✭✐✈✮ ❘❡♣❡❛t st❡♣s 2 ❛♥❞ 3 ❢r♦♠ t❤❡ ♥❡✇ ♣♦✐♥t✳

❚❤❡ ✐❞❡❛ ✐s t❤❛t t❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡ ❣✐✈❡s t❤❡ ♣♦✐♥t ♥❡❡❞❡❞ ♦♥ t❤❡ xn+1 ❛①✐s✱ ❛♥❞ ✇❡ ❝❛♥ t❤❡♥ ✜♥❞ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ xn ❛①✐s ❜② ✉s✐♥❣ t❤❡ ❧✐♥❡ xn+1 = xn✳

❋♦r λ < 1✱ ✇❡ ❤❛✈❡ ❛ ❣r❛♣❤ ❧✐❦❡ t❤❛t s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✾❛✱ ❢♦r x0 > 0.5✳

❚❤❡ ❞✐❛❣r❛♠ ✐♥❞✐❝❛t❡s t❤❛t x = 0 ✐s ❛ st❛❜❧❡ ✜①❡❞ ♣♦✐♥t✳ ❲❡ ❝❛♥ t❛❦❡ t❤✐s ♦♣♣♦rt✉♥✐t② t♦ ✜♥❞ ❛❧❧

✜①❡❞ ♣♦✐♥ts ❢♦r ❛r❜✐tr❛r② λ✳ ❲❡ r❡q✉✐r❡ xn+1 = f (xn) = xn✱ s♦ ✇❡ ✇❛♥t t♦ s♦❧✈❡

λx (1− x) = x

x (λ (1− x)− 1) = 0

x ((λ− 1)− λx) = 0

✇❤✐❝❤ ❤❛s s♦❧✉t✐♦♥s

x = 0,
λ− 1

λ

= 0, 1− 1

λ

◆♦t❡ t❤❛t ❢♦r λ < 1 t❤❡ s❡❝♦♥❞ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ❧✐❡s ♦✉t s✐❞❡ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱

❜✉t ❢♦r λ > 1 ✐t ❧✐❡s ✐♥s✐❞❡ ✐t✳ ■t ❛♣♣❡❛rs ✐♥ ❋✐❣✉r❡ ✸✳✶✵✳
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x0x1 1
xn

1

xn+1

✭❛✮ 0 < λ < 1✿ ❋✉❧❧ ❞✐❛❣r❛♠

x0x1

xn

xn+1

✭❜✮ 0 < λ < 1✿ ❈❧♦s❡r ✈❡rs✐♦♥ ✇✐t❤ s♠❛❧❧❡r x0

❋✐❣✉r❡ ✸✳✾✿ ❈♦❜✇❡❜ ❞✐❛❣r❛♠s ❢♦r t❤❡ ❧♦❣✐st✐❝ ♠❛♣ ✇✐t❤ λ < 1

❍❡r❡✱ ✐t ❛♣♣❡❛rs t❤❛t 0 ✐s ❛♥ ✉♥st❛❜❧❡ ✜①❡❞ ♣♦✐♥t✱ ✇❤✐❧st t❤❡ ♥❡✇ ✜①❡❞ ♣♦✐♥t ✭❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢

f (xn) = xn✮ ❛♣♣❡❛rs st❛❜❧❡✳

❇❡❢♦r❡ ✇❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ❝❛s❡s ♦❢ λ > 2✱ ❧❡t ✉s ❜r✐❡✢② ❝♦♥s✐❞❡r t❤❡ st❛❜✐❧✐t② ♦❢ ✜①❡❞ ♣♦✐♥ts ✐♥

t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛♥② ✜rst✲♦r❞❡r r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥✳

❙t❛❜✐❧✐t② ♦❢ ✜①❡❞ ♣♦✐♥ts ❙✉♣♣♦s❡ xn = X ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ♠❛♣ xn+1 = f (xn)✳ ❆s ❜❡❢♦r❡✱

❝♦♥s✐❞❡r ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ǫ✱ s♦ xn = X + ǫn✳

❚❤❡♥ ✉s✐♥❣ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ f ✇❡ ✜♥❞ t❤❛t

X + ǫn+1 = f (X + ǫn)

= f (X) + ǫnf
′ (X) +O

(
ǫ2n
)

ǫn+1 ≅ ǫnf
′ (X)

s✐♥❝❡ X = f (X) ❜② ❤②♣♦t❤❡s✐s✱ ❛❣❛✐♥ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t f ′ (X) 6= 0✳

◆♦✇ X ✐s st❛❜❧❡ ✐❢ ❛ s♠❛❧❧ ❞❡✈✐❛t✐♦♥ ❣❡ts s♠❛❧❧❡r ♦✈❡r t✐♠❡❀ t❤❛t ✐s✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ❛❞❥❛❝❡♥t

❡rr♦rs ❢❛❧❧s✳ ∣
∣
∣
∣

ǫn+1

ǫn

∣
∣
∣
∣
< 1

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t ✭❣✐✈❡♥ ❛ ♥♦♥✲❝♦♥st❛♥t ✜rst✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ t♦ f✮ t♦

|f ′ (X)| < 1

❙✐♠✐❧❛r❧②✱ ✐❢ |ǫn+1/ǫn| = |f ′ (X)| > 1 t❤❡♥ t❤❡ ♣♦✐♥t ✐s ✉♥st❛❜❧❡✳

◆♦t❡ t❤❛t t❤✐s ✐s ✈❛❧✐❞ ❢♦r ❛♥② ✜rst✲♦r❞❡r r❡❧❛t✐♦♥ s♦ ❧♦♥❣ ❛s f ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ❚❛②❧♦r

❡①♣❛♥s✐♦♥ ♦❢ ✜rst✲♦r❞❡r✱ ❛♥❞ f ′ (X) 6= 0✳

❲❡ ❝❛♥ ❛❧s♦ ❞❡❞✉❝❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ s✐❣♥ ♦❢ ǫn+1/ǫn✳ ❆ ♣♦s✐t✐✈❡ r❛t✐♦ ♠❡❛♥s t❤❛t ✇❡ ❡①♣❡❝t
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x0x1 1
xn

1

xn+1

❋✐❣✉r❡ ✸✳✶✵✿ ❈♦❜✇❡❜ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❧♦❣✐st✐❝ ♠❛♣ ✇✐t❤ 1 < λ < 2

t❤❡ s❡q✉❡♥❝❡ xn t♦ t❡♥❞ ❞✐r❡❝t❧② t♦ ❛♥② st❛❜❧❡ ✜①❡❞ ♣♦✐♥t✱ s✐♥❝❡ ❝♦♥s❡❝✉t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥ts ❤❛✈❡ t❤❡

s❛♠❡ s✐❣♥✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❡①♣❡❝t ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦✉r ♥❡❛r ❛♥② st❛❜❧❡ ✜①❡❞ ♣♦✐♥t ❢♦r t❤❡ ♥❡❣❛t✐✈❡ r❛t✐♦✱

s✐♥❝❡ ❛ ♥❡❣❛t✐✈❡ ♣❡rt✉r❜❛t✐♦♥ ❜❡❝♦♠❡s ♣♦s✐t✐✈❡ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ✭■♥❞❡❡❞✱ ✇❤❡r❡ t❤❡ ✜①❡❞ ♣♦✐♥ts ❛r❡

✉♥st❛❜❧❡✱ ✇❡ ❝❛♥ ❛❧s♦ ❡①♣❡❝t ❧♦❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❛♠❡ ❦✐♥❞✳✮

❘❡♠❛r❦✳ ❚❤❡ f ′ (X) = 0 ❝❛s❡ ❝❛♥ ❜❡ ❞❡❛❧t ✇✐t❤ ❛s ❜❡❢♦r❡✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❛t✐♦s ♦❜t❛✐♥❡❞ ❢r♦♠

❤✐❣❤❡r✲♦r❞❡r t❡r♠s ✐♥ t❤❡ ❚❛②❧♦r s❡r✐❡s✳ ■❢ |f ′ (X)| = 1 t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❚♦

✜rst✲♦r❞❡r ✐♥ ǫn✱ t❤❡ r❛t✐♦ ✐s ❣✐✈❡♥ ❜②

ǫn+1

ǫn
≅ f ′ (X) +

1

2
ǫnf

′′ (X)

s♦ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ❝❛s❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐❣♥s ♦❢ f ′ ❛♥❞ f ′′ ❛t t❤✐s ♣♦✐♥t✳ ✭❲❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡

f ′′ (X) 6= 0 ❝❛s❡s ❤❡r❡✳✮ ■❢ ❜♦t❤ ❛r❡ ♣♦s✐t✐✈❡✱ t❤❡♥ ❢♦r ♣♦s✐t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥ts t❤❡ r❛t✐♦ ✐s s❧✐❣❤t❧② ❣r❡❛t❡r

t❤❛♥ 1✱ ❛♥❞ ❢♦r ♥❡❣❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐t ✐s ❜❡t✇❡❡♥ 0 ❛♥❞ 1 ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫn✱ s♦ t❤❡ ♣♦✐♥t ✐s

s❡♠✐✲st❛❜❧❡✻✳ ❙✐♠✐❧❛r❧②✱ ✐❢ f ′ (X) > 0 ❛♥❞ f ′′ (X) < 0 t❤❡♥ t❤❡ ♣♦✐♥t ✐s s❡♠✐✲st❛❜❧❡✳

■❢ f ′ (X) < 0 t❤❡♥ ǫn+1 = −ǫn + µǫ2n ❢♦r µ s❤❛r✐♥❣ t❤❡ s✐❣♥ ♦❢ f ′′ (X) ✲ ✇❡ ❛ss✉♠❡ µ > 0 ✇✐t❤♦✉t

❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ❚❤❡ s❡q✉❡♥❝❡ ǫn ♦❜✈✐♦✉s❧② ❛❧t❡r♥❛t❡s ✐♥ s✐❣♥ ✭❢♦r s♠❛❧❧ ǫn✮ ❛♥❞ ❤❡♥❝❡ ✐❢ ǫn > 0 t❤❡♥

|ǫn| − |ǫn+1| = µǫ2n✳ ❚❤❡♥ ǫn+2 > 0 ❛♥❞ |ǫn+2| − |ǫn+1| = µǫ2n+1✳ ❙♦ |ǫn+2| − |ǫn| = µ
(
ǫ2n+1 − ǫ2n

)
< 0

❛s |ǫn+1| < |ǫn|✳ ❲❡ ❤❛✈❡ |ǫn+1| < |ǫn+2| < |ǫn|✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ ǫj > 0 t❤❡♥ |ǫ2m+j | ✐s ❛ str✐❝t❧②

❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② ③❡r♦✱ s♦ |ǫ2m+j | → l ❢♦r s♦♠❡ l❀ ✐♥ ❢❛❝t✱ ❜❡❝❛✉s❡ ǫ2m+j s❤❛r❡s

✻❲❡ ❤❛✈❡ ǫn+1/ǫn = 1 + µǫn s♦ ❢♦r ♥❡❣❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥ts✱ ǫn < ǫn+1 < 0 ❛♥❞ ❤❡♥❝❡ ǫn ✐s ❛ str✐❝t❧② ✐♥❝r❡❛s✐♥❣
s❡q✉❡♥❝❡ ❜♦✉♥❞❡❞ ❛❜♦✈❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥✈❡r❣❡s ✭❛ ♣r♦♣❡rt② ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡rs❀ s❡❡ ◆✉♠❜❡rs ✫ ❙❡ts ♦r ❆♥❛❧②s✐s ■✮ t♦
s♦♠❡ ✈❛❧✉❡ l✳ ❚❤❡♥ t❛❦✐♥❣ ❧✐♠✐ts ✐♥ ǫn+1 = ǫn +µǫ2

n
✇❡ ❤❛✈❡ l = l+µl2 s♦ µl2 = 0 ❛♥❞ ❤❡♥❝❡ ǫn → l = 0 ❛s ✇❡ ❛ss✉♠❡❞

µ 6= 0✳

✻✹



t❤❡ s❛♠❡ s✐❣♥ ❛s ǫj ✱ ǫ2m+j → l > 0✳ ❚❤❡♥ ❡✈✐❞❡♥t❧②

ǫ2m+j+1 = −ǫ2m+j + µǫ22m+j → −l + µl2

❇✉t ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❧✐♠✐t ♦❢ ǫ2(m+1)+j ✐s l✱ s♦

ǫ2(m+1)+j = −ǫ2m+j+1 + µǫ22m+j+1

→ l − µl2 + µ
(
l − µl2

)2

= l

❛♥❞ ❤❡♥❝❡

−µl2 + µl2 (1− µl)
2

= 0

µl2
(

−1 + (1− µl)
2
)

= 0

s♦ ❡✐t❤❡r l = 0 ♦r 1 − µl = ±1 s♦ l = (1± 1) /µ✳ ❍❡♥❝❡ l = 0, 2/µ✳ ❇✉t ❢♦r |ǫ0| < 2/µ t❤✐s ❝❛♥♥♦t ❜❡

♦❜t❛✐♥❡❞ ❛s t❤❡ s❡q✉❡♥❝❡ |ǫn| ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣✳ ❍❡♥❝❡ l = 0✱ ❛♥❞ t❤❡ ♣♦✐♥t ✐s st❛❜❧❡ ✭t❤♦✉❣❤ ✇❡

❡①♣❡❝t ❝♦♥✈❡r❣❡♥❝❡ t♦ ❜❡ s❧♦✇✮✳

❋♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ❧♦❣✐st✐❝ ♠❛♣✱ ✇❡ ❤❛✈❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥✱ t❤❡ ♣♦❧②♥♦♠✐❛❧

f = λx (1− x)

✇✐t❤ ❞❡r✐✈❛t✐✈❡

f ′ = λ− 2λx

s♦✿

• x = 0 ✐s st❛❜❧❡ ✐❢ |λ| < 1 ❛♥❞ ✉♥st❛❜❧❡ ✐❢ |λ| > 1✳

• x = 1 − 1
λ ✐s st❛❜❧❡ ✐❢ |λ− 2λ+ 2| = |2− λ| < 1✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ 1 < λ < 3✳ ❙✐♠✐❧❛r❧②✱ ❢♦r

λ < 1 ❛♥❞ λ > 3 t❤✐s ✐s ✉♥st❛❜❧❡✳

◆♦t❡ ❛❧s♦ t❤❛t t❤❡ r❛t✐♦ ǫn+1

ǫn
≅ f ′ (x) = 2− λ ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❢♦r λ < 2 ❛♥❞ ♥❡❣❛t✐✈❡ ❢♦r λ > 2✳ ❲❡

❤❛✈❡ s❡❡♥ t❤❛t xn t❡♥❞s ❞✐r❡❝t❧② t♦ t❤❡ st❛❜❧❡ ✜①❡❞ ♣♦✐♥t ❢♦r λ < 2✱ ❛s ♣r❡❞✐❝t❡❞ ❛❜♦✈❡✳

❚❤❡ ♦s❝✐❧❧❛t♦r② ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ s❡❡♥ ❢♦r t❤❡ ❝❛s❡ 2 < λ < 3 ✐♥ ❋✐❣✉r❡ ✸✳✶✶✳

❘❡♠❛r❦✳ ❋♦r λ = 3✱ ♦✉r ❛♥❛❧②s✐s ❛❜♦✈❡ ❢♦r t❤❡ ❝❛s❡ f ′ (X) = −1 ✐♥❞✐❝❛t❡s t❤❛t t❤❡r❡ ✐s ❛ st❛❜❧❡ ✜①❡❞

♣♦✐♥t✱ s✐♥❝❡ f ′′ (X) = −2λ < 0✳

❇✐❢✉r❝❛t✐♦♥ ❚❤❡ ❜❡❤❛✈✐♦✉r ❢♦r λ > 3 ❣❡ts r❛♣✐❞❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❛s t❤❡r❡ ❛r❡ ♥♦ st❛❜❧❡ ❛ttr❛❝t✐♥❣

♣♦✐♥ts✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ r❡❛❧✐③❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❜② xn ✐s ❛t

d

dx
λx (1− x) = λ− 2λx = 0

x =
1

2

✻✺



x0 x1

xn

xn+1

✭❛✮ ●❧♦❜❛❧ ❜❡❤❛✈✐♦✉r

xn

xn+1

✭❜✮ ❉❡t❛✐❧❡❞ ✈✐❡✇ ♦❢ t❤❡ ❧♦❝❛❧ ❜❡❤❛✈✐♦✉r

❋✐❣✉r❡ ✸✳✶✶✿ ❈♦❜✇❡❜ ❞✐❛❣r❛♠s ❢♦r t❤❡ ❧♦❣✐st✐❝ ♠❛♣ ✇✐t❤ 2 < λ < 3

✇❤❡r❡ ✐t ❤❛s ✈❛❧✉❡ λ/4✳ ❍❡♥❝❡ t♦ ❦❡❡♣ t❤❡ s❡q✉❡♥❝❡ xn ✐♥ [0, 1] ✇❡ ❝❛♥ ❤❛✈❡ ❛♥② λ ∈ [0, 4]✳ ❍❡♥❝❡ ❢♦r

❛ λ ∈ [3, 4] ✇❡ ❤❛✈❡ ❜♦✉♥❞❡❞ ❜❡❤❛✈✐♦✉r ✇✐t❤♦✉t ❛♥② st❛❜❧❡ ✜①❡❞ ♣♦✐♥ts✳

❚❤❡ ✜rst ✐♥t❡r❡st✐♥❣ ❝❤❛♥❣❡ ✐s ❡①❤✐❜✐t❡❞ ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r λ ❡①❝❡❡❞s ✸✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ✇❤✐❝❤ ❝❛♥

❜❡ s❡❡♥ ✐s t❤❛t t❤❡ ♦r❜✐t ♦♥ t❤❡ ❝♦❜✇❡❜ ❞✐❛❣r❛♠ ❡①♣❛♥❞s ❢r♦♠ t❤❡ ♥♦✇ ✉♥st❛❜❧❡ ✜①❡❞ ♣♦✐♥t t♦ ❜❡❝♦♠❡

t❤❡ ❧✐♠✐t ❝②❝❧❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✷✳

❚❤✐s ✐s ❛ ❝②❝❧❡ ♦❢ ♣❡r✐♦❞ ✷✱ s♦ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ f2 (x) = f (f (x))✳ ❙♣❡❝✐✜❝❛❧❧②✱

✇❡ ✇❛♥t t❤❡ ✜①❡❞ ♣♦✐♥ts ♦❢ t❤✐s ♠❛♣✱ ❛s ✇❡ ❛r❡ s❡❡❦✐♥❣ ❝②❝❧❡s ✇✐t❤ xn+2 = xn✳

f2 (x) = x

λf (x) [1− f (x)] = x

λ2x (1− x) [1− λx (1− x)] = x

x
[
λ2
(
1− x (1 + λ) + 2λx2 − λx3

)
− 1
]

= 0

−λ3x

[

x−
(

1− 1

λ

)][

x2 −
(

1 +
1

λ

)

+
1

λ

(

1 +
1

λ

)]

= 0

❙♦ t❤❡ ✜①❡❞ ♣♦✐♥ts ♦❢ ♦r❞❡r ✷ ❛r❡ x = 0 ❛♥❞ 1− 1
λ ✭❜❡❝❛✉s❡ ❛ ✜①❡❞ ♣♦✐♥t ♦❢ ✜rst ♦r❞❡r ✐s tr✐✈✐❛❧❧② ❛❧s♦

❛ ✜①❡❞ ♣♦✐♥t ♦❢ s❡❝♦♥❞ ♦r❞❡r✱ s♦ ✇❡ ❦♥♦✇ t❤✐s ❤❛s t♦ ❜❡ ❛ ❢❛❝t♦r✮ ❛♥❞ t❤❡ r♦♦ts ♦❢ t❤❡ ✜♥❛❧ q✉❛❞r❛t✐❝✳

❚❤❡s❡ ❛r❡ ❣✐✈❡♥ ❜②

x =
1 + 1

λ ±
√
(
1 + 1

λ

)2 − 4
λ

(
1 + 1

λ

)

2

=
1 + 1

λ ±
√

1
λ2 (λ2 − 2λ− 3)

2

=
λ+ 1±

√

(λ− 3) (λ+ 1)

2λ
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x0 x1

xn

xn+1

❋✐❣✉r❡ ✸✳✶✷✿ ❈♦❜✇❡❜ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❧♦❣✐st✐❝ ♠❛♣ ✇✐t❤ 3 < λ < 1 +
√
6

■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡s❡ ❛r❡ r❡❛❧ ❢♦r λ ≥ 3✱ ❛♥❞ ❞✐st✐♥❝t ❢r♦♠ t❤❡ s✐♥❣❧❡ ✜①❡❞ ♣♦✐♥t ❢♦r λ > 3✳

▲❡t x0 = 1− 1
λ ❜❡ t❤❡ ✉♥st❛❜❧❡ ✜①❡❞ ♣♦✐♥t✳ ◆♦t❡ ❛❧s♦ t❤❛t

d

dx
f (f (x)) = f ′ (x) f ′ (f (x))

s♦ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ f2 ❛t x0 ✐s ❣✐✈❡♥ ❜②

f ′ (x0) f
′ (f (x0)) = [f ′ (x0)]

2

✇❤✐❝❤ ❛s ❛❧r❡❛❞② ♥♦t❡❞ ✐s ❣r❡❛t❡r t❤❛♥ ✶ ❢♦r ❛❧❧ λ > 3✳ ❙✐♠✐❧❛r❧②✱

[
d2

dx2
f (f (x))

]

x=x0

= f ′ (x0) (1 + f ′ (x0)) f
′′ (x0)

< 0

❛s f ′′ (x0) < 0 ❜❡❝❛✉s❡ t❤❡ ❣r❛❞✐❡♥t ✐s ❢❛❧❧✐♥❣ ✭❞♦✇♥ ♣❛st −1✮✱ ❛♥❞ f ′ (x0) < −1✳

❚❤❡r❡❢♦r❡✱ ❧♦❝❛❧❧② ❛r♦✉♥❞ x0✱ ❢♦r λ s❧✐❣❤t❧② ❧❛r❣❡r t❤❛♥ ✸✱ ✇❡ ❡①♣❡❝t t❤❡ ❣r❛♣❤ ♦❢ xn+2 = f2 (xn) t♦

❝r♦ss t❤❡ ❧✐♥❡ xn+2 = xn st❡❡♣❧② ✭❛♥❞ ❤❡♥❝❡ ❵✉♥st❛❜❧②✬✮ ❛t x0✱ ❜✉t t♦ ❞✐♣ ❜❛❝❦ ❞♦✇♥ ❛❣❛✐♥ ❛❢t❡r✇❛r❞s

❛♥❞ ❞✐♣ ✉♣ ❜❡❢♦r❡✱ ❢♦r♠✐♥❣ t✇♦ ❝♦♠♣❧❡♠❡♥t❛r② st❛❜❧❡ ♣♦✐♥ts ♦❢ f2✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ ♣♦✐♥ts ✐♥

t❤❡ ♣❡r✐♦❞ ✷ ❝②❝❧❡✳ ■♥ ❢❛❝t✱ s✐♥❝❡ f ′′ (x) < 0 ✐s ♥❡❣❛t✐✈❡ ❢♦r ❛❧❧ x✱ ❛♥❞ f ′ (x) ❢❛❧❧s r❛♣✐❞❧②✱ t❤✐s ❤♦❧❞s ❢♦r

❛♥② λ > 3✳

❚❤❡ ❝❛s❡s ✇❤❡r❡ t❤❡ st❛❜❧❡ ♣♦✐♥ts ❤❛✈❡ ❞✐r❡❝t ❛♥❞ ♦s❝✐❧❧❛t♦r② ❝♦♥✈❡r❣❡♥❝❡ ❝♦rr❡s♣♦♥❞✱ ❛s ❜❡❢♦r❡✱ t♦

t❤❡ s✐❣♥ ♦❢ d
(
f2
)
/dx ❛t t❤❡ t✇♦ ✜①❡❞ ♣♦✐♥ts ✭✐✳❡✳ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❝✉r✈❡ ❛t t❤❡ ♣♦✐♥t ♦❢ ✐♥t❡rs❡❝t✐♦♥✮✱

✻✼



❛♥❞ ❡①❛♠♣❧❡s ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ x2n ❛r❡ s❤♦✇♥ ✐♥ ✸✳✶✸✳

x0 x2

xn

xn+2

✭❛✮ ❉✐r❡❝t ❝♦♥✈❡r❣❡♥❝❡ ♦❢ x2n t♦ t❤❡ ❧♦✇❡r s❡❝♦♥❞
♦r❞❡r ✜①❡❞ ♣♦✐♥t

x0x2

xn

xn+2

✭❜✮ ❖s❝✐❧❧❛t♦r② ❝♦♥✈❡r❣❡♥❝❡ ♦❢ x2n t♦ t❤❡ ❧♦✇❡r
s❡❝♦♥❞ ♦r❞❡r ✜①❡❞ ♣♦✐♥t

❋✐❣✉r❡ ✸✳✶✸✿ ❈♦❜✇❡❜ ❞✐❛❣r❛♠s ❢♦r t❤❡ ❧♦❣✐st✐❝ ♠❛♣ ✇✐t❤ 3 < λ < 1 +
√
6

❆s ♦♥❡ ♠✐❣❤t ❡①♣❡❝t✱ ✇❤❡♥ t❤❡ ✜①❡❞ ♣♦✐♥ts ♦❢ f2 t❤❡♠s❡❧✈❡s ❜❡❝♦♠❡ ✉♥st❛❜❧❡✱ t❤❡ ✐♥❝r❡❛s❡❞ s❧♦♣❡

♦❢ t❤❡ ❣r❛♣❤ ♦❢ f4 ❛t t❤❡ ♦❧❞ ✜①❡❞ ♣♦✐♥ts ❧❡❛❞s t♦ t❤❡ ❝r❡❛t✐♦♥ ♦❢ t✇♦ ♥❡✇ ♥❡❛r❜② ✜①❡❞ ♣♦✐♥ts ✭✇❤✐❝❤

❤❛♣♣❡♥s ❛t 1 +
√
6✮ ✐♥ ♠✉❝❤ t❤❡ s❛♠❡ ✇❛②✱ ✇❤✐❝❤ ❛❧s♦ ♠♦✈❡ ❛♣❛rt ❛♥❞ ❡✈❡♥t✉❛❧❧② ❜❡❝♦♠❡s ✉♥st❛❜❧❡✱

❛♥❞ s♦ ♦♥✳ ❚❤✐s ♣r♦❝❡ss ♦❢ ♣❡r✐♦❞✲❞♦✉❜❧✐♥❣ ♦r ❜✐❢✉r❝❛t✐♦♥ ❝♦♥t✐♥✉❡s✱ ✇✐t❤ t❤❡ s♣❧✐ts ❝♦♠✐♥❣ ♠♦r❡ ❛♥❞

♠♦r❡ r❛♣✐❞❧②✳

❖♥❡ ✇❛② ♦❢ ✈✐s✉❛❧✐③✐♥❣ t❤✐s ♣r♦❝❡ss ✐s t♦ tr② t♦ ♣❧♦t ✜①❡❞ ♣♦✐♥ts ❛❣❛✐♥st λ✳ ■t r❛♣✐❞❧② ❜❡❝♦♠❡s

♣r♦❜❧❡♠❛t✐❝ t♦ s♦❧✈❡ t❤❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r✱ s♦ ✇❡ ✉s✉❛❧❧② ❞♦ t❤✐s ❢❛✐r❧② st♦❝❤❛st✐❝❛❧❧②✳

❚❤❡ t❡❝❤♥✐q✉❡ ♦❢t❡♥ ✉s❡❞ ✐s t♦ ♣✐❝❦✱ ❢♦r ❡❛❝❤ λ ♦❢ ✐♥t❡r❡st✱ s♦♠❡ st❛rt✐♥❣ ♣♦✐♥t x0✱ ❝❛❧❝✉❧❛t❡ ❛♥❞

❞✐s♣♦s❡ ♦❢ t❤❡ ✜rst ❢❡✇ ✐t❡r❛t✐♦♥s ✭s❛② ✶✵✵✮ ❛♥❞ t❤❡♥ ♣❧♦t ✐ts ♣♦s✐t✐♦♥ t❤❡r❡❛❢t❡r✱ ❢♦r s❛② ❛♥♦t❤❡r ✶✵✵

✐t❡r❛t✐♦♥s✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t t❤❡ ✐♥✐t✐❛❧ ✐t❡r❛t✐♦♥s ❛❧❧♦✇ t❤❡ s❡q✉❡♥❝❡ t♦ ❝♦♥✈❡r❣❡ t♦ ♦♥❡ ♦❢ ✐ts ✜①❡❞

♣♦✐♥ts ♦r ❝②❝❧❡s✱ ❛♥❞ t❤❡♥ ✇❡ ♣❧♦t ✐ts ♣r♦❣r❡ss t❤r♦✉❣❤ t❤❡ ❝②❝❧❡ ✐♥ ✇❤✐❝❤ ✐t ✐s ❢♦✉♥❞✳ ❚❤❡ r❡s✉❧t ❢♦r

λ ∈ [0, 3.57] ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✹✳

❚❤❡ r❡❣✐♦♥ λ ∈ [3.4, 4] ✐s s❤♦✇♥ ✐♥ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✺✳

P❡r✐♦❞ ❞♦✉❜❧✐♥❣ ♦❝❝✉rs ❛t t❤❡ ♣♦✐♥ts λi ❣✐✈❡♥ ❢♦r i = 1, · · · , 8 ❜②

(λi) =






















3

3.449490 . . .

3.544090 . . .

3.564407 . . .

3.568759 . . .

3.569692 . . .

3.569891 . . .

3.569934 . . .
✳✳✳
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

❋✐❣✉r❡ ✸✳✶✹✿ ❇✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ❢♦r λ < 3.57

■t ❛♣♣❡❛rs t❤❛t t❤❡s❡ ✈❛❧✉❡s ❛r❡ ❝♦♥✈❡r❣✐♥❣ r❛♣✐❞❧② t♦ s♦♠❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t λ∞ = 3.56994567 . . .

❛s ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❜② t❛❦✐♥❣ ♠♦r❡ t❡r♠s✳ ■♥ ❢❛❝t✱ ✇❤❡♥ t❤❡ ♠❛t❤❡♠❛t✐❝✐❛♥ ❋❡✐❣❡♥❜❛✉♠ ♦❜s❡r✈❡❞ t❤✐s

s❡q✉❡♥❝❡✱ ❤❡ ❣✉❡ss❡❞ t❤❛t ✐t ✇❛s ❛♣♣r♦①✐♠❛t❡❧② ❣❡♦♠❡tr✐❝✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❞❡❢❡❝t

λ∞ − λn ≈ cδ−n

❢♦r s♦♠❡ ❝♦♥st❛♥ts c ❛♥❞ δ✳

■♥❞❡❡❞✱ t❤❡ r❛t✐♦

δ = lim
n→∞

λn − λn−1

λn+1 − λn

❡①✐sts✱ ❛♥❞ ❤❛s t❤❡ ✈❛❧✉❡

δ = 4.669201 . . .

❛♥❞ ✐t ✐s ❦♥♦✇♥ ❛s ❋❡✐❣♥❜❛✉♠✬s ✭✜rst ♦r ❞❡❧t❛✮ ❝♦♥st❛♥t✳ ✭c ❤❛s ❛ ✈❛❧✉❡ ♦❢ 2.637 . . .✮

▲❡t x⋆ ❜❡ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ f ✱ ✇❤✐❝❤ ❢♦r t❤❡ ❧♦❣✐st✐❝ ♠❛♣ ✐s x⋆ = 0.5✳ ❋♦r ❛♥② n✱ ✜♥❞

t❤❡ λ s✉❝❤ t❤❛t x⋆ ✐s ✐♥ t❤❡ 2n✲❝②❝❧❡✳ ◆♦✇ ❧❡t dn ❜❡ t❤❡ ✭s✐❣♥❡❞✮ ❞✐st❛♥❝❡ t♦ x⋆ ♦❢ t❤❡ ❝❧♦s❡st ♦t❤❡r

♣♦✐♥t ✐♥ t❤❡ 2n ❝②❝❧❡ ✲ t❤✐s ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ t✐♥❡s ✐♥ t❤✐s ❢♦r❦✳ ❚❤❡♥ t❤❡ ❋❡✐❣❡♥❜❛✉♠

r❡❞✉❝t✐♦♥ ♣❛r❛♠❡t❡r

α = lim
n→∞

dn
dn+1

❛❧s♦ ❡①✐sts✱ ✇✐t❤ t❤❡ ✈❛❧✉❡

α = −2.502907 . . .
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❆♠❛③✐♥❣❧②✱ ❋❡✐❣♥❜❛✉♠✬s ❝♦♥st❛♥ts δ ❛♥❞ α ❛r❡ ❝♦♠♠♦♥ t♦ ❛♥② ♣❡r✐♦❞✲❞♦✉❜❧✐♥❣ ♣r♦❝❡ss ❛r✐s✐♥❣ ✐♥

❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ✇❤✐❝❤ ❤❛s ❛ s✐♥❣❧❡ ❧♦❝❛❧❧② q✉❛❞r❛t✐❝ ♠❛①✐♠✉♠✳ ❖♥❡ ♠❛② t❤✐♥❦ ♦❢ t❤❡ δ

❝♦♥st❛♥t ❛s r❡♣r❡s❡♥t✐♥❣ ❛ ✉♥✐✈❡rs❛❧ s❝❛❧✐♥❣ ♣r♦♣❡rt② ✐♥ t❤❡ λ✲❞✐r❡❝t✐♦♥✱ ❛♥❞ α ✐♥ t❤❡ x✲❞✐r❡❝t✐♦♥✳ ❚❤✐s

s❤♦✇s t❤❛t s②st❡♠ ✐s ✐♥ ❢❛❝t ❛♣♣r♦①✐♠❛t❡❧② s❡❧❢✲s✐♠✐❧❛r ✐♥ t❤❡ r❡❛❧♠ ♦❢ ♣❡r✐♦❞✲❞♦✉❜❧✐♥❣✳

❚❤❡ r❡❣✐♦♥ ♦❢ ♣❡r✐♦❞ ❞♦✉❜❧✐♥❣ ❢♦r♠s ♦♥❧② ❛ s♠❛❧❧ ♣❛rt ♦❢ t❤❡ ❞✐❛❣r❛♠ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✺✳ ❆

s♦✲❝❛❧❧❡❞ s❛❞❞❧❡✲♥♦❞❡ ❜✐❢✉r❝❛t✐♦♥✱ ❛r✐s✐♥❣ ❢r♦♠ ❛ ❞✐✛❡r❡♥t s❤❛♣❡ ✐♥ t❤❡ ❣r❛♣❤ ♦❢ f3 t♦ ✇❤❛t ✇❡ st✉❞✐❡❞

❢♦r ♣❡r✐♦❞✲❞♦✉❜❧✐♥❣ ❜✐❢✉r❝❛t✐♦♥s ❢♦r f2✱ ♦❝❝✉rs ❛t 1 +
√
8 ≅ 3.828✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ♣❡r✐♦❞ ✸ ♦r❜✐t ❛t

t❤✐s ♣♦✐♥t✳

❍♦✇❡✈❡r✱ t❤❡ ❜❡❤❛✈✐♦✉r ✐s ❛❝t✉❛❧❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ s✐♠♣❧② ✐♥❝r❡❛s✐♥❣❧② ❝♦♠♣❧✐❝❛t❡❞ ♣❡r✐♦❞✐❝

str✉❝t✉r❡s ✲ t❤❡ ♦r❜✐t ♦❢ t❤❡ t❡st ♣♦✐♥t ❛♣♣❡❛rs t♦ ✜❧❧ ♦✉t t❤❡ ❡♥t✐r❡ ✐♥t❡r✈❛❧✳ ❚❤✐s ✐s t❤❡ ♦♥s❡t ♦❢ ❝❤❛♦s✱

t❤♦✉❣❤ ✐t ✐s ❤✐❣❤❧② str✉❝t✉r❡❞✱ ❛s t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ♠❛② ✜♥❞✳ ✭❖❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ❛r❡ t❤❡ ✇✐♥❞♦✇s

✇❤✐❝❤ ♦♣❡♥ ✇✐t❤ st❛❜❧❡ ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦✉r ♦❢ ♣❡r✐♦❞ ✸ ♦r ✼ ❡t❝✳ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♠♦❞❡ ❧♦❝❦✐♥❣ ✲

✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡s❡ ❡①♣❡r✐❡♥❝❡ ♣❡r✐♦❞ ❞♦✉❜❧✐♥❣ ❛s ✇❡❧❧✱ ❜❡❢♦r❡ r❡t✉r♥✐♥❣ ♦♥❝❡ ♠♦r❡ t♦ ❝❤❛♦s✳✮

❋✐❣✉r❡ ✸✳✶✺✿ ❇✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ❢♦r λ ∈ [3.4, 4]

✸✳✼ ✯ ❊①✐st❡♥❝❡ ❛♥❞ ❯♥✐q✉❡♥❡ss ♦❢ ❙♦❧✉t✐♦♥s

❲❡ ✇✐❧❧ ♥♦t ❣♦ ✐♥t♦ ❛♥② r❡❛❧ ❞❡t❛✐❧ ✐♥ t❤✐s ❝♦✉rs❡ ♦♥ t❤❡ ✈❛r✐♦✉s r❡s✉❧ts ♦♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢

s♦❧✉t✐♦♥s t♦ ❣❡♥❡r❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ❥✉st st❛t❡ t✇♦ ❦❡② r❡s✉❧ts ❦❡② r❡s✉❧t ❛♥❞ ♠♦✈❡ ♦♥✿

❚❤❡♦r❡♠ ✸✳✷✶ ✭P❡❛♥♦ ❡①✐st❡♥❝❡ t❤❡♦r❡♠✮✳ ❈♦♥s✐❞❡r ❛♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

y′ (t) = f (t, y (t)) , y (t0) = y0, t ∈ [t0 − ǫ, t0 + ǫ]

✼✵



❙✉♣♣♦s❡ f ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ y ❛♥❞ ❝♦♥t✐♥✉♦✉s ✐♥ t✳ ❚❤❡♥ ❢♦r s♦♠❡ ǫ > 0 t❤❡r❡ ❡①✐sts ❛

s♦❧✉t✐♦♥ y (t) t♦ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤✐♥ t❤❡ r❛♥❣❡ t ∈ [t0 − ǫ, t0 + ǫ]✳

❉❡✜♥✐t✐♦♥ ✸✳✷✷✳ ❆ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ g (x) ♦♥ t❤❡ r❡❛❧ ♥✉♠❜❡rs ✐s ❥✉st ❛ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ✐t ❵♥❡✈❡r ❝❤❛♥❣❡s t♦♦ ❢❛st✬ ✲ s♦ t❤❡r❡ ✐s ❛ K s✉❝❤ t❤❛t ❢♦r ❛♥② x

❛♥❞ y✱

|g (y)− g (x)| ≤ K |y − x|

❘❡♠❛r❦✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ f (t, y (t)) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ y✱ t❤❡♥ ✇❡ ❛r❡ ❛s❦✐♥❣ t❤❛t |∂f/∂y| ≤ K ❛t ❛❧❧

♣♦✐♥ts✳

❚❤❡♦r❡♠ ✸✳✷✸ ✭P✐❝❛r❞✲▲✐♥❞❡❧ö❢✮✳ ■❢ f ✐s ❛❧s♦ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ y✱ t❤❡♥ t❤✐s s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡✳

❨♦✉ ❝❛♥ ❝❤❡❝❦ t❤✐s r❡s✉❧t ❛❣❛✐♥st t❤❡ ❡①❛♠♣❧❡s ✐♥ s❡❝t✐♦♥ ✸✳✺ ✲ t❤❡ ♦♥❡s ✇❤✐❝❤ ❤❛✈❡ ❛ ♥♦♥✲✉♥✐q✉❡

s♦❧✉t✐♦♥ ✐♥ ❛♥② ✐♥t❡r✈❛❧ ❛r♦✉♥❞ ❛♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❞♦ ♥♦t s❛t✐s❢② t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳ ❋♦r ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✸✳✷✹✳ ❙♦❧✈❡ y′ = |y|1/2 ✭❞❡✜♥❡❞✱ s❛②✱ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✮✱ ❣✐✈❡♥ t❤❛t y (0) = 0✳

❚❤✐s ✐s ❝♦♥t✐♥✉♦✉s ✐♥ y ❛♥❞ t✱ ❜✉t ✇❡ ❝❛♥ ❡❛s✐❧② ❝♦♠❡ ✉♣ ✇✐t❤ t✇♦ t♦t❛❧❧② ❞✐✛❡r❡♥t s♦❧✉t✐♦♥s✿

y = 0 ❛♥❞ y = x2/4✳ ■♥ ❢❛❝t✱ ✇❡ ❝❛♥ ❝❤❛♥❣❡ t♦ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠ (x− C)
2
/4 ✇❤❡r❡✈❡r ✇❡ ❧✐❦❡✦

■♥❞❡❡❞✱ ♥♦t❡ t❤❛t
∂

∂y
|y|1/2 =

1

2
|y|−1/2 → ∞

❛s y → 0✱ s♦ t❤✐s ✐s ♥♦t ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♥❡❛r ✵✳
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✹ ❙❡❝♦♥❞✲❖r❞❡r ❊q✉❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♠♦✈❡ ♦♥ t♦ ❝♦♥s✐❞❡r s❡❝♦♥❞✲♦r❞❡r s②st❡♠s✱ ❣❡♥❡r❛❧✐③✐♥❣ t❡❝❤♥✐q✉❡s ✇❤❡r❡ ♣♦s✲

s✐❜❧❡✱ ❛♥❞ ✐♥tr♦❞✉❝✐♥❣ ♥❡✇ ♦♥❡s ✇❤❡r❡ ❛♣♣r♦♣r✐❛t❡✳ ❆s ❜❡❢♦r❡✱ ✇❡ ❜❡❣✐♥ ✇✐t❤ ❛ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡

s✐♠♣❧❡r ❝❛s❡ ♦❢ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✳

✹✳✶ ❈♦♥st❛♥t ❈♦❡✣❝✐❡♥ts

❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ s✉❝❤ ❛♥ ❡q✉❛t✐♦♥ ✐s

ay′′ + by′ + cy = f (x)

✇✐t❤ a, b, c ❝♦♥st❛♥ts✳

❚♦ s♦❧✈❡ t❤✐s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❜❛s✐❝ t✇♦✲st❛❣❡ ♣r♦❝❡❞✉r❡ ❛s ❜❡❢♦r❡✿

✭✐✮ ❋✐♥❞ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✭✉♥❢♦r❝❡❞✮ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥✱

ay′′ + by′ + cy = 0✳

✭✐✐✮ ❋✐♥❞ ❛ ♣❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧ s❛t✐s❢②✐♥❣ t❤❡ ❢♦r❝❡❞ ❡q✉❛t✐♦♥✳

❘❡♠❛r❦✳ ❆s ❜❡❢♦r❡✱ t❤✐s ❤❛s str♦♥❣ ❛♥❛❧♦❣✐❡s t♦ ✇❤❛t ✇❡ t❡❝❤♥✐❝❛❧❧② t❤✐♥❦ ♦❢ ❛s ❛✣♥❡ ✈❡❝t♦r s♣❛❝❡s✱

✇❤❡r❡ t❤❡r❡ ✐s s♦♠❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s s♣❛♥♥❡❞ ❜② t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s y1 ❛♥❞ y2 ❢♦✉♥❞ t♦ ❜❡ ❝♦♠♣❧❡✲

♠❡♥t❛r② ❢✉♥❝t✐♦♥s s♦ ❧♦♥❣ ❛s ✇❡ ♠♦✈❡ t❤❡ ♦r✐❣✐♥ t♦ s♦♠❡✇❤❡r❡ ❡❧s❡✱ ✉s✐♥❣ t❤❡ ♣❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧ yp✳

❚❤❡ ✐❞❡❛s ♦❢ ✈❡❝t♦r s♣❛❝❡s ✇✐❧❧ r❡❝✉r ✐♥ t❤✐s s❡❝t✐♦♥✳ ❆❧s♦✱ ✐♥ s❡❝t✐♦♥ ✹✳✸ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❣❡♦♠❡tr✐❝❛❧

❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ✈❡❝t♦r s♣❛❝❡✳

✹✳✶✳✶ ❚❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥

❘❡❝❛❧❧ t❤❛t eλx ✐s ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ♦❢ d/dx✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❛❧s♦ ♦❢ t❤❡ r❡♣❡❛t❡❞ ♦♣❡r❛t♦r

d2

dx2
≡ d

dx

(
d

dx

)

t❤♦✉❣❤ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❡✐❣❡♥✈❛❧✉❡✱ λ2✳

❆s ❛ r❡s✉❧t✱ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s ❛r❡ ♦❢ t❤❡ ❢♦r♠ yc = eλx✱ ❛♥❞ ❤❡♥❝❡ y′c = λyc✱ y
′′
c = λ2yc

❛♥❞ s♦

aλ2 + bλ+ c = 0

✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡ λ✳ ❚❤✐s ❤❛s t✇♦ s♦❧✉t✐♦♥s λ1 ❛♥❞ λ2 ✇❤✐❝❤ ♠❛② ❜❡

❡q✉❛❧✳

❙♦ ✇❡ ❤❛✈❡ t✇♦ s♦❧✉t✐♦♥s t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ♥❛♠❡❧②

y1 = eλ1x ❛♥❞ y2 = eλ2x

❖❢ ❝♦✉rs❡✱ ✐♥ t❤❡ ❝❛s❡ λ1 = λ2✱ t❤❡s❡ ❛r❡ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ♦♥❧② ❤❛✈❡ ♦♥❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠

✐♥ ♦✉r ❛tt❡♠♣t❡❞ s♦❧✉t✐♦♥ ♦❢ Ay1 + By2 ✲ ❝❧❡❛r❧②✱ ✇❡ ❛r❡ ♠✐ss✐♥❣ s♦♠❡t❤✐♥❣✳ ❖t❤❡r✇✐s❡✱ t❤♦✉❣❤✱ ✇❡

✼✷



❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♥♦t ♣r♦✈❡✿

❚❤❡♦r❡♠ ✹✳✶✳ ■❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s λ1 ❛♥❞ λ2 ❛r❡ ❞✐st✐♥❝t✱ t❤❡♥ y1 ❛♥❞ y2 ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t

❛♥❞ ❝♦♠♣❧❡t❡ ✲ t❤❛t ✐s✱ t❤❡② ❢♦r♠ ❛ ❜❛s✐s ♦❢ t❤❡ s♣❛❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥✳

❘❡♠❛r❦✳ ❆❣❛✐♥ ♥♦t❡ t❤❛t t❤✐s ✐s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ✈❡❝t♦r s♣❛❝❡s✳ ❆❧❧ ♦❢ t❤❡s❡ r❡s✉❧ts ❛r❡

str❛✐❣❤t❢♦r✇❛r❞❧② ❣❡♥❡r❛❧✐③❡❞ t♦ ❡q✉❛t✐♦♥s ♦❢ ❤✐❣❤❡r ♦r❞❡r ✐♥ t❤❡ ♥❛t✉r❛❧ ✇❛②✳

❚❤❡ ♠♦st ❣❡♥❡r❛❧ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞✐st✐♥❝t r♦♦ts ✐s t❤❡r❡❢♦r❡

yc = Aeλ1x +Beλ2x

❊①❛♠♣❧❡ ✹✳✷✳ ❙♦❧✈❡ 2y′′ + 3y′ + 1 = 0✳

▲♦♦❦✐♥❣ ❢♦r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠ eλx ✇❡ ✜♥❞

2λ2 + 3λ+ 1 = 0

λ =
−3±

√
32 − 4 · 2 · 1
2 · 2

=
−3± 1

4

= −1,−1

2

❚❤❡r❡❢♦r❡✱

y = e−x, e−x/2

❛r❡ ❜♦t❤ s♦❧✉t✐♦♥s ♦❢ t❤✐s ❢♦r♠✱ ❛♥❞ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s

y = Ae−x +Be−x/2

■♥ t❤❡ ❝❛s❡ t❤❛t λ1 ❛♥❞ λ2 ❤❛✈❡ ✐♠❛❣✐♥❛r② ♣❛rts✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ s♦❧✉t✐♦♥ ✐♥ ❛ ♠♦r❡ ❝♦♠♣r❡✲

❤❡♥s✐❜❧❡ ❢♦r♠ ❜② ✉s✐♥❣ ❊✉❧❡r✬s ❢♦r♠✉❧❛✿

❊①❛♠♣❧❡ ✹✳✸✳ ❙♦❧✈❡ y′′ + 2y′ + 5 = 0✳

❚❤✐s t✐♠❡✱ ✇❡ ❤❛✈❡

λ =
−2±

√
22 − 4 · 5
2

= −1±
√
−4

= −1± 2i
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❙♦ ✇❡ ❝❛♥ ✇r✐t❡

y = Ae2ix−x +Be−2ix−x

= e−x
[
Ae2ix +Be−2ix

]

= e−x [(A+B) cos 2x+ (A−B) i sin 2x]

= e−x [C cos 2x+D sin 2x]

❢♦r s♦♠❡ ✐♥ ❣❡♥❡r❛❧ ❝♦♠♣❧❡① C,D ∈ C✳ ❍♦✇❡✈❡r✱ ❝❧❡❛r❧② t❤❡② ✇✐❧❧ ❜❡ r❡❛❧ ❢♦r r❡❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳

❘❡♠❛r❦✳ ■♥ t❤✐s ❧❛st ❧✐♥❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ t✇♦ ❢✉♥❝t✐♦♥s e−x cos 2x ❛♥❞ e−x sin 2x ✇❤✐❝❤ ❛r❡ ❧✐♥❡❛r❧②

✐♥❞❡♣❡♥❞❡♥t ❛♥❞ t❤❡r❡❢♦r❡ ❢♦r♠ ❛ ❜❛s✐s ♦❢ t❤❡ ✉♥❢♦r❝❡❞ ❡q✉❛t✐♦♥ ❣✐✈❡♥✳ ❇✉t t❤❡② ❛r❡ ♥♦t ❡✐❣❡♥❢✉♥❝t✐♦♥s

♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r d/dx✱ ♦♥❧② ♦❢ t❤❡ ❣✐✈❡♥ ❧❡❢t✲❤❛♥❞ s✐❞❡✳

❋✐♥❛❧❧②✱ ❧❡t ✉s s❡❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❡q✉❛t✐♦♥ ✇❤❡r❡ t❤❡ t✇♦ r♦♦ts ❝♦✐♥❝✐❞❡✿

❊①❛♠♣❧❡ ✹✳✹ ✭❉❡❣❡♥❡r❛❝②✮✳ ❙♦❧✈❡ y′′ − 6y′ + 9y = 0✳

■♥ t❤✐s ❝❛s❡ ✇❡ ✜♥❞

λ2 − 6λ+ 9 = 0

(λ− 3)
2

= 0

s♦ t❤❛t λ1 = λ2 = 3 ❛♥❞ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s♦❧✉t✐♦♥✳ ❆s ❛ r❡s✉❧t✱ ✐t ✐s ❝❧❡❛r t❤❛t e3x ❛♥❞ e3x ❛r❡ ♥♦t

❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ ❛♥❞ ❛s ❛ r❡s✉❧t t❤❡② ❞♦ ♥♦t ❢♦r♠ ❛ ❜❛s✐s ✭❜❡❝❛✉s❡ ✇❡ ❛ss✉♠❡ t❤❡ s♣❛❝❡ ✐s t✇♦

❞✐♠❡♥s✐♦♥❛❧✱ s♦ t❤❡r❡ ♠✉st ❜❡ t✇♦ ❜❛s✐s ❢✉♥❝t✐♦♥s✮✳

✹✳✶✳✷ ❉❡t✉♥✐♥❣ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥s

❚❤❡ ✜rst ♠❡t❤♦❞ ✇❡ ✇✐❧❧ ✉s❡ t♦ s♦❧✈❡ t❤✐s ❡q✉❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ✇❡ ❡♠♣❧♦②❡❞ ✐♥ ❊①❛♠♣❧❡ ✸✳✶✵✱ ✇❤✐❝❤

❤❛❞ ❛♥ ❡q✉❛t✐♦♥ ❢♦r❝❡❞ ❜② ❛ r♦♦t ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ✲ ✇❡ ❢♦r♠ ❛ ❢❛♠✐❧② ♦❢ s❧✐❣❤t❧② ❞✐✛❡r❡♥t

✈❡rs✐♦♥ ♦❢ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ♣❛r❛♠❡tr✐③❡❞ ❜② s♦♠❡ s♠❛❧❧ ǫ ❛♥❞ t❤❡♥ ❧❡t ǫ → 0✳

❊①❛♠♣❧❡ ✹✳✺✳ ❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥s ❣✐✈❡♥ ❜②

y′′ − 6y′ +
(
9− ǫ2

)
y = 0

❚❤✐s ✇❛② ♦❢ ✐♥s❡rt✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ✐s s✐♠♣❧❡ t❤❡ ❡❛s✐❡st t♦ ❞❡❛❧ ✇✐t❤ ✐♥ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢

t❤❡ ❡q✉❛t✐♦♥ ❢♦r ǫ 6= 0✿ ✇❡ tr② y = eλx ❛♥❞ ✜♥❞ λ = 3± ǫ✳

❙♦

yc = Ae(3+ǫ)x +Be(3−ǫ)x

= e3x
(
Aeǫx +Be−ǫx

)

✼✹



◆♦✇ ❛s ❜❡❢♦r❡✱ ✇❡ t❛❦❡ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛❜♦✉t ǫ = 0 ✭♥♦t x✮ ❛♥❞ ✜♥❞

yc = e3x
[
A
(
1 + ǫx+O

(
ǫ2
))

+B
(
1− ǫx+O

(
ǫ2
))]

= e3x
[
(A+B) + ǫx (A−B) +O

(
Aǫ2, Bǫ2

)]

❚❤❡ ✐♠♣♦rt❛♥t ✐❞❡❛ ❛t t❤✐s ♣♦✐♥t ✐s t♦ ❝❤♦♦s❡ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥s ✭✈❛❧✉❡s ♦❢ A ❛♥❞ B✮ t❤❛t

✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❢♦r ❡❛❝❤ ǫ✳ ■♥ t❤✐s ❝❛s❡✱ ✐t s❡❡♠s ❧✐❦❡ ❛ ❣♦♦❞ ✐❞❡❛ t♦ ❤❛✈❡

A+B = α

ǫ (A−B) = β

s♦ t❤❛t α, β ❛r❡ t❤❡ t✇♦ ♥❡✇ ♣❛r❛♠❡t❡rs t❤❛t ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ❝❤♦♦s❡✳

❚❤❡♥

A =
1

2

(

α+
β

ǫ

)

= O

(
1

ǫ

)

❛s ǫ → 0

B =
1

2

(

α− β

ǫ

)

= O

(
1

ǫ

)

❛s ǫ → 0

s♦ t❤❛t t❡r♠s ❧✐❦❡ Aǫ2 = O (ǫ)✱ ❛♥❞ ❤❡♥❝❡ t❤❡ s♦❧✉t✐♦♥

yc = e3x (α+ βx+O (ǫ))

→ e3x (α+ βx) ❛s ǫ → 0

❙♦ ✇❡ ❛r❡ ✐♥❝❧✐♥❡❞ t♦ ❣✉❡ss t❤❛t t❤✐s t✇♦✲♣❛r❛♠❡t❡r ❢✉♥❝t✐♦♥ ✐s ✐♥ ❢❛❝t ❛ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝❛s❡

ǫ = 0✱ t❤♦✉❣❤ t❤✐s ✐s ♥♦t q✉✐t❡ ❛ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ t❤❡ ❢❛❝t✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝❤❡❝❦ ✐t✱ ✇❡ r❡❛❞✐❧② s❡❡ t❤❛t

❜♦t❤ e3x ❛♥❞ xe3x ❛r❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

❘❡❝❛❧❧ ❢r♦♠ s❡❝t✐♦♥ ✸✳✸✳✹ ♦♥ r❡s♦♥❛♥t ❢♦r❝✐♥❣ t❡r♠s t❤❛t ✐❢ eλx s♦❧✈❡s ❛ s✐♠✐❧❛r ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥✱

t❤❡♥ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ✇✐t❤ ❢♦r❝✐♥❣ t❡r♠ f (x) = ceλx ✐s

yp = dxeλx

■t s❡❡♠s ✇❡ ❤❛✈❡ ❛ s✐♠✐❧❛r r❡s✉❧t ❤❡r❡✿ ♣❡r❤❛♣s ❛❧❧ r❡♣❡❛t❡❞ r♦♦ts ❛r❡ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛♥ ❡①♣♦♥❡♥t✐❛❧

s♦❧✉t✐♦♥ ✇✐t❤ ❛♥ ❛❞❞❡❞ ❢❛❝t♦r ♦❢ x ✐♥ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥✳ ■♥❞❡❡❞✱ t❤✐s ✐s ❛❧✇❛②s t❤❡ ❝❛s❡ ✭s❡❡

s❡❝t✐♦♥ ✻✳✸✮✳

✹✳✶✳✸ ❘❡❞✉❝t✐♦♥ ♦❢ ♦r❞❡r

❲❤❡♥ ✇❡ ❤❛✈❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥ ♦❢ ❞❡❣r❡❡ n✱ ❛♥❞ ✇❡ ❦♥♦✇ ❛ ❢❛❝t♦r (x− λ1)✱ ✇❡ ❢❛❝t♦r ♦✉t t❤✐s

t❡r♠ t♦ ❣❡t ❛ s✐♠♣❧❡r ❡q✉❛t✐♦♥ ♦❢ ❞❡❣r❡❡ n − 1✳ ❨♦✉ ♠✐❣❤t ❤❛✈❡ ✇♦♥❞❡r❡❞ ✐❢ ✇❡ ❝♦✉❧❞ ❞♦ s♦♠❡t❤✐♥❣

s✐♠✐❧❛r ✐♥ t❤❡ ❛♥❛❧♦❣♦✉s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇❤❡♥ ✇❡ ❦♥♦✇ ♦♥❡ s♦❧✉t✐♦♥✳

■♥ t✉r♥s ♦✉t t❤❛t ❢♦r t❤❡ ❛♥❛❧♦❣♦✉s ❝❛s❡ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s✱ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✇❡ ❝❛♥ ❞♦

✼✺



❡①❛❝t❧② t❤❛t✳ ■t ✐s ❝❛❧❧❡❞ t❤❡ ♠❡t❤♦❞ ♦❢ r❡❞✉❝t✐♦♥ ♦❢ ♦r❞❡r✳

❆ss✉♠❡ t❤❛t y1 ✐s ❛ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ s♦❧✈✐♥❣

ay′′ + by′ + c = 0

❚❤❡♥ ✇❡ ✇✐❧❧ ❧♦♦❦ ❢♦r ❛♥♦t❤❡r s♦❧✉t✐♦♥ y2 ❣✐✈❡♥ ❜②

y2 (x) = v (x) y1 (x)

❲❡ ✐❣♥♦r❡ ❢♦r t❤❡ ♠♦♠❡♥t ❝♦♠♣❧✐❝❛t✐♦♥s ❧✐❦❡ t❤❡ ❢❛❝t t❤❛t y1 (x0) = 0 ✇♦✉❧❞ ❣✉❛r❛♥t❡❡ y2 (x) = 0✳

◆♦✇ s✐♥❝❡ y2 ✐s ❛♥♦t❤❡r s♦❧✉t✐♦♥ t♦ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ❤❛✈❡

0 = a (vy1)
′′
+ b (vy1)

′
+ c (vy1)

= (ay′′1 + by′1 + cy1) v + (2ay′1 + by1) v
′ + (ay1) v

′′

= (2ay′1 + by1) v
′ + (ay1) v

′′

=

(

2a
y′1
y1

+ b

)

v′ + av′′

◆♦✇ s✐♥❝❡ v ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤✐s ❡q✉❛t✐♦♥ ✲ ②♦✉ ❝❛♥ s❡❡ ✐t ♠✉st ❛❧✇❛②s ❝❛♥❝❡❧✱ ❡✈❡♥ ❢♦r ❤✐❣❤❡r

♦r❞❡r ❡q✉❛t✐♦♥s ✲ t❤✐s ✐s ❛❝t✉❛❧❧② ❛ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥ ❢♦r v′✳ ❙♦ ✐❢ ✇❡ s♦❧✈❡ ❛ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥✱ t❤❡♥

✇❡ ❞❡t❡r♠✐♥❡ v′✱ ❛♥❞ ❤❡♥❝❡ v ✉♣ t♦ ❛ ❝♦♥st❛♥t ❛❞❞✐t✐✈❡ ❢❛❝t♦r✱ ✇❤✐❝❤ ♠❛❦❡s s❡♥s❡ ❜❡❝❛✉s❡ (v + C) y1

✐s ♦❜✈✐♦✉s❧② ❛ s♦❧✉t✐♦♥ ✐❢ vy1 ✐s✳

■❢ y1 = eλx t❤❡♥ ✇❡ ❤❛✈❡

(2aλ+ b) v′ + av′′ =
d

dx
[(2aλ+ b) v + av′] = 0

av′ + (2aλ+ b) v = C

❚❤❡♥ ✐❢ λ ✐s ❛ r❡♣❡❛t❡❞ r♦♦t✱ ✇❡ ❤❛✈❡ λ = −b/2a s♦ t❤✐s ❣✐✈❡s

av′ = C

v = Dx (+E)

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥

y2 = (Dx+ E) eλx

❚❤✐s t❡❝❤♥✐q✉❡ ❝❛♥ ❛❝t✉❛❧❧② ❜❡ ❛♣♣❧✐❡❞ ♠♦r❡ ❣❡♥❡r❛❧❧② ✇❤❡♥ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✳

✹✳✷ P❛rt✐❝✉❧❛r ■♥t❡❣r❛❧s ❛♥❞ P❤②s✐❝❛❧ ❙②st❡♠s

✹✳✷✳✶ ❘❡s♦♥❛♥❝❡

▼♦st ♦❢ t❤❡ ✐❞❡❛s ❛❜♦✉t ♣❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧s ❝❛rr② str❛✐❣❤t ♦✈❡r ❢r♦♠ t❤❡ ✜rst✲♦r❞❡r ❝❛s❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

t❛❜❧❡ ❣✐✈❡s t❤❡ r✉❧❡s ♦❢ t❤✉♠❜ ❢♦r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✿

✼✻



❋♦r❝✐♥❣ t❡r♠ f (x) ●✉❡ss ❢♦r ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ yp (x)

emx Aemx

sin kx✱ cos kx A sin kx+B cos kx

p (x) = pnx
n + · · ·+ p1x+ p0 q (x) = qnx

n + · · ·+ q1x+ q0

❘❡♠❡♠❜❡r t❤❛t ❢♦r ❧✐♥❡❛r ❡q✉❛t✐♦♥s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❢♦r❝✐♥❣ t❡r♠s ♦♥❡ ❛t ❛ t✐♠❡✱ s✉♣❡r♣♦s✐♥❣ ✭✐✳❡✳

❛❞❞✐♥❣ t♦❣❡t❤❡r✮ t❤❡ r❡s✉❧t✐♥❣ s♦❧✉t✐♦♥s✳

❆❣❛✐♥✱ ✇❡ ♠✉st ❝♦♥s✐❞❡r ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ ✇❡ ❣❡t ❢♦r❝✐♥❣ ♣r♦♣♦rt✐♦♥❛❧ t♦ ❛ ❝♦♠♣❧❡♠❡♥t❛r②

❢✉♥❝t✐♦♥✳ ❋r♦♠ ♣❛st ❡①♣❡r✐❡♥❝❡✱ ✇❡ ❡①♣❡❝t t♦ ❣❡t ❛♥ ❛❞❞✐t✐♦♥❛❧ ❢❛❝t♦r ♦❢ x ♠✉❧t✐♣❧②✐♥❣ ❛♥② s✉❝❤

❡✐❣❡♥❢✉♥❝t✐♦♥✱ ❛♥❞ t❤✐s ✐s r♦✉❣❤❧② ✇❤❛t ❤❛♣♣❡♥s✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ✇❡ ❝❛♥ ❞❡t✉♥❡ ❡q✉❛t✐♦♥s t♦

♠❛❦❡ ❡❞✉❝❛t❡❞ ❣✉❡ss❡s ❛t t❤❡ ❢♦r♠ ♦❢ s♦❧✉t✐♦♥s✱ ❛♥❞ ✇❡ ✇✐❧❧ s❡❡ ✐♥ s❡❝t✐♦♥ ✹✳✹ ♦♥❡ ♥❡✇ ✇❛② ♦❢ ♦❜t❛✐♥✐♥❣

t❤❡s❡ r❡s✉❧ts ✇✐t❤♦✉t ❣✉❡ss✇♦r❦✱ ❜✉t ❢♦r ♥♦✇ ❧❡t ✉s s✐♠♣❧② ♥♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦❛❝❤ ✇♦r❦s✿

❊①❛♠♣❧❡ ✹✳✻✳ ❙♦❧✈❡ y′′ − 2y′ + y = ex + xex✳

■♥ t❤✐s ❝❛s❡✱ ✇❡ ❦♥♦✇ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ex ❛♥❞

xex✱ s♦ ❜♦t❤ ❢♦r❝✐♥❣ t❡r♠s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ ❡✐❣❡♥❢✉♥❝t✐♦♥s✳

▲❡t ✉s tr② ❛♥❞ ❞❡❛❧ ✇✐t❤ t❤❡ ex t❡r♠ ✜rst ✲ ❝❧❡❛r❧②✱ ✇❡ ❦♥♦✇ t❤❛t ❛ ❣✉❡ss ♦❢ t❤❡ ❢♦r♠ aex ✇✐❧❧

♥♦t ✇♦r❦✱ ❜✉t ❛❧s♦ t❤❛t axex ✇✐❧❧ ♥♦t ❡✐t❤❡r✳ ❙♦ tr② yp = ax2ex ✲ ✐t t✉r♥s ♦✉t t❤❛t t❤✐s ❞♦❡s ✐♥❞❡❡❞

✇♦r❦✿

y′′p − 2y′p + yp = · · · = 2aex

❙✐♠✐❧❛r❧②✱ ✐t t✉r♥s ♦✉t t❤❛t yp = ax3ex ❣✐✈❡s

y′′p − 2y′p + yp = · · · = 6axex

❚❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ❝❛s❡✱ ❤♦✇❡✈❡r✱ ✐s ✇❤❡♥ ❛ s②st❡♠ ✇❤✐❝❤ ✇♦✉❧❞ ♥♦r♠❛❧❧② ♦s❝✐❧❧❛t❡ ❛t s♦♠❡

❢r❡q✉❡♥❝② ω0 ✐s ❢♦r❝❡❞ ❛t t❤❛t s❛♠❡ ❢r❡q✉❡♥❝②❀ t❤✐s r❡s✉❧ts ✐♥ ❛ ♣❤❡♥♦♠❡♥♦♥ ❝❛❧❧❡❞ r❡s♦♥❛♥❝❡✳ ❇❡❝❛✉s❡

♦❢ t❤❡ ❤✐❣❤❧② ♣❤②s✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥s y (t) ✈❛r②✐♥❣ ✐♥ t✐♠❡ ✇✐t❤

❞❡r✐✈❛t✐✈❡s ẏ ❛♥❞ ÿ✳

❈♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥

ÿ + ω2
0y = 0

❚❤✐s ❤❛s t❤❡ s✐♠♣❧❡ s♦❧✉t✐♦♥

y = A sinω0t+B cosω0t

❚❤❡ q✉❡st✐♦♥ ✐s✿ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❛❞❞ ❛ ❢♦r❝✐♥❣ t❡r♠ ♦❢ sinω0t❄

❲❡ ❝♦✉❧❞ ❧❡❛♣ str❛✐❣❤t ✐♥ ❛♥❞ ❣✉❡ss t❤❛t t❤❡r❡ ✐s ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ❝♦♥t❛✐♥✐♥❣ ❛ t❡r♠

❧✐❦❡ t sinω0t✱ ❛♥❞ ♣♦ss✐❜❧② ❛❧s♦ t cosω0t✱ ❜✉t s✐♥❝❡ ✐t ✐s ✉s❡❢✉❧ t♦ s❡❡ ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ s②st❡♠ ✐s

❢♦r❝❡❞ ❛t ❢r❡q✉❡♥❝✐❡s ♥♦t q✉✐t❡ ❡q✉❛❧ t♦ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ω0✱ ✇❡ ✇✐❧❧ ♣r♦❝❡❡❞ ♦♥❝❡ ♠♦r❡ ❜② t❤❡

♠❡t❤♦❞ ♦❢ ❞❡t✉♥✐♥❣✳

❖✉r ❡q✉❛t✐♦♥ ❤❛s t❤❡ ❢♦r♠

ÿ + ω2
0y = sinωt ω 6= ω0

✼✼



t

y

❋✐❣✉r❡ ✹✳✶✿ ❉✐❛❣r❛♠ ♦❢ ♥❡❛r✲r❡s♦♥❛t✐♥❣ s✐♥✉s♦✐❞❛❧ ♦s❝✐❧❧❛t✐♦♥s✱ ❞✐s♣❧❛②✐♥❣ ❜❡❛t✐♥❣

❖✉r ❣✉❡ss ❢♦r ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥✱ t❤❡♥✱ ✐s ❛❝❝♦r❞✐♥❣❧② ♦♥❡ ✇✐t❤ sinωt ❛♥❞ cosωt✳ ■♥ ❢❛❝t✱ ✇❡

❛♥t✐❝✐♣❛t❡ t❤❛t cosωt ✇✐❧❧ ♥♦t ❛♣♣❡❛r✱ s✐♥❝❡ t❤❡r❡ ✐s ♥♦ ẏ t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭②♦✉ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦

t❤✐s✮✳

❇✉t s✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛❞❥✉st✐♥❣ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ t♦ ❧♦♦❦ ♠♦r❡ ❛♥❞ ♠♦r❡ ❧✐❦❡ ❛

s♦❧✉t✐♦♥ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ❝❛♥ ❛❝t✉❛❧❧② s✉❜tr❛❝t t❤❡ ♠♦st s✐♠✐❧❛r s✉❝❤ s♦❧✉t✐♦♥ ❢r♦♠

t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥✳ ❚❤❡♥ ♦✉r ❣✉❡ss ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ✐s

yp = C [sinωt− sinω0t]

ÿp = C
[
−ω2 sinωt+ ω2

0 sinω0t
]

❛♥❞ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❣❡t

C
(
ω2
0 − ω2

)
= 1

✇❤✐❝❤ ❧❡❛✈❡s ✉s ✇✐t❤

yp =
sinωt− sinω0t

ω2
0 − ω2

❲❡ ✇❛♥t t♦ r❡✇r✐t❡ t❤✐s ✐♥ t❡r♠s ♦❢ ∆ω = ω0 − ω✱ s♦ ✇❡ ✉s❡ ♦♥❡ ♦❢ t❤❡ tr✐❣♦♥♦♠❡tr✐❝ ✐❞❡♥t✐t✐❡s ❢♦r

s✉♠s ♦❢ s✐♥❡ ❢✉♥❝t✐♦♥s t♦ ❣❡t

yp =
2

(ω0 + ω)∆ω

[

cos
ωt+ ω0t

2
sin

ωt− ω0t

2

]

=
−1

(
ω0 − ∆ω

2

)
∆ω

[

cos

(

ω0 −
∆ω

2

)

t · sin ∆ω

2
t

]

❚❤✐s ✇❛② ♦❢ ❡①♣r❡ss✐♥❣ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ♥❡❛t❧② s✉♠♠❛r✐③❡s ♠♦st ♦❢ ✐ts ♣r♦♣✲

❡rt✐❡s✳

• ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ s✐♥✉s♦✐❞❛❧ ❢✉♥❝t✐♦♥s ✐s ❛❧✇❛②s ❜♦✉♥❞❡❞ ❜② ✶✱ s♦ t❤❡ ♠❛①✐♠✉♠ ♠❛❣♥✐t✉❞❡

♦❢ t❤✐s s♦❧✉t✐♦♥ ✐s r♦✉❣❤❧② 1/ (ω0∆ω)✱ ✇❤✐❝❤ ❣r♦✇s r❛♣✐❞❧② ❛s ∆ω → 0✳

• ❚❤❡r❡ ✐s ❛♥ ✉♥❞❡r❧②✐♥❣ s✐♥✉s♦✐❞❛❧ ♦s❝✐❧❧❛t✐♦♥ ♦❢ ❢r❡q✉❡♥❝② (ω0 −∆ω/2) ≅ ω0✱ ❥✉st ❛s ✐♥ t❤❡

❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥✳

✼✽



t

y

❋✐❣✉r❡ ✹✳✷✿ ❉✐❛❣r❛♠ ♦❢ ❡✈❡♥t✉❛❧ ❧✐♥❡❛r ❣r♦✇t❤

• ❚❤❡r❡ ✐s ❛♥ ❡♥✈❡❧♦♣❡ ♦❢ ❛ s✐♥✉s♦✐❞❛❧ ❢✉♥❝t✐♦♥ ✇✐t❤ ❢r❡q✉❡♥❝② ∆ω/2 → 0✱ ❛♥❞ ❤❡♥❝❡ ♣❡r✐♦❞

2/∆ω → ∞✳

❆s ❛ r❡s✉❧t✱ ✇❤❡♥ ✇❡ ❢♦r❝❡ t❤❡ s②st❡♠ ❛t ❝❧♦s❡ t♦ ✐ts ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②✱ ✇❡ ♦❜s❡r✈❡ ✇❤❛t ✐s t❡r♠❡❞

❜❡❛t✐♥❣✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✳ ❚❤✐s ♠♦❞✉❧❛t✐♦♥ ♦❢ ❛♠♣❧✐t✉❞❡ ✐s ❝❧❡❛r❧② ❛✉❞✐❜❧❡ ✐♥ s♦♠❡ ❛✉❞✐♦ s❡t✉♣s✳

❲❡ ❝❛♥ ❛❧s♦ s❡❡ ✇❤❛t ❤❛♣♣❡♥s ❛s ∆ω → 0 ✲ t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ❡♥✈❡❧♦♣❡ ❢✉♥❝t✐♦♥ t❡♥❞s t♦

✐♥✜♥✐t②✱ ❛♥❞ ✐ts s❤❛♣❡ t❡♥❞s t♦✇❛r❞s t❤❡ ✜①❡❞ ❧✐♥❡❛r ❝♦♥❡ s❤♦✇♥ ❛s ❞❛s❤❡❞ ❧✐♥❡s ✐♥ t❤❡ ✜❣✉r❡ ✲ ❡①❛❝t❧②

❛s ❡①♣❡❝t❡❞✳ ❚❤✐s ❧✐♠✐t✐♥❣ ❝❛s❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✷✳

▼❛t❤❡♠❛t✐❝❛❧❧② s♣❡❛❦✐♥❣✱ ❛s ∆ω → 0 ✇❡ ❣❡t

yp (t) → − 1

ω0
(cosω0t) ·

(
∆ω
2 t

∆ω

)

= − t

2ω0
cosω0t

❘❡♠❛r❦✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♦s❝✐❧❧❛t✐♦♥ ❤❡r❡ ✐s ❣❡♥❡r❛❧❧② ❧✐❦❡ cosω0t ✲ t❤✐s ✐s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ♣❤❡♥♦♠❡♥♦♥

✐♥ ❢♦r❝❡❞ ♦s❝✐❧❧❛t♦rs✿ t❤❡② ♦❢t❡♥ ♦s❝✐❧❧❛t❡ ♦✉t ♦❢ ♣❤❛s❡ ✇✐t❤ t❤❡ ❞r✐✈✐♥❣ ❢♦r❝❡✳

✼✾



✹✳✷✳✷ ❉❛♠♣❡❞ ♦s❝✐❧❧❛t♦rs

■♥ t❤❡ ❧❛st s✉❜s❡❝t✐♦♥✱ ✇❡ s❛✇ ❤♦✇ ♣❤②s✐❝❛❧ s②st❡♠s ✇❤✐❝❤ ✇♦✉❧❞ ♥❛t✉r❛❧❧② ♦s❝✐❧❧❛t❡ ✐♥❞❡✜♥✐t❡❧② ❝❛♥ ❜❡✲

❤❛✈❡✳ ❖❢t❡♥✱ ❤♦✇❡✈❡r✱ ♣❤②s✐❝❛❧ s②st❡♠s ❤❛✈❡ s♦♠❡ s♦rt ♦❢ ❞❛♠♣✐♥❣ ❢♦r❝❡ ✇❤✐❝❤ r❡str✐❝ts t❤✐s ❜❡❤❛✈✐♦✉r✱

❝❛✉s✐♥❣ t❤❡ s②st❡♠ t♦ ❡✈❡♥t✉❛❧❧② ❝♦♠❡ t♦ r❡st ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ❞r✐✈✐♥❣ ❢♦r❝❡✳ ❚❤❡ ❢♦r❝❡ ❧❡❛❞✐♥❣ t♦

♦s❝✐❧❧❛t✐♦♥ ✐s t❤❡ s♦✲❝❛❧❧❡❞ r❡st♦r✐♥❣ ❢♦r❝❡✱ ✇❤✐❝❤ ❛❧✇❛②s ❵♣♦✐♥ts t♦✇❛r❞s t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥✬✳

▲❡t✬s s❡❡ ✇❤❛t ✇❡ ♠❡❛♥ ❜② t❤✐s✳ ■♠❛❣✐♥❡ ❛ ♠❛ss M ❛tt❛❝❤❡❞ t♦ ❛ s♣r✐♥❣✱ ✇❤✐❝❤ ❡①❡rts ❛ ❢♦r❝❡

♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❡①t❡♥s✐♦♥ ❢r♦♠ ✐ts ♥❛t✉r❛❧ ❧❡♥❣t❤✳ ❲r✐t❡ x ❢♦r t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛ss✱ ❝❤♦♦s✐♥❣

t❤❡ ♦r✐❣✐♥ x = 0 t♦ ❜❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦ t❤❛t t❤❡ s♣r✐♥❣ ❡①❡rts ❛ ❢♦r❝❡ Fs = −kx ♦♥ t❤❡ ♠❛ss ✭k ✐s

t❤❡ s♣r✐♥❣ ❝♦♥st❛♥t✮✳ ❲❡ ❝❛♥ ❢♦r❝❡ t❤❡ s♣r✐♥❣ ✇✐t❤ s♦♠❡ ❢♦r❝❡ F (t) ✐❢ ✇❡ ❧✐❦❡✳

❆t t❤❡ ♠♦♠❡♥t✱ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ ❣✐✈❡♥ ❜② ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇✱ ✐s

Mẍ = −kx+ F (t)

Mẍ+ kx = F (t)

✇❤✐❝❤ ✐s✱ ❛s ✇❡ ❦♥♦✇✱ ❛ ❢♦r❝❡❞ s✐♠♣❧❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✳

◆♦✇ s✉♣♣♦s❡ ✇❡ r❡str✐❝t t❤❡ ♠♦t✐♦♥ ❜② ❛❞❞✐♥❣ ❛ ❞❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠✱ ❧✐❦❡ ❛ s❤♦❝❦ ❛❜s♦r❜❡r ✐♥

❛ ❝❛r✳ ▲❡t ✉s ✐♠❛❣✐♥❡✱ ❢♦r ❛ ❝♦♥❝r❡t❡ ❡①❛♠♣❧❡✱ t❤❛t t❤❡ ♠♦t✐♦♥ ❢♦r❝❡s ❛ ♣✐st♦♥ t♦ ♠♦✈❡ t❤r♦✉❣❤ ♦✐❧✱

❡①❡rt✐♥❣ ❛ ❢♦r❝❡ ♦❢ ♠❛❣♥✐t✉❞❡ |lẋ| ♦♣♣♦s✐♥❣ t❤❡ ♠♦t✐♦♥ ❞✉❡ t♦ t❤❡ ♦✐❧✬s ✈✐s❝♦s✐t②✳

❚❤❡ ♥❡✇ ❡q✉❛t✐♦♥ ✐s

ẍ+
l

M
ẋ+

k

M
x =

F (t)

M

❖♥ ♣❤②s✐❝❛❧ ❣r♦✉♥❞s✱ ❢♦r t❤❡ ✉♥❢♦r❝❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ❡①♣❡❝t ❜❡❤❛✈✐♦✉r r♦✉❣❤❧② s✐♠✐❧❛r

t♦ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✱ ✇✐t❤ s♦♠❡ s♦rt ♦❢ ❞❡❝❛② ♦✈❡r t✐♠❡ ✭❢♦r ❡①❛♠♣❧❡✱ ❜② ❝♦♥s✐❞❡r✐♥❣ ❡♥❡r❣② ❧♦st

❞♦✐♥❣ ✇♦r❦ ♦♥ t❤❡ ♦✐❧✮✳ ■♥ ❢❛❝t✱ ✇❡ ❝♦✉❧❞ s♦❧✈❡ t❤✐s ❞✐r❡❝t❧② ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ❛✈❛✐❧❛❜❧❡ t♦ ✉s✳

❍♦✇❡✈❡r✱ ✐t ✐s ✉s❡❢✉❧ t♦ ♣❛r❛♠❡t❡r✐③❡ t❤❡ s②st❡♠ ♠♦r❡ ❝♦♥❝✐s❡❧②✳ ❲❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❡❡

♣❛r❛♠❡t❡rs ❜② ✜rst r❡s❝❛❧✐♥❣ t✐♠❡ ✈✐❛

t =

√

M

k
τ

t♦ ❡❧✐♠✐♥❛t❡ t❤❡ t❡r♠ ♠✉❧t✐♣❧②✐♥❣ x✱ ❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡

d2x

dτ2
+ 2κ

dx

dτ
+ x = f (τ)

✇❤❡r❡

κ =
l

2
√
kM

❛♥❞ f =
F

k

❚❤✐s ✇❛② ♦❢ ❡①♣r❡ss✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡

s♦❧✉t✐♦♥ ❛r❡ ❝♦♥tr♦❧❧❡❞ ❡♥t✐r❡❧② ❜② t❤❡ ♣❛r❛♠❡t❡r κ ✭t❤❡ s②st❡♠ t❤❡♥ ♥❡❡❞s t♦ ❜❡ r❡s❝❛❧❡❞ ✐♥ t✐♠❡ t♦

❛❝❝♦✉♥t ❢♦r t❤❡ t → τ ♠❛♣✮✳

✽✵



Τ

x

❋✐❣✉r❡ ✹✳✸✿ ▲✐❣❤t❧② ❞❛♠♣❡❞ ♦s❝✐❧❧❛t♦r

❲❡ ✇✐❧❧ ✜rst r❡str✐❝t ♦✉r ❛♥❛❧②s✐s t♦ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✉♥❞❛♠♣❡❞ s②st❡♠✱ f = F = 0✳

x′′ + 2κx′ + x = 0

❚r②✐♥❣ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠ eλτ ❣✐✈❡s ✉s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥

λ2 + 2κλ+ 1 = 0

λ = −κ±
√

κ2 − 1

= λ1, λ2

❚❤✐s ♥❛t✉r❛❧❧② s♣❧✐ts ✐♥t♦ t❤r❡❡ ❞✐✛❡r❡♥t ❝❛s❡s✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ s❡♣❛r❛t❡❧②✳

▲✐❣❤t❧② ❞❛♠♣❡❞ ♦s❝✐❧❧❛t♦r ■♥ t❤❡ ❝❛s❡ κ < 1✱ ✇❡ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠

x = e−κt
(

A sin
(√

1− κ2τ
)

+B cos
(√

1− κ2τ
))

❲❡ ❝❛❧❧ t❤✐s ❛ ❞❛♠♣❡❞ ♦s❝✐❧❧❛t♦r ✿ ✇❡ ❝❛♥ s❡❡ ✐t ♦s❝✐❧❧❛t❡s ❛t ❛ ❝♦♥st❛♥t ❢r❡q✉❡♥❝②✱ ❜✉t ✇✐t❤ ❛♥

❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝❛②✐♥❣ ❛♠♣❧✐t✉❞❡✳ ❆♥ ❡①❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✸✳

❚❤❡ ♣❡r✐♦❞ ♦❢ ♦s❝✐❧❧❛t✐♦♥ ✐s

Tτ =
2π√
1− κ2

T =
2π

√

1− l2

4kM

·
√

M

k

=
4πM√

4kM − l2

✽✶



Τ

x

❋✐❣✉r❡ ✹✳✹✿ ❈r✐t✐❝❛❧❧② ❞❛♠♣❡❞ ♦s❝✐❧❧❛t♦r

❛♥❞ t❤❡ ❞❡❝❛② t✐♠❡✱ ♦r t✐♠❡ t❛❦❡♥ t♦ r❡❛❝❤ s♦♠❡ s♣❡❝✐✜❝ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❛♠♣❧✐t✉❞❡✱ ✐s

O

(
1

κ

)

✇✐t❤ ❛ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ✭♦r e✲❢♦❧❞✐♥❣ t✐♠❡✱ t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ r❡❛❝❤ ❛♥ ❛♠♣❧✐t✉❞❡ ❡q✉❛❧ t♦ e−1 t✐♠❡s

t❤❡ ♦r✐❣✐♥❛❧ ❛♠♣❧✐t✉❞❡✮ ♦❢

τ =
1

κ

t =

√

M

k
· 1
κ

=

√

M

k
· 2

√
kM

l

=
2M

l

✭❆ r❡❧❛t❡❞ q✉❛♥t✐t②✱ t❤❡ Q✲❢❛❝t♦r✱ ✐s ❣✐✈❡♥ ❜② 1
2κ ✳✮

◆♦t❡ t❤❛t ❛s κ → 1✱ t❤❡ ♦s❝✐❧❧❛t✐♦♥ ♣❡r✐♦❞ t❡♥❞s t♦ ∞✳ ❚❤✐s ❣✐✈❡s ✉s s♦♠❡ ✐♥❞✐❝❛t✐♦♥ ♦❢ ✇❤❛t t♦

❡①♣❡❝t ✐♥ t❤❡ ♥❡①t ❝❛s❡✳

❈r✐t✐❝❛❧ ❞❛♠♣✐♥❣ ❍❡r❡✱ t❤❡ s♦❧✉t✐♦♥ ✐s

x = (A+Bτ) e−κτ

✇❤❡r❡ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ A ❛♥❞ B ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✿

x (0) = A

x′ (0) = B − κA

✽✷



Τ

x

❋✐❣✉r❡ ✹✳✺✿ ❖✈❡r✲❞❛♠♣❡❞ ♦s❝✐❧❧❛t♦r

s♦

A = x (0)

B = x′ (0) + κx (0)

✇❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡ x′ (0) ✐s ✇✐t❤ r❡s♣❡❝t t♦ τ ✭♥♦t t✮✳

❚❤✐s s♦❧✉t✐♦♥ ❞❡❝❛②s t♦ ✵ ♠♦st r❛♣✐❞❧②✱ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ κ✳

◆♦t❡ t❤❛t ✐t ❞✐s♣❧❛②s t✇♦ ♠❛✐♥ ❦✐♥❞s ♦❢ ❜❡❤❛✈✐♦✉r✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✹ ✲ ❛ss✉♠✐♥❣ ✇✐t❤♦✉t ❧♦ss

♦❢ ❣❡♥❡r❛❧✐t② t❤❛t x (0) > 0✱ ❡✐t❤❡r B ≥ 0 ❛♥❞ t❤❡ s②st❡♠ ❞❡❝❛②s ❡ss❡♥t✐❛❧❧② ❡①♣♦♥❡♥t✐❛❧❧② t♦ ✵ ✭✇✐t❤

❛♥ ✐♥✐t✐❛❧ ❞❡❝❡❧❡r❛t✐♦♥ ✐❢ x′ (0) > 0✮✱ ♦r x′ (0) < 0❀ ♦r B < 0✱ ❛♥❞ t❤❡ s②st❡♠ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥

♦♥❝❡ ❜❡❢♦r❡ ❣r❛❞✉❛❧❧② ❞❡❝❛②✐♥❣ ❝♦♠✐♥❣ t♦ r❡st ❢r♦♠ t❤❡ ♥❡❣❛t✐✈❡ ❞✐r❡❝t✐♦♥✳

❚❤❡ ❞❡❝❛② t✐♠❡ r❡♠❛✐♥s ✐♥ t❡r♠s ♦❢ τ ✐s st✐❧❧ O (1/κ)✱ ❛♥❞ ❛❧s♦ t❤❡ t✐♠❡ t♦ t❤❡ ♣❡❛❦ ✐s O (1/κ)✳

❖✈❡r ❞❛♠♣✐♥❣ ❚❤❡ ✜♥❛❧ ❝❛s❡ ❤❛s ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥

x = Aeλ1τ +Beλ2τ

= e−κτ
[

Ae
√
κ2−1τ +Be−

√
κ2−1τ

]

✇❤❡r❡ λ1, λ2 < 0✳

❍❡r❡✱ t❤❡ ❞❡❝❛② t✐♠❡ ✐s O (1/λ1) ❛♥❞ t❤❡ t✐♠❡ t♦ t❤❡ ♣❡❛❦ ✐s O (1/λ2)✳ ◆♦t❡ ❛❣❛✐♥✱ ❛s s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✹✳✺✱ t❤❛t t❤❡r❡ ❛r❡ ✈❛r✐♦✉s ♣♦ss✐❜❧❡ t②♣❡s ♦❢ ❜❡❤❛✈✐♦✉r✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳

❋♦r❝❡❞ s②st❡♠s ■♥ ❛ ❢♦r❝❡❞ s②st❡♠ ❧✐❦❡ t❤✐s✱ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ ❞❡t❡r♠✐♥❡s t❤❡ s❤♦rt✲t❡r♠✱

tr❛♥s✐❡♥t r❡s♣♦♥s❡✱ ✇❤✐❧❡ t❤❡ ♣❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧ ❞❡t❡r♠✐♥❡s t❤❡ ❧♦♥❣✲t❡r♠ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡

s②st❡♠✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❢♦r❝✐♥❣ t❡r♠ ✐s ♥♦t ❞②✐♥❣ ❛✇❛② ♦✈❡r t✐♠❡✳

❊①❛♠♣❧❡ ✹✳✼✳ ẍ+ 2κẋ+ x = sin τ ✱ κ > 0✳
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T
t

F

❋✐❣✉r❡ ✹✳✻✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✐♠♣✉❧s❡ ❢♦r❝❡

❲❡ ✇❛♥t t♦ tr② t♦ ✜♥❞ ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥✳ ❚r②✐♥❣ x = C sin τ + D cos τ ❣✐✈❡s C = 0 ❛♥❞

D = −1/2κ✳

❍❡♥❝❡

x = Aeλ1τ +Beλ2τ − 1

2κ
cos τ

❛♥❞ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ ✇✐❧❧ t❡♥❞ t♦ ✵ ♦✈❡r t✐♠❡✱ s♦ ✇❡ ❝❛♥ s❛② t❤❛t ❛s②♠♣✲

t♦t✐❝❛❧❧②✱ x t❡♥❞s t♦ t❤❡ ♣❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧✿

x ∼ − 1

2κ
cos τ ❛s τ → ∞

✭❚❤❡ ♥♦t❛t✐♦♥ f ∼ g ♠❡❛♥s f/g → 1 ✐♥ t❤❡ st❛t❡❞ ❧✐♠✐t✳✮

■♥ ❣❡♥❡r❛❧✱ t❤❡ r❡s♣♦♥s❡ t♦ eiωτ ✐s Aeiωτ ❢♦r s♦♠❡ A ∈ C✳ ❲r✐t✐♥❣ A = reiθ✱ t❤❡ r❡s♣♦♥s❡ ✐s

rei(ωτ+θ)✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❛ ♣❤❛s❡✲s❤✐❢t ♦❢ θ ✐♥ t❤❡ r❡s♣♦♥s❡✳ ❚❤✐s s❤✐❢t ❞❡♣❡♥❞s ♦♥ κ ❛♥❞ t❤❡ ❢r❡q✉❡♥❝②

ω✳

✹✳✷✳✸ ■♠♣✉❧s❡ ❛♥❞ ♣♦✐♥t ❢♦r❝❡s

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❞❡❛❧t ❡♥t✐r❡❧② ✇✐t❤ ❝♦♥t✐♥✉♦✉s ✭❛♥❞ ✐♥❞❡❡❞ ✉s✉❛❧❧② s♠♦♦t❤✱ ♦r ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡✮

❢♦r❝✐♥❣ t❡r♠s f ✳ ■♥❞❡❡❞✱ ♣❤②s✐❝❛❧❧②✱ ✇❡ ❡①♣❡❝t ♣❤②s✐❝❛❧ ❧❛✇s t♦ ❜❡❤❛✈❡ ♠♦st❧② ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ♠❛♥♥❡r

✲ ♣♦s✐t✐♦♥s ❞♦ ♥♦t ✐♥st❛♥t❧② ❝❤❛♥❣❡✳ ❍♦✇❡✈❡r✱ ❛t ❧❡❛st ❛t t❤❡ ♠❛❝r♦s❝♦♣✐❝ s❝❛❧❡✱ s♦♠❡ ❡✈❡♥ts s❡❡♠ t♦

✐♥✈♦❧✈❡ ✐♥st❛♥t❛♥❡♦✉s ♦r ♣❡r❢❡❝t❧② ❧♦❝❛❧✐③❡❞ ❝❤❛♥❣❡s✱ ❛♥❞ ✐t ♠❛② ❜❡ ❛ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ t♦ ❛ss✉♠❡

t❤✐s✱ r❛t❤❡r t❤❛♥ t❛❦❡ ❛❝❝♦✉♥t ♦❢ ❛❧❧ t❤❡ t✐♥②✱ s❤♦rt✲❧✐✈❡❞ ❝❤❛♥❣❡s t❤❛t ❛❞❞ ✉♣ r♦✉❣❤❧② t♦ ❛ ✈❡r② s✐♠♣❧❡

♠♦❞❡❧✳ ❲❡ ♠❛② ✜♥❞✱ t❤❡♥✱ t❤❛t ✈❡❧♦❝✐t✐❡s ♦r ❛❝❝❡❧❡r❛t✐♦♥s ❝❛♥ ❜❡ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥ ♦✉r ♥❡✇ ♠♦❞❡❧✳

❈♦♥s✐❞❡r✱ ❛s ❛♥ ❡①❛♠♣❧❡✱ ❛ ❜❛❧❧ ❢❛❧❧✐♥❣ t♦ t❤❡ ❣r♦✉♥❞ ❛♥❞ ❜♦✉♥❝✐♥❣✳ ❚❤❡ ❢♦r❝❡ ❞✉❡ t♦ ❤✐tt✐♥❣ t❤❡

❣r♦✉♥❞✱ F (t)✱ ✇✐❧❧ ❜❡ ❡♥t✐r❡❧② ❝♦♥t❛✐♥❡❞ ✐♥ [t1, t2]✱ ✇❤❡r❡ t❤❡ ❜❛❧❧ ✜rst ♠❛❦❡s ❝♦♥t❛❝t ✇✐t❤ t❤❡ ❣r♦✉♥❞

❛t t1 ❛♥❞ ❧❡❛✈❡s ✐t t♦t❛❧❧② ❛t t2✳ ❚❤❡ s✐③❡ ♦❢ t❤✐s ✐♥t❡r✈❛❧ ✇✐❧❧ ❜❡ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ t✐♠❡ s♣❡♥t ✐♥

t❤❡ ❛✐r ❢♦r ❛ r❡❛s♦♥❛❜❧② r✐❣✐❞ ♦r ❡❧❛st✐❝ ❜❛❧❧✱ ❛♥❞ ✇❡ ❝❛♥ ♣✐❝❦ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♣♦✐♥t ✐♥ t❤✐s ✐♥t❡r✈❛❧✱
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s❛② T ✱ s✉❝❤ t❤❛t t❤❡ ❢♦r❝❡ ✐s ❛❧♠♦st ❡♥t✐r❡❧② ❝♦♥❝❡♥tr❛t❡❞ ❛t ✇✐t❤✐♥ s♦♠❡ t✐♥② ✐♥t❡r✈❛❧ [T − ǫ, T + ǫ] ♦❢

❧❡♥❣t❤ O (ǫ)✳

❚❤❡ ❢♦r♠ ♦❢ F (t) ✐♥ t❤✐s ❝❛s❡ ✇♦✉❧❞ ❜❡ ✈❡r② ❞✐✣❝✉❧t t♦ ❝❛❧❝✉❧❛t❡ ❡✈❡♥ ♥✉♠❡r✐❝❛❧❧②✱ s✐♥❝❡ t❤❡ ❜❛❧❧

✇♦✉❧❞ ✐♥ ♣r❛❝t✐❝❡ ❜❡❣✐♥ ✈✐❜r❛t✐♥❣ ✐♥t❡r♥❛❧❧②✱ ❛♥❞ ❡❧❛st✐❝❛❧❧② ❝❤❛♥❣✐♥❣ s❤❛♣❡✱ s♦ ✇❡ ✇♦✉❧❞ ♥❡❡❞ t♦ ❦♥♦✇

❛ ❧♦t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❜❛❧❧✬s ✐♥t❡r♥❛❧ str✉❝t✉r❡✱ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ ✐ts ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡s✱ ❛♥❞

s♦ ♦♥✳ ❇✉t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✻ ✐s r♦✉❣❤❧② ✇❤❛t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❛ss✉♠❡ t♦ ❜❡ t❤❡

❣❡♥❡r❛❧ r✉❧❡✱ s✐♥❝❡ ✐t ❞♦❡s ♥♦t r❡❛❧❧② ♠❛❦❡ ❛♥② ❞✐✛❡r❡♥❝❡ ✇❤❛t t❤❡ ❡①❛❝t ❢♦r♠ ♦❢ F ✐s ❢♦r ♦✉r ♣✉r♣♦s❡s✳

■t ✐s t❤❡♥ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❢♦r t❤❡ ♣✉r♣♦s❡s ♦❢ ♦✉r ❛♥❛❧②t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❛ss✉♠❡ t❤❛t t❤❡

❝♦❧❧✐s✐♦♥ ♦❝❝✉rs ✐♥st❛♥t❛♥❡♦✉s❧② ❛t t✐♠❡ t = T ✲ ✇❡ ❛r❡ ❡ss❡♥t✐❛❧❧② t❛❦✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ❧✐♠✐t ǫ → 0✳

▼❛t❤❡♠❛t✐❝❛❧❧②✱ ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ st❛t❡s ✭❛ss✉♠✐♥❣ ❧♦❝❛❧❧② ❝♦♥st❛♥t ❣r❛✈✐t②✮ t❤❛t

mẍ = F (t)−mg

s♦ ✐♥t❡❣r❛t✐♥❣ ♦✈❡r t❤❡ s♠❛❧❧ r❛♥❣❡ [T − ǫ, T + ǫ] ✇❡ ✜♥❞

ˆ T+ǫ

T−ǫ

mẍdt =

ˆ T+ǫ

T−ǫ

F (t) dt−
ˆ T+ǫ

T−ǫ

mgdt

[

m
dx

dt

]T+ǫ

T−ǫ

= I − 2mgǫ

✇❤❡r❡ I =
´

Fdt ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ✐♠♣✉❧s❡ ❞✉❡ t♦ F ✱ t❤❡ ❛r❡❛ ✉♥❞❡r t❤❡ ❢♦r❝❡✲t✐♠❡ ❝✉r✈❡✳ ❚❤✐s

tr❛♥s❢❡r ♦❢ ♠♦♠❡♥t✉♠ ✐s t❤❡ ♦♥❧② ♠❛❝r♦s❝♦♣✐❝ ♣r♦♣❡rt② ♦❢ F ✇❤✐❝❤ ✐s r❡❧❡✈❛♥t t♦ t❤❡ ✈❛r✐❛❜❧❡ x✳

❍❡♥❝❡✱ ❢♦r s♠❛❧❧ ǫ✱

∆♠♦♠❡♥t✉♠ =

[

m
dx

dt

]T+ǫ

T−ǫ

≅ I

❙♦ t❤❡ ♦♥❧② ❢❡❛t✉r❡ ♦❢ F (t; ǫ) ✲ F (t) ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② ǫ t♦ ❣✐✈❡ ❛ ❢❛♠✐❧② ♦❢ ✐♥❝r❡❛s✐♥❣❧② ❧♦❝❛❧✐③❡❞

❢♦r❝❡s ❛s ǫ → 0 ✲ ✇❤✐❝❤ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ✐s ✐ts t✐♠❡✲✐♥t❡❣r❛❧✳

❲❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s D (t, ǫ) s✉❝❤ t❤❛t

lim
ǫ→0

D (t, ǫ) = 0 ❢♦r ❛❧❧ t 6= 0

❛♥❞

lim
ǫ→0

ˆ ∞

−∞
D (t; ǫ) dt = 1

❚❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s ❞❡✜♥❡✱ ✐♥ t❤❡ ❧✐♠✐t ǫ → 0✱ ❛ ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✐s ♥♦t ❛ tr✉❡ ❢✉♥❝t✐♦♥✱

❜✉t s♦♠❡t❤✐♥❣ ❞❡✜♥❡❞ ❛❧♠♦st ❡♥t✐r❡❧② ✐♥ t❡r♠s ♦❢ ✐ts ♣r♦♣❡rt✐❡s ✇❤❡♥ ♠✉❧t✐♣❧✐❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ❛♥❞

✐♥t❡❣r❛t❡❞ ♦✈❡r s♦♠❡ s✉✐t❛❜❧❡ r❛♥❣❡✳

❘❡♠❛r❦✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s D ✐s ❣✐✈❡♥ ❜②

D (t; ǫ) =
1

ǫ
√
π
e−

t2

ǫ2

❛♥❞ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✼✳

■t ✐s ❝❧❡❛r t❤❛t ❛s ǫ → 0✱ t❤❡ ❝❡♥tr❛❧ ♣♦✐♥t D (0, ǫ) → ∞✱ ✇❤✐❝❤ ✐s ✇❤② t❤❡r❡ ✐s ♥♦ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥

✽✺



❋✐❣✉r❡ ✹✳✼✿ ❆ ❢❛♠✐❧② ♦❢ ❛♣♣r♦①✐♠❛t❡ ✐♠♣✉❧s❡s

✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♠✐t✿

lim
ǫ→0

D (t; ǫ)

✐s ♥♦t ❞❡✜♥❡❞✳

❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡ ✇❡ t❤✐♥❦ ♦❢ t❤✐s ❧✐♠✐t ❛s ❞❡✜♥✐♥❣ ❛ ❢✉♥❝t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✹✳✽✳ ❚❤❡ ❉✐r❛❝ ❞❡❧t❛ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢✉♥❝t✐♦♥ ♦r ❞✐str✐❜✉t✐♦♥ δ (x) s❛t✐s❢②✐♥❣

ˆ b

a

f (x) δ (x− c) dx =







f (c) ✐❢ c ∈ (a, b)

0 ✐❢ c 6∈ [a, b]

❢♦r ❛♥② s✉✐t❛❜❧❡ f ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ r❡q✉✐r❡ f t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❛t ✵✮✳ ✭❲❡ ❧❡❛✈❡ t❤❡ ♣r♦❜❧❡♠❛t✐❝

❝❛s❡s ♦❢ c = a ❛♥❞ c = b ❛s✐❞❡ ❤❡r❡✳✮

❘❡♠❛r❦✳ ❖♥❡ ✇❛② ♦❢ ❡①♣r❡ss✐♥❣ t❤✐s ❢♦r♠❛❧❧② ✐s t♦ s❛② t❤❛t δ ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ s♦♠❡ s♣❛❝❡ ♦❢

❢✉♥❝t✐♦♥s✱ s♦ t❤❛t δ [af (x) + bg (x)] = af (0) + bg (0)✳

◆♦t❡ t❤❛t✱ ❢♦r ❡①❛♠♣❧❡✱

lim
ǫ→0

ˆ ∞

−∞
f (x)D (x; ǫ) dx = f (0) lim

ǫ→0

ˆ ∞

−∞
D (x; ǫ) dx

= f (0)

❢♦r ❝♦♥t✐♥✉♦✉s f ✳

❚❤✐s ❵❢✉♥❝t✐♦♥✬ ✭❢♦r ♦✉r ♣✉r♣♦s❡s ❤❡r❡✱ ✇❡ s❤❛❧❧ ❛❝t ❛s ✐❢ ✐t ✇❛s ❛ t②♣✐❝❛❧ ❢✉♥❝t✐♦♥✮ ✐s ❝♦♥✈❡♥✐❡♥t ❢♦r

r❡♣r❡s❡♥t✐♥❣ ❛♥❞ ❞♦✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤ ✐♠♣✉❧s❡s ❛♥❞ ♣♦✐♥t ❢♦r❝❡s✿

❊①❛♠♣❧❡ ✹✳✾✳ ❋♦r t❤❡ ❜♦✉♥❝✐♥❣ ❜❛❧❧ ❝♦♥s✐❞❡r❡❞ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ✇r✐t❡

mẍ = −mg + Iδ (t− T )

✇✐t❤✱ s❛②✱ x (0) = x0 ❛♥❞ ẋ (0) = 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡

✽✻



✭✐✮ ❋♦r 0 ≤ t < T ✱ ✇❡ ❤❛✈❡ mẍ = −mg s♦

x = −g
t2

2
+At+B

❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❣✐✈❡ B = x0 ❛♥❞ A = 0✱ ❛♥❞ t❤✉s

x (t) = −1

2
gt2 + x0

✭✐✐✮ ❋♦r T < t < ∞✱ ✇❡ ❛❧s♦ ❤❛✈❡ mẍ = −mg✱ s♦ ❛❣❛✐♥

x = −1

2
gt2 + Ct+D

❚❤✐s t✐♠❡✱ ✇❡ ❛♣♣❛r❡♥t❧② ❧❛❝❦ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s t♦ ❣✐✈❡ ✉s t❤❡ ✈❛❧✉❡s ♦❢ C ❛♥❞ D✳

✭✐✐✐✮ ❚♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥✱ ✇❡ ✜rst ♠❛❦❡ t❤❡ ✭♣❤②s✐❝❛❧❧② ❜❛s❡❞✮ ❛ss✉♠♣t✐♦♥ t❤❛t x (t) ✐s ❝♦♥t✐♥✉♦✉s

❛t t = T ✳ ❆s t ❣r♦✇s t♦ T ❢r♦♠ ❜❡❧♦✇✱ ✇❡ ❤❛✈❡

lim
t→T−

x (t) = −1

2
gT 2 + x0

s♦ ✇❡ ❡①♣❡❝t t❤✐s t♦ ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ x (T )✳ ❚❤❡♥ ❜② t❤❡ ❛ss✉♠♣t✐♦♥✱ ✇❡ ❤❛✈❡

−1

2
gT 2 + CT +D = −1

2
gT 2 + x0

CT +D = x0

✭✐✈✮ ❲❡ st✐❧❧ ♥❡❡❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ t♦ ❝❛❧❝✉❧❛t❡ C ❛♥❞ D✳ ❲❡ ❝❛♥ ❣❛✐♥ s♦♠❡ ✐♥t❡❣r❛t✐♥❣ t❤❡

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦✈❡r ❛ s♠❛❧❧ ✐♥t❡r✈❛❧ ❛r♦✉♥❞ t❤❡ t✐♠❡ ♦❢ t❤❡ ✐♠♣✉❧s❡✿

ˆ T+ǫ

T−ǫ

mẍdt+

ˆ T+ǫ

T−ǫ

mgdt =

ˆ T+ǫ

T−ǫ

Iδ (t− T ) dt

∆ [mẋ] + 2mgǫ = I

s♦ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ǫ → 0 ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❝❤❛♥❣❡ ✐♥ ẋ ❛t t✐♠❡ T

∆ẋ =
I

m

◆♦✇ ✇❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ t❤❡ ✈❡❧♦❝✐t✐❡s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t♦ ♦❜t❛✐♥ ❛♥♦t❤❡r ❡q✉❛t✐♦♥✿

[−gT ] +
I

m
= [−gT + C]

C =
I

m

✽✼



T

❋✐❣✉r❡ ✹✳✽✿ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❜♦✉♥❝✐♥❣ ❜❛❧❧ ♣r♦❜❧❡♠✱ ✇✐t❤ t❤❡ ✈❡❧♦❝✐t② s✉♣❡r✐♠♣♦s❡❞ ❛s ❛ ❞♦tt❡❞
❧✐♥❡✳

✭✈✮ ❍❡♥❝❡

x (t) =







− 1
2gt

2 + x0 ❢♦r t ≤ T

− 1
2gt

2 + I
m t+ x0 − I

mT ❢♦r t > T

= −1

2
gt2 + x0 +







0 ❢♦r t ≤ T

I
m (t− T ) ❢♦r t > T

❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✽✳

❘❡♠❛r❦✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ x (t) ❤❛❞ ❜❡❡♥ ❞✐s❝♦♥t✐♥✉♦✉s ❛t t = T ✲ t❤❡♥ x′ (t) ✇♦✉❧❞ ❤❛✈❡ ❛

δ✲❧✐❦❡ s✐♥❣✉❧❛r✐t② ❛t t = T ✱ ❛♥❞ x′′ (t) ✇♦✉❧❞ ❜❡❤❛✈❡ ❵❡✈❡♥ ♠♦r❡ s✐♥❣✉❧❛r❧②✬✱ ❧✐❦❡ t❤❡ ❤✐❣❤❧② ✐rr❡❣✉❧❛r

❢✉♥❝t✐♦♥ ❵δ′✬✱ ❛t t = T ✳ ❚❤❡ ❡q✉❛t✐♦♥ mx′′ +mg = Iδ (t− T ) ✇♦✉❧❞ t❤❡♥ ♥♦t ❜❡ s❛t✐s✜❡❞✱ ❛s ❝❛♥ ❜❡

s❡❡♥ ✭❢♦r ❡①❛♠♣❧❡✮ ❜② ✐♥t❡❣r❛t✐♥❣ ✐t ❛♥❞ ♥♦t✐♥❣ t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❤❛s ❛ δ✲t②♣❡ s✐♥❣✉❧❛r✐t②✱ ❜✉t

t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s s✐♠♣❧② ❛ ❞✐s❝♦♥t✐♥✉♦✉s st❡♣✳

❚❤❡ r❡s✉❧t ♦❢ ✐♥t❡❣r❛t✐♥❣ t❤❡ δ ❢✉♥❝t✐♦♥ ✐s ❝❧❡❛r❧② ❛❧✇❛②s ❛ ❞✐s❝♦♥t✐♥✉♦✉s st❡♣✳

❉❡✜♥✐t✐♦♥ ✹✳✶✵✳ ❚❤❡ ❍❡❛✈✐s✐❞❡ st❡♣ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②

H (x) ≡
ˆ x

−∞
δ (t) dt =







0 x < 0

1 x > 0

✉♥❞❡✜♥❡❞ ❛t x = 0

❲❡ ❝❛♥ ✇r✐t❡ ❵dHdx = δ (x)✬ s♦ ❧♦♥❣ ❛s ✇❡ ❛r❡ ❝❛r❡❢✉❧ ♦♥❧② t♦ ✉s❡ t❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐♥s✐❞❡ ✐♥t❡❣r❛❧s✳

✽✽



❊①❛♠♣❧❡ ✹✳✶✶✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❜♦✉♥❝✐♥❣ ❜❛❧❧ ♣r♦❜❧❡♠ ❛s

x (t) = −1

2
gt2 + x0 +

I

m
(t− T )H (t− T )

✇❤✐❝❤ ❧♦♦❦s ❡①❛❝t❧② ❧✐❦❡ t❤❡ r❡s✉❧t ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ❢r♦♠ ✐♥t❡❣r❛t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ t✇✐❝❡✿

mẍ = −mg + Iδ (t− T )

mẋ = −mgt+ IH (t− T ) + C1

mx = −1

2
mgt2 + I · (t− T )H (t− T ) + C1t+ C0

♥♦t✐♥❣ t❤❛t
ˆ x

−∞
H (t) dt =







0 x ≤ 0

x x > 0

❆s ✇❡❧❧ ❛s ❝r♦♣♣✐♥❣ ✉♣ ✐♥ s♦❧✉t✐♦♥s✱ t❤✐s ❢✉♥❝t✐♦♥ ✐s ✉s❡❢✉❧ ❢♦r ♣♦s✐♥❣ ♣r♦❜❧❡♠s ✇✐t❤ ❛ st❛t❡ ❝❤❛♥❣❡✱

❛s ✐♥ ✇❤❡♥ ❛ s✇✐t❝❤ ✐s t❤r♦✇♥✳

❊①❛♠♣❧❡ ✹✳✶✷✳ ❈♦♥s✐❞❡r ❛ s✐♠♣❧❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r y (t) ✇❤✐❝❤ ❤❛s ❛ s✐♥✉s♦✐❞❛❧ ❢♦r❝❡ ❛♣♣❧✐❡❞

t♦ ✐t ❛❢t❡r t = 2π ❛t t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ t❤❡ s②st❡♠✿

y′′ + 4y = sin (2t)H (t− 2π)

▲❡t t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❜❡ y (0) = 1 ❛♥❞ y′ (0) = 0✳ ❲❡ ❝❛♥ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ❛s ❜❡❢♦r❡ ❜②

❜r❡❛❦✐♥❣ ✐t ✐♥t♦ t❤❡ t✇♦ ♥❛t✉r❛❧ ❝❛s❡s✿

✭✐✮ ❋♦r t < 2π ✇❡ ❤❛✈❡ y′′ + 4y = 0✱ ❛♥❞ ✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇❡ ❤❛✈❡

y = cos (2t)

✭✐✐✮ ❋♦r t > 2π ✇❡ ❤❛✈❡ y′′ + 4y = sin (2t) ✇✐t❤ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥

y = A cos (2t) +B sin (2t)− 1

4
t cos (2t)

✭✐✐✐✮ ❇② ❝♦♥t✐♥✉✐t② ✭❛r❣✉✐♥❣ ❛s ❜❡❢♦r❡ t❤❛t ❛ ❞✐s❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ ✇♦✉❧❞ ♥♦t s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥✮✱

✇❡ ❤❛✈❡

cos (4π) = A cos (4π) +B sin (4π)− 1

4
· 2π cos (4π)

1 = A− π

2

A = 1 +
π

2

✽✾



T

❋✐❣✉r❡ ✹✳✾✿ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s✇✐t❝❤❡❞ r❡s♦♥❛♥❝❡ ♣r♦❜❧❡♠

✭✐✈✮ ■♥t❡❣r❛t✐♥❣ ♦✈❡r [2π − ǫ, 2π + ǫ] ✇❡ ❤❛✈❡

∆ [y′] + 4

ˆ 2π+ǫ

2π−ǫ

ydt =

ˆ 2π+ǫ

2π−ǫ

sin (2t)H (t− 2π) dt

◆♦✇ t❤❡ ✐♥t❡❣r❛❧ ♦❢ y ✈❛♥✐s❤❡s ❛s ǫ → 0✱ ❜❡❝❛✉s❡ y ✐s ❜♦✉♥❞❡❞ ♥❡❛r 2π ✭s✐♥❝❡ ✐t ✐s ❝♦♥t✐♥✉♦✉s✮✳

❙✐♠✐❧❛r❧②✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❛❧s♦ ✵✳ ❍❡♥❝❡ y′ ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s ✭✇❤✐❝❤ ✇❡ ❝♦✉❧❞ ❤❛✈❡

❞❡❞✉❝❡❞ ❢r♦♠ ♦❜s❡r✈✐♥❣ t❤❛t ✐❢ ✐t ✇❛s ♥♦t t❤❡♥ y′′ ✇♦✉❧❞ ❤❛✈❡ ✐♥tr♦❞✉❝❡ ❛♥ ✉♥❜❛❧❛♥❝❡❞ δ✲t②♣❡

s✐♥❣✉❧❛r✐t② ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥✮ ❛♥❞ ❤❡♥❝❡

0 = 0 + 2B − 1

4
cos (4π) +

1

2
· 2π sin (4π)

B =
1

8

✭✈✮ ❙♦ t❤❡ s♦❧✉t✐♦♥ ✐s

y (t) =







cos 2t t ≤ 2π
(
1 + π

2

)
cos 2t+ 1

8 sin 2t− t
4 cos 2t t > 2π

= cos 2t+







0 t ≤ 2π
(
π
2 − t

4

)
cos 2t+ 1

8 sin 2t t > 2π

❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✾ ✲ t❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥❞✐❝❛t❡s t❤❡ ❢♦r❝✐♥❣ t❡r♠✱ ❛❝t✐✈❛t❡❞ ❛t T = 2π✳

◆♦t❡ ❤♦✇ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❝✉r✈❡ ❝❤❛♥❣❡s t♦ ❜❡ q✉❛rt❡r ❛ ♣❡r✐♦❞ ❛❤❡❛❞ ♦❢ t❤❡ ❢♦r❝✐♥❣

✐♥st❡❛❞ ♦❢ q✉❛rt❡r ❛ ♣❡r✐♦❞ ❜❡❤✐♥❞ ✐t✳

❚❤❡ ❍❡❛✈✐s✐❞❡ st❡♣ ❢✉♥❝t✐♦♥ ✐s ❛❧s♦ ✉s❡❢✉❧ ✐♥ ❡❧❡❝tr✐❝❛❧ s✇✐t❝❤❡❞ ♣r♦❜❧❡♠s✳

✾✵



✹✳✸ P❤❛s❡ ❙♣❛❝❡

■t ✐s ✉s❡❢✉❧ t♦ ❧♦♦❦ ✐♥ ❛ ❧✐tt❧❡ ♠♦r❡ ❞❡t❛✐❧ ❛t t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ✈❡❝t♦r s♣❛❝❡s t❤❛t ✇❡ ❤❛✈❡ ❜❡❡♥ ✉s✐♥❣✱

❡s♣❡❝✐❛❧❧② ❜❡❢♦r❡ ✇❡ ♠♦✈❡ ♦♥ t♦ s♦❧✈✐♥❣ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s✳

❚❤❡ ✜rst t❤✐♥❣ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ✐s ❤♦✇ t♦ ❡♥❝♦❞❡ ❢✉♥❝t✐♦♥s✳

✹✳✸✳✶ ❙♦❧✉t✐♦♥ ✈❡❝t♦rs

❆ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♦❢ nt❤ ♦r❞❡r ❞❡t❡r♠✐♥❡s✼ t❤❡ nt❤ ❞❡r✐✈❛t✐✈❡ y(n) (x) ♦❢ ❛♥② s♦❧✉t✐♦♥ y (x) ✐♥

t❡r♠s ♦❢ y (x)✱ y′ (x) ❛♥❞ ❛❧❧ ♦t❤❡r ❞❡r✐✈❛t✐✈❡s ✉♣ t♦ y(n−1) (x)✳ ■♥ ❢❛❝t✱ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ n t✐♠❡s✱ ✇❡

❝❛♥ ❛❧s♦ ✇♦r❦ ♦✉t ❛❧❧ ❤✐❣❤❡r ❞❡r✐✈❛t✐✈❡s✳

❆s ❛ r❡s✉❧t✱ ❛❧❧ ❞❡r✐✈❛t✐✈❡s ♦❢ y ❛t ❛ ♣♦✐♥t ❝❛♥ ❜❡ ✇♦r❦❡❞ ♦✉t ✉s✐♥❣ ❥✉st t❤❡s❡ n ✈❛❧✉❡s✳ ❙♦ ❛ss✉♠✐♥❣

t❤❛t t❤❡ s♦❧✉t✐♦♥ ❤❛s ❛ ❣❧♦❜❛❧❧② ❝♦♥✈❡r❣✐♥❣ ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡

❢✉♥❝t✐♦♥ ❡✈❡r②✇❤❡r❡✦

y (x) =

∞∑

n=0

y(n) (x0)

n!
(x− x0)

n

❲❡ ❝❛♥ t❤✐♥❦ ✐♥ t❡r♠s ♦❢ ❛ s♦❧✉t✐♦♥ ✈❡❝t♦r

Y (x) =









y (x)

y′ (x)
✳✳✳

y(n−1) (x)









❞❡✜♥✐♥❣ ❛ ♣♦✐♥t ❢♦r ❡❛❝❤ x ✐♥ ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡ s♣❛❝❡✱ ✇❤✐❝❤ ✐s ❛ ✈❡❝t♦r s♣❛❝❡✳ ❆s x ✈❛r✐❡s ❢r♦♠

x0✱ Y (x0) ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♥❡❡❞❡❞ t♦ tr❛❝❡ ♦✉t ❛ tr❛❥❡❝t♦r② ✐♥ ♣❤❛s❡ s♣❛❝❡✳

❍❡♥❝❡ ❢♦r ❡✈❡r② ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ❡q✉❛t✐♦♥s ❤❛✈❡ ❛ s♦❧✉t✐♦♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❛t❤ ✐♥ ♣❤❛s❡

s♣❛❝❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❛t ♣♦✐♥t✳ ■t ❢♦❧❧♦✇s t❤❛t t✇♦ ❞✐✛❡r❡♥t tr❛❥❡❝t♦r✐❡s ❝❛♥♥♦t ❝r♦ss ✭❜❡❝❛✉s❡ ✐❢

Y1 (x1) = Y2 (x1) t❤❡♥ Y1 (x) = Y2 (x) ❢♦r ❛❧❧ x✱ s♦ t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ ✐❞❡♥t✐❝❛❧✮✳

❊①❛♠♣❧❡ ✹✳✶✸✳ ❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡ ❡q✉❛t✐♦♥ y′′ + y′/2 + 5y/16 = 0✱ ✇❤✐❝❤ ❤❛s s♦❧✉t✐♦♥s

y = e−x/4±ix/2✳ ❲❡ r❡✇r♦t❡ t❡r♠s ❧✐❦❡ t❤✐s ✐♥ t❡r♠s ♦❢ t❤❡ cos (·) ❛♥❞ sin (·) ❜❛s✐s ❜❡❢♦r❡✱ ❛s ✐♥

y1 = e−x/4 cos
x

2

y2 = e−x/4 sin
x

2

✇❤✐❝❤ ✐s ✉s❡❢✉❧ ❜❡❝❛✉s❡ ✐t ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ r❡str✐❝t ❡✈❡r②t❤✐♥❣ t♦ t❤❡ r❡❛❧ ❝❛s❡ ❢♦r ♦✉r ♣✉r♣♦s❡s✳

❚❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜❛s✐s ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ❛r❡

Y1 =

(

e−x/4 cos x
2

− 1
4e

−x/4
(
cos x

2 + 2 sin x
2

)

)

✼■♥ ❣❡♥❡r❛❧✱ ❛❝t✉❛❧❧②✱ t❤✐s ❞♦❡s ♥♦t ❤♦❧❞✿ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s y(n) = f
(

t, y, y′, · · · , y(n−1)
)

✇❤❡r❡ f ✐s s♦♠❡ s✐♥❣❧❡✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ (y′)2 = 4y ❤❛s t✇♦ s♦❧✉t✐♦♥s ♣❛ss✐♥❣ t❤r♦✉❣❤ (0, 1)✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ y = (x± 1)2✳

✾✶



❛♥❞

Y2 =

(

e−x/4 sin x
2

1
4e

−x/4
(
2 cos x

2 − sin x
2

)

)

❚❤❡s❡ ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✵✱ ✇✐t❤ y ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s ❛♥❞ y′ ♦♥ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s✳

Y 1H0L

Y 2H0L

y

y¢

❋✐❣✉r❡ ✹✳✶✵✿ ❚❤❡ tr❛❥❡❝t♦r✐❡s ❢r♦♠ ❊①❛♠♣❧❡ ✹✳✶✸✳ ❚❤❡ r❡❞ ❞♦ts ❛r❡ s♣❛❝❡❞ ❛t ❡q✉❛❧ ✈❛❧✉❡s ♦❢ x✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ✐❞❡❛ ♦❢ s♦❧✉t✐♦♥ ✈❡❝t♦rs ✐♥ s❡❝t✐♦♥ ✹✳✼ ✭❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② ✐♥ s❡❝t✐♦♥ ✻✮ t♦ tr❛♥s❢♦r♠

❜❡t✇❡❡♥ ❤✐❣❤❡r✲♦r❞❡r ❡q✉❛t✐♦♥s ❛♥❞ s②st❡♠s ♦❢ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥s ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ ✜rst✲♦r❞❡r ❡q✉❛✲

t✐♦♥s ❢♦r ✈❡❝t♦rs✮✱ ❛♥❞ ✇❡ ✇✐❧❧ ❛❧s♦ ✉s❡ t❤❡♠ ✐♥ ♦r❞❡r t♦ r❡❢♦r♠✉❧❛t❡ ♠❛♥② ♦❢ ♦✉r t❡❝❤♥✐q✉❡s ✐♥ ❛ ❝♦♥❝✐s❡

♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥✳ ❋♦r ♥♦✇✱ t❤♦✉❣❤✱ ✇❡ ✇✐❧❧ ❝♦♥t❡♥t ♦✉rs❡❧✈❡s ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r ♦❜s❡r✈❛t✐♦♥ ❛❜♦✉t

❤♦✇ t❤❡s❡ ♣❛rt✐❝✉❧❛r ✈❡❝t♦rs ❜❡❤❛✈❡✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ❛❞❞r❡ss✐♥❣ ❢♦r❝❡❞ ❡q✉❛t✐♦♥s ✭❛s ✇❡ s❤❛❧❧

s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ♦♥ ✈❛r✐❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs✮✳

✹✳✸✳✷ ❆❜❡❧✬s ❚❤❡♦r❡♠

◆♦t❡ t❤❛t ✐♥ t❤✐s ♣❤❛s❡ s♣❛❝❡✱ ✐❢ t❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦rsY1 (x) ❛♥❞Y2 (x) ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❛t s♦♠❡

♣♦✐♥t✱ t❤❡♥ t❤❡ t✇♦ s♦❧✉t✐♦♥s y1 (x) ❛♥❞ y2 (x) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳

✾✷



Pr♦♦❢✳ ■❢ y1 ❛♥❞ y2 ❛r❡ ❞❡♣❡♥❞❡♥t✱ t❤❡♥ ✇❡ ❤❛✈❡ αy1 + βy2 ≡ 0 ❢♦r α, β ♥♦t ❜♦t❤ ③❡r♦ ✭t❤✐s ❤♦❧❞s

❢♦r ❛♥② x ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✮✳ ❍❡♥❝❡ αy′1 + βy′2 ≡ 0 ❛s ✇❡❧❧✱ s♦ αY1 + βY2 ≡ 0 ❛t ❛❧❧ ♣♦✐♥ts ✐♥

t❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡r❡st✳

❙♦ ✐❢ Y1 ❛♥❞ Y2 ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❛t s♦♠❡ ♣♦✐♥t✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥s ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡✲

♣❡♥❞❡♥t✳

◆♦t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❵❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡✬ ❤❡r❡✿ t✇♦ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡♣❡♥❞❡♥t ✐❢ ❛♥❞

♦♥❧② ✐❢ ♦♥❡ ♦❢ t❤❡♠ ✐s ❛ ❝♦♥st❛♥t ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ♦t❤❡r✳ ❚❤❡r❡ ✐s ♥♦ ♣❛rt✐❝✉❧❛r x ✐♥✈♦❧✈❡❞ ❤❡r❡ ✲ t❤❡

❢✉♥❝t✐♦♥s ❤❛✈❡ t♦ s❛t✐s❢② y1 ≡ λy2 ♦r y2 ≡ µy1 ❡✈❡r②✇❤❡r❡✱ s♦ t❤❛t t❤❡② ❛r❡ tr✐✈✐❛❧ ✈❛r✐❛t✐♦♥s ♦♥ ❡❛❝❤

♦t❤❡r✳ ❇② ❝♦♥tr❛st✱ t❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦rs ❤❛✈❡ ❛ ♣r♦♣❡rt② ♦❢ ❧✐♥❡❛r ✭✐♥✮❞❡♣❡♥❞❡♥❝❡ ❢♦r ❡❛❝❤ x✳

❆❧s♦✱ ♥♦t❡ t❤❛t t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t ✐♥ ❣❡♥❡r❛❧ tr✉❡✿ ✐t ✐s ♣♦ss✐❜❧❡ ❢♦r t✇♦ ❢✉♥❝t✐♦♥s t❤❛t t❤❡ Yi ❛r❡

❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t ❡✈❡r②✇❤❡r❡✱ ❜✉t t❤❛t t❤❡ ❢✉♥❝t✐♦♥s ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡ ❡❛s✐❡st ✇❛② t♦

❝♦♥str✉❝t s✉❝❤ ❛ ❢✉♥❝t✐♦♥ ✐s t♦ ❣❧✉❡ t♦❣❡t❤❡r✱ s❛②✱ x2 ❛♥❞ −x2 ❛t x = 0✿

f1 (x) = x2

f2 (x) =







x2 x ≥ 0

−x2 x < 0

❚❤❡♥ t❤❡ ✈❡❝t♦rs ❛r❡

Y1 =

(

x2

2x

)

Y2 =

(

±x2

±2x

)

❛♥❞ ❝❧❡❛r❧② Y1 = ±Y2 ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ x✱ ❜✉t f1 6≡ λf2 ❢♦r ❛❧❧ x✱ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ λ✱ ❡t❝✳ ✲

❛❣❛✐♥✱ t❤❡ ❞✐✛❡r❡♥t s❡♥s❡s ♦❢ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ❛r❡ ❛t ♣❧❛② ❤❡r❡✳

❘❡♠❛r❦✳ ❚❤✐s r❡s✉❧t ♦❜✈✐♦✉s❧② ❡①t❡♥❞s t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳

◆♦✇ r❡❝❛❧❧ t❤❛t ❛ s❡t ♦❢ ✈❡❝t♦rs v1, · · · ,vk ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♠❛tr✐①

❞❡t❡r♠✐♥❛♥t |v1 v2 · · · vk| ❝♦♥t❛✐♥✐♥❣ t❤❡ ❝♦❧✉♠♥s vi ✐s ♥♦♥✲③❡r♦✳

❉❡✜♥✐t✐♦♥ ✹✳✶✹✳ ❚❤❡ ❲r♦♥s❦✐❛♥ ❢♦r ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s yi (x) ✐s t❤❡ ❞❡t❡r♠✐♥❛♥t W (x) ♦❢ t❤❡

♠❛tr✐① ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦rs ❛s ❝♦❧✉♠♥s✳

❋♦r t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝❛s❡✱

W (x) =

∣
∣
∣
∣
∣

y1 y2

y′1 y′2

∣
∣
∣
∣
∣

❙♦ ✐❢ W (x0) 6= 0 ❢♦r s♦♠❡ x0 t❤❡ s♦❧✉t✐♦♥s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

✾✸



❊①❛♠♣❧❡ ✹✳✶✺✳ ❯s✐♥❣ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡

W (x) =

∣
∣
∣
∣
∣

e−x/4 cos x
2 e−x/4 sin x

2

− 1
4e

−x/4
(
cos x

2 + 2 sin x
2

)
1
4e

−x/4
(
2 cos x

2 − sin x
2

)

∣
∣
∣
∣
∣

=
1

4
e−2x/4

(

2 cos2
x

2
− sin

x

2
cos

x

2
+ sin

x

2
cos

x

2
+ 2 sin2

x

2

)

=
1

4
e−x/2 · 2

=
1

2
e−x/2 6= 0

◆♦t❡ t❤❛t ✐♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❲r♦♥s❦✐❛♥ ✐s ❛❝t✉❛❧❧② ♥♦♥✲③❡r♦ ❡✈❡r②✇❤❡r❡✳ ❚❤✐s✱ ✐♥ ❢❛❝t✱ ✐s ❛ ❣❡♥❡r❛❧

r✉❧❡ ❢♦r s♦❧✉t✐♦♥s t♦ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts✿

❚❤❡♦r❡♠ ✹✳✶✻ ✭❆❜❡❧✬s ❚❤❡♦r❡♠✮✳ ■❢ W (x0) 6= 0 ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ x0✱ t❤❡♥ W (x) 6= 0 ❢♦r

❛♥② ✈❛❧✉❡ ♦❢ x✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ y(n−1) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ ✐s

✇r✐tt❡♥ ✐♥ st❛♥❞❛r❞ ❢♦r♠✳

❲❡ ✇✐❧❧ ♣r❡s❡♥t ❤❡r❡ ❛ ♣r♦♦❢ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ s✐♥❝❡ ✐t ✐s ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st t♦ ✉s ❤❡r❡✳

❙❡❡ s❡❝t✐♦♥ ✻✳✹ ❢♦r t❤❡ ❣❡♥❡r❛❧ ♣r♦♦❢✳

Pr♦♦❢✳ ❲r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ❛s

y′′ + p (x) y′ + q (x) y = 0

s♦ t❤❛t p ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤✐s ❤♦❧❞s ❢♦r y1 ❛♥❞ y2✳

◆♦✇ ❝♦♥s✐❞❡r ♠✉❧t✐♣❧②✐♥❣ ❡❛❝❤ ❡q✉❛t✐♦♥ ❜② t❤❡ ♦t❤❡r s♦❧✉t✐♦♥ ❛♥❞ s✉❜tr❛❝t✐♥❣✿

y2 (y
′′
1 + py′1 + qy1) = 0

y1 (y
′′
2 + py′2 + qy2) = 0

[y2y
′′
1 − y1y

′′
2 ] + p [y2y

′
1 − y1y

′
2] = 0

❇✉t ♥♦✇ ♥♦t❡ t❤❛t t❤❡ t❡r♠ ♠✉❧t✐♣❧②✐♥❣ p ✐s ♣r❡❝✐s❡❧② t❤❡ ♥❡❣❛t✐✈❡ ♦❢ t❤❡ ❲r♦♥s❦✐❛♥

−W = −
∣
∣
∣
∣
∣

y1 y2

y′1 y′2

∣
∣
∣
∣
∣
= −y1y

′
2 + y2y

′
1

❛♥❞ t❤❛t ❛❧s♦

W ′ = y1y
′′
2 − y2y

′′
1 + y′1y

′
2 − y′1y

′
2

= − [y2y
′′
1 − y1y

′′
2 ]

✾✹



❍❡♥❝❡

−W ′ − pW = 0

W ′ + p (x)W = 0

W = W0e
−
´

p(x)dx

❚❤❡♥ s✐♥❝❡ ez 6= 0 ❢♦r ❛♥② ❛r❜✐tr❛r② ❝♦♠♣❧❡① ♥✉♠❜❡r z ∈ C✱ ❡✐t❤❡r W0 = 0 ❛♥❞ W (x) ≡ 0 ♦r

W0 6= 0 ❛♥❞ W (x) 6= 0 ❢♦r ❛♥② x✳

❘❡♠❛r❦✳ ❲❡ ✇✐❧❧ ✉s❡ s♦♠❡ ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ st❛❣❡s ✐♥ t❤✐s ♣r♦♦❢ ❛❣❛✐♥✳ ◆♦t❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥

W = W0e
−
´

pdx

✐s s♦♠❡t✐♠❡s ❦♥♦✇♥ ❛s ❆❜❡❧✬s ■❞❡♥t✐t②✳ ✭❆❣❛✐♥✱ ✐♥ s❡❝t✐♦♥ ✻✳✹✱ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s st❛t❡♠❡♥t ✐s

❣✐✈❡♥✳✮

✹✳✹ ❱❛r✐❛t✐♦♥ ♦❢ P❛r❛♠❡t❡rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t♦ ♦❜t❛✐♥ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥s t♦ ❢♦r❝❡❞ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s ✉s✐♥❣ t✇♦

❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s✳ ❙❡❝t✐♦♥ ✻✳✺ ❤❛s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s ♠❡t❤♦❞✱ ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧

❝❛s❡s✳

❲❡ ❜❡❣✐♥ ❜② t❛❦✐♥❣ ❛ ❣❡♥❡r❛❧ s❡❝♦♥❞✲♦r❞❡r ❧✐♥❡❛r ❖❉❊✱

y′′ + p (x) y′ + q (x) y = f (x)

❛♥❞ t✇♦ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s y1 (x) ❛♥❞ y2 (x)✳

❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦rs

Y1 =

(

y1

y′1

)

❛♥❞ Y2 =

(

y2

y′2

)

❢♦r♠ ❛ ❜❛s✐s ♦❢ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ s✉❝❤ ❛ s❡❝♦♥❞✲♦r❞❡r ❡q✉❛t✐♦♥✱ ❢♦r ❡✈❡r② x✱ ❜❡❝❛✉s❡ ✇❡

❦♥♦✇ t❤❡② r❡♠❛✐♥ ❛t ❛❧❧ t✐♠❡s ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✭❢r♦♠ ❚❤❡♦r❡♠ ✹✳✶✻✮✳

❙♦ ❛t ❛♥② ♣♦✐♥t x✱ ❛♥② s♦❧✉t✐♦♥ ✈❡❝t♦r Yp ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ✈❡❝t♦rs✿

Yp (x) = u (x)Y1 (x) + v (x)Y2 (x)

◆♦t❡ t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡s u (x) ❛♥❞ v (x) ❛r❡ ❜♦t❤ ❢✉♥❝t✐♦♥s ♦❢ x ✭✐♥ ❣❡♥❡r❛❧✮ ✲ ✇❤❛t ✇❡ ✇❛♥t ♥♦✇ ✐s

❛♥ ❡q✉❛t✐♦♥ ❢♦r u ❛♥❞ v ✲ ✐♥ ❢❛❝t✱ ✇❡ ❡①♣❡❝t t❤❡♠ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ✉♣ t♦ ❛t ♠♦st ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t✳

❇✉t ✇❡ ❤❛✈❡ ❧♦ts ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❢✉♥❝t✐♦♥s ✐♥✈♦❧✈❡❞✳ ❲r✐t✐♥❣ t❤❡ t✇♦ s❝❛❧❛r ❡q✉❛t✐♦♥s ✐♠♣❧✐❡❞

❜② t❤✐s ✈❡❝t♦r ❡q✉❛t✐♦♥ ♦✉t✱ ✇❡ ❤❛✈❡

yp = uy1 + vy2

y′p = uy′1 + vy′2

✾✺



❇✉t s✐♥❝❡ ✇❡ ❦♥♦✇ yp ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ✭❢♦r❝❡❞✮ ❖❉❊✱ ✇❡ ❦♥♦✇

y′′p + py′p + qyp = f

(uy′1 + vy′2)
′
+ p (uy′1 + vy′2) + q (uy1 + vy2) = f

❇✉t y1 ❛♥❞ y2 ❛r❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥✱ s♦ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤✐s ❛s

f = u (y′′1 + py′1 + qy1) + v (y′′2 + py′2 + qy2) + y′1u
′ + y′2v

′

= y′1u
′ + y′2v

′

❚❤✐s ✐s t❤❡ ✜rst ❡q✉❛t✐♦♥ ✇❡ ✇✐❧❧ ✉s❡ t♦ ❝♦♠♣✉t❡ u′ ❛♥❞ v′✳ ❚♦ ♦❜t❛✐♥ ❛♥♦t❤❡r✱ ✇❡ ❝❛♥ ✉s❡ t❤❡

♦r✐❣✐♥❛❧ t✇♦ ❡q✉❛t✐♦♥s✿

uy′1 + vy′2 = y′p

= (uy1 + vy2)
′

= u′y1 + uy′1 + v′y2 + vy′2

0 = u′y1 + v′y2

❙♦ ✇❡ ❤❛✈❡ (

y1 y2

y′1 y′2

)(

u′

v′

)

=

(

0

f

)

✇❤✐❝❤ ✇❡ ❝❛♥ s♦❧✈❡ ❜② s✐♠♣❧② ✐♥✈❡rt✐♥❣ t❤❡ ♠❛tr✐① ♦♥ t❤❡ ❧❡❢t ✭✐ts ❞❡t❡r♠✐♥❛♥t ✐s W 6= 0✮ t♦ ❣❡t

(

u′

v′

)

=
1

W

(

y′2 −y2

−y′1 y1

)(

0

f

)

u′ = − y2
W

f

v′ =
y1
W

f

❲❡ ❝❛♥ t❤❡♥ ✐♥t❡❣r❛t❡ t❤❡s❡ ❡q✉❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ u ❛♥❞ v r❡q✉✐r❡❞✳

❚❤❡ ❢✉❧❧ r❡s✉❧t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

yp = y1

ˆ

−y2f

W
dx+ y2

ˆ

y1f

W
dx

♥♦t✐♥❣ t❤❛t t❤❡ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥ts ✐♥ t❤❡ ✐♥t❡❣r❛❧s ❝♦rr❡s♣♦♥❞ t♦ ❛❞❞✐♥❣ ♦♥ ♠✉❧t✐♣❧❡s ♦❢ ❝♦♠♣❧❡♠❡♥t❛r②

❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ✇❛s ❛s ✇❡ ❡①♣❡❝t❡❞✳

❘❡♠❛r❦✳ ❚❤✐s ♠❡t❤♦❞ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❡q✉❛t✐♦♥s ♦❢ ❤✐❣❤❡r ♦r❞❡r✱ ❛♥❞ ✇❡ ❞♦ ❡①❛❝t❧② t❤❛t ✐♥

s❡❝t✐♦♥ ✻✳✺✳ ❚❤❡ ❦❡② ✐❞❡❛ ✐s t♦ ✇r✐t❡ t❤❡ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ❛s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♦♥❡s✳

Yp (x) = u (x)Y1 (x) + v (x)Y2 (x)

✾✻



❊①❛♠♣❧❡ ✹✳✶✼✳ ❙♦❧✈❡ ÿ + ω2y = sinωt✳

❲❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ t❤❡ ❢✉❧❧ t❡❝❤♥✐q✉❡ ❤❡r❡ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳

❲❡ ❤❛✈❡ t✇♦ s♦❧✉t✐♦♥s✱ y1 = sinωt ❛♥❞ y2 = cosωt✳ ❚❤❡ ❲r♦♥s❦✐❛♥ ❢♦r t❤❡s❡ s♦❧✉t✐♦♥s ✐s

∣
∣
∣
∣
∣

sinωt cosωt

ω cosωt −ω sinωt

∣
∣
∣
∣
∣
= −ω

❈❤♦♦s❡ u ❛♥❞ v s♦ t❤❛t yp = u sinωt+ v cosωt ❛♥❞ ẏp = uω cosωt− vω sinωt✳ ❇✉t t❤❡♥

ẏp = uω cosωt+ u̇ sinωt

−vω sinωt+ v̇ cosωt

s♦

(sinωt) u̇+ (cosωt) v̇ = 0

❆❧s♦✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ y′p ✇❡ ❤❛✈❡

ÿp = −uω2 sinωt+ u̇ω cosωt

−vω2 cosωt− v̇ω sinωt

❛♥❞ s✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✇❡ ❤❛✈❡

(ω cosωt) u̇− (ω sinωt) v̇ = sinωt

❈♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡

u̇ =
cosωt sinωt

ω
=

sin 2ωt

2ω

v̇ = − sin2 ωt

ω
=

cos 2ωt− 1

2ω

❍❡♥❝❡✱ ✐♥t❡❣r❛t✐♥❣ ❛♥❞ ✐❣♥♦r✐♥❣ ❛♥② ❝♦♥st❛♥t ❢❛❝t♦rs✱ ✇❡ s❡❡

u = −cos 2ωt

4ω2

v =
sin 2ωt

4ω2
− t

2ω

❚❤✉s t❤❡ s♦❧✉t✐♦♥ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ✐s

yp =
1

4ω2
(− cos 2ωt sinωt+ sin 2ωt cosωt)− t

2ω
cosωt

=
sinωt

4ω2
︸ ︷︷ ︸

♠✉❧t✐♣❧❡ ♦❢ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥

− t

2ω
cosωt

︸ ︷︷ ︸

❛s ❢♦✉♥❞ ❜② ❞❡t✉♥✐♥❣

✇❤✐❝❤ ✐s✱ ✉♣ t♦ t❤❡ ❛r❜✐tr❛r② ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥✱ ♣r❡❝✐s❡❧② t❤❡ r❡s✉❧t ✇❡ ❢♦✉♥❞

❢r♦♠ ❞❡t✉♥✐♥❣ ✐♥ s❡❝t✐♦♥ ✹✳✷✳✶✳

✾✼



❘❡❝❛❧❧ ❛❧s♦ t❤❛t ✐♥ s❡❝t✐♦♥ ✹✳✷✳✶ t❤❛t ✇❡ tr✐❡❞ t♦ s♦❧✈❡

y′′ − 2y′ + y = ex + xex

❛♥❞ ❞✐s❝♦✈❡r❡❞ t❤❛t x2ex ❛♥❞ x3ex ❣❛✈❡ ✉s t❤❡ ♥❡❝❡ss❛r② r❡♠❛✐♥❞❡rs✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡s❡ ❣❡♥❡r❛❧

r✉❧❡s ❢♦r s❡❝♦♥❞✲♦r❞❡r ❡q✉❛t✐♦♥s ✉s✐♥❣ ✈❛r✐❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs✳

❚❤❡♦r❡♠ ✹✳✶✽✳

✭✐✮ ■❢ eλ1x ❛♥❞ eλ2x ❛r❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s ❢♦r ❛ s❡❝♦♥❞✲♦r❞❡r ❧✐♥❡❛r ❡q✉❛✲

t✐♦♥✱ t❤❡♥ ❢♦r ❛♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❢♦r❝✐♥❣ t❡r♠ g (x) t❤❡r❡ ✐s ❛ ♣❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❢♦r♠

(

−eλ1x

[
ˆ x

e−λ1tg (t) dt

]

+ eλ2x

[
ˆ x

e−λ2tg (t) dt

])

/ (λ2 − λ1)

✭✐✐✮ ■❢ eλx ❛♥❞ xeλx ❛r❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s ❢♦r ❛ s❡❝♦♥❞✲♦r❞❡r ❧✐♥❡❛r ❡q✉❛✲

t✐♦♥✱ t❤❡♥ ❢♦r ❛♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❢♦r❝✐♥❣ t❡r♠ g (x) t❤❡r❡ ✐s ❛ ♣❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❢♦r♠

eλx
(

−
ˆ x

te−λtg (t) dt+ x

ˆ x

e−λtg (t) dt

)

Pr♦♦❢✳

✭✐✮ ❲❡ ❤❛✈❡ t❤❡ ❲r♦♥s❦✐❛♥

W =

∣
∣
∣
∣
∣

eλ1x eλ2x

λ1e
λ1x λ2e

λ2x

∣
∣
∣
∣
∣

= eλ1xeλ2x (λ2 − λ1)

s♦ ✉s✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ ❛❜♦✈❡✱

yp = y1

ˆ

−y2f

W
dx+ y2

ˆ

y1f

W
dx

= −eλ1x

ˆ

eλ2xg (x)

eλ1xeλ2x (λ2 − λ1)
dx+ eλ2x

ˆ

eλ1xg (x)

eλ1xeλ2x (λ2 − λ1)
dx

= −eλ1x

ˆ

e−λ1xg (x)

(λ2 − λ1)
dx+ eλ2x

ˆ

e−λ2xg (x)

(λ2 − λ1)
dx

❛s r❡q✉✐r❡❞✳

✾✽



✭✐✐✮ ❚❤❡ ❲r♦♥s❦✐❛♥ ✐s ♥♦✇

W =

∣
∣
∣
∣
∣

eλx xeλx

λeλx (1 + λx) eλx

∣
∣
∣
∣
∣

= e2λx (1 + λx− λx)

= e2λx

s♦

yp = y1

ˆ

−y2f

W
dx+ y2

ˆ

y1f

W
dx

= −eλx
ˆ

xeλxg (x)

e2λx
dx+ xeλx

ˆ

eλxg (x)

e2λx
dx

= −eλx
ˆ

xe−λxg (x) dx+ xeλx
ˆ

e−λxg (x) dx

❚❤❡s❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛❡ ♠❡❛♥ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ s♦❧✉t✐♦♥s ❢♦r ❛♥② ✭❝♦♥t✐♥✉♦✉s✱ ❛t ❧❡❛st✮ ❢♦r❝✐♥❣

t❡r♠ ✐♥ ❛ ❧✐♥❡❛r s❡❝♦♥❞✲♦r❞❡r ❡q✉❛t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛♥ ✐♥t❡❣r❛❧✳

❘❡♠❛r❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❣✐✈❡s ✉s ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ❢♦r ❛ ❢♦r❝✐♥❣ t❡r♠ ♣r♦♣♦rt✐♦♥❛❧ t♦ xkeλx ❢♦r

❛♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ r❡♣❡❛t❡❞ r♦♦t✿

yp = eλx
[

−
ˆ

x · xkdx+ x

ˆ

xkdx

]

= aeλxxk+2

✇❤❡r❡ ✇❡ ✐❣♥♦r❡ ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s✳

◆♦t❡ t❤❛t ❢♦r t❤❡ ❝❛s❡ ♦❢ ❞✐st✐♥❝t r♦♦ts✱ ✇❡ ❝❛♥ ❣❡t t❤❡ ❣❡♥❡r❛❧ r❡s✉❧ts ❢♦r xkeλ1x t♦♦✳ ■❣♥♦r✐♥❣

❝♦♥st❛♥t ❢❛❝t♦rs✱

yp = −eλ1x

[
ˆ

e−λ1xxkeλ1xdx

]

+ eλ2x

[
ˆ

e−λ2xxkeλ1xdx

]

= −eλ1x
[
axk+1

]
+ eλ2x

[
ˆ

e(λ1−λ2)xxkdx

]

◆♦✇ ✐❢ k > 0 ✐s ❛♥ ✐♥t❡❣❡r✱ t❤✐s ❧❛st ✐♥t❡❣r❛❧ ❡✈❛❧✉❛t❡s ✭❛s ♠❛② ❜❡ s❤♦✇♥ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✮

t♦ ❛ kt❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ x ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ s❛♠❡ ❡①♣♦♥❡♥t✐❛❧✱ ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ❡①♣r❡ss✐♦♥ ✐s ❛

(k + 1)t❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ x ♠✉❧t✐♣❧✐❡❞ ❜② eλ1x✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ✇r✐tt❡♥ ✐♥

t❡r♠s ♦❢ t❤❡ ✭✐♥❝♦♠♣❧❡t❡✮ ❣❛♠♠❛ ❢✉♥❝t✐♦♥

Γ (a; z) =

ˆ ∞

z

ta−1e−tdt

✾✾



✹✳✺ ❊q✉✐❞✐♠❡♥s✐♦♥❛❧ ❊q✉❛t✐♦♥s

❆♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧✽ ❡q✉❛t✐♦♥ ✐s ❛♥ ❖❉❊ ✇❤✐❝❤ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ x → µx ❢♦r ❛♥②

µ 6= 0 ✲ ♦❢t❡♥✱ ✇❡ ❛❧s♦ r❡q✉✐r❡ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ✐s ❧✐♥❡❛r✱ ❛♥❞ s♦♠❡t✐♠❡s t❤❛t ✐t ✐s ♥♦t ❢♦r❝❡❞✳ ■♥ t❤✐s

s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❧✐♥❡❛r ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ✭✐♥ ❣❡♥❡r❛❧✮ ❢♦r❝❡❞✱ ❛♥❞ ❜② t❡r♠s

✇❤✐❝❤ ❞♦ ♥♦t ❤❛✈❡ t♦ r❡s♣❡❝t t❤❡ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡✳

■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r❡q✉✐r❡♠❡♥t ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ nt❤ ♦r❞❡r ❛❧✇❛②s ❛♣♣❡❛r ♠✉❧t✐♣❧✐❡❞

❜② xn✱ s✐♥❝❡ ♦♥❧② t❤❡♥ ❞♦ ✇❡ ❣❡t

xn d
ny

dxn
→ (µx)

n dny

dxn
· 1

µn
= xn d

ny

dxn

❲❡ ❝❛♥ ✇r✐t❡ ❛♥ ❡ss❡♥t✐❛❧❧② ❣❡♥❡r❛❧ ✭✉♣ t♦✱ ❢♦r ❡①❛♠♣❧❡✱ x → x+ δ✮ s❡❝♦♥❞✲♦r❞❡r ❡q✉❛t✐♦♥ ❛s

ax2y′′ + bxy′ + cy = f (x)

❢♦r a, b, c ❛❧❧ ❝♦♥st❛♥t✳

✹✳✺✳✶ ❙♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥

❚❤✐s s✐♠♣❧❡ ❢♦r♠ ♦❢ ❡q✉❛t✐♦♥ ❛❞♠✐ts ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✲ ✇❡ ❛r❡ ❡ss❡♥t✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ ❡✐❣❡♥❢✉♥❝t✐♦♥s

♦❢ t❤❡ ♥❡✇ ♦♣❡r❛t♦r x d
dx ✱ ❛♥❞ ✐ts sq✉❛r❡✱

x
d

dx

[

x
d

dx

]

≡ x

[

x
d2

dx2
+

d

dx

]

= x2 d2

dx2
+ x

d

dx

❇✉t ✇❡ ❝❛♥ s❡❡ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♦♣❡r❛t♦r t❤❛t ❛♥② ♣♦❧②♥♦♠✐❛❧ t❡r♠ xk ✐s ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥✱

❜❡❝❛✉s❡ t❤❡ ❞❡r✐✈❛t✐✈❡ r❡❞✉❝❡s t❤❡ ♣♦✇❡r ♦❢ x ❜② ♦♥❡✱ ❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ r❡st♦r❡s ✐t✿

x
d

dx

[
xk
]
= kx · xk−1 = kxk

❙♦ t♦ s♦❧✈❡ t❤❡ ✉♥❢♦r❝❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✱ ✇❡ ❝❛♥ ❣✉❡ss y = xk✳ ❲❡ ❦♥♦✇ t❤❛t ✇❡

✇✐❧❧ t❤❡♥ ❤❛✈❡

a

[

x2 d
2
(
xk
)

dx2
+ x

d
(
xk
)

dx

]

+ bx
d
(
xk
)

dx
+ c

(
xk
)

= 0

ak (k − 1) + bk + c = 0

ak2 + (b− a) k + c = 0

❚❤✐s ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡ k✱ ✇❤✐❝❤ ♠❛② ❜❡ s♦❧✈❡❞ t♦ ✜♥❞ k = k1, k2✱ ❛♥❞

t❤❡♥ ✐❢ k1 ❛♥❞ k2 ❛r❡ ❞✐st✐♥❝t✱ ✇❡ ❝❛♥ ✇r✐t❡

yc = Axk1 + bxk2

✽❈♦♥❢✉s✐♥❣❧②✱ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ❛r❡ ❛❧s♦ ❝❛❧❧❡❞ ✏❤♦♠♦❣❡♥❡♦✉s✑ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❤❛s ❛ ❞✐❢✲
❢❡r❡♥t ♠❡❛♥✐♥❣ ❤❡r❡ t♦ ✏✉♥❢♦r❝❡❞✑✳ ❖t❤❡r ♥❛♠❡s ✐♥❝❧✉❞❡ ❛ ❈❛✉❝❤②✲❊✉❧❡r✱ ❊✉❧❡r✲❈❛✉❝❤② ❛♥❞ ❊✉❧❡r✬s ❡q✉❛t✐♦♥✳

✶✵✵



1

1

✭❛✮ ❉✐st✐♥❝t r♦♦ts ✭♥♦t ♠✉❧t✐♣❧✐❡❞ ❜② lnx✮

1

✭❜✮ ❘❡♣❡❛t❡❞ r♦♦ts ✭♠✉❧t✐♣❧✐❡❞ ❜② lnx✮

❋✐❣✉r❡ ✹✳✶✶✿ ❊①❛♠♣❧❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❧♦❣✐st✐❝ ❡q✉❛t✐♦♥ ❢♦r r❡❛❧ r♦♦ts

❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦ ❤❡❧♣ ❛t ❛❧❧ ✐❢ t❤❡ t✇♦ r♦♦ts ❛r❡ t❤❡ s❛♠❡✳ ❈❧❡❛r❧②✱ ♠✉❧t✐♣❧②✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❜②

x ✇✐❧❧ ♥♦t ✇♦r❦ ✐♥ t❤✐s ❝❛s❡✦

■♥st❡❛❞✱ ✇❡ ♠✉st ✉s❡ ✇❤❛t ✇❡ ❤❛✈❡ ❧❡❛r♥❡❞ ❢r♦♠ ✜♥❞✐♥❣ t❤❡ t②♣✐❝❛❧ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s t♦

✇♦r❦ ♦✉t ❤♦✇ t♦ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ♥♦t❡ t❤❛t t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s xk ❤❛✈❡ t❤❡

❢♦r♠ ♦❢ ek ln x✱ s♦ ♣❡r❤❛♣s ✐❢ ✇❡ r❡✇r♦t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❡r♠s ♦❢ z = lnx ✇❡ ✇♦✉❧❞ ✜♥❞ ❛♥ ❡q✉❛t✐♦♥

t❤❛t ✇❡ ❛❧r❡❛❞② ❦♥♦✇ ❤♦✇ t♦ s♦❧✈❡✳

❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛♣s x → ez✱ ❛♥❞ d
dx → d

dez = d
dz/

dez

dz = e−z d
dz s♦ t❤❡ ♥❡✇ ❡q✉❛t✐♦♥ ❤❛s t❤❡

❢♦r♠

ae2ze−z d

dz

[

e−z dy

dz

]

+ beze−z dy

dz
+ cy = f (ez)

aez
[

e−z d
2y

dz2
− e−z dy

dz

]

+ b
dy

dz
+ cy = f (ez)

a
d2y

dz2
+ (b− a)

dy

dz
+ cy = f (ez)

❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♥♦✇ ❤❛s ♣r❡❝✐s❡❧② t❤❡ ❢♦r♠ ♦❢ ❛ s❡❝♦♥❞✲♦r❞❡r ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t

❝♦❡✣❝✐❡♥ts✳ ❲❡ ❝❛♥ s❡❡ t❤❛t t❤✐s ❤❛s t❤❡ s❛♠❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❛s t❤❡ ♦♥❡ ✇❡ ❢♦✉♥❞ ❢♦r k ❛❜♦✈❡✱

✇✐t❤ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s ekz ≡ xk✱ ❛♥❞ ✇❤❛t ✐s ♠♦r❡✱ ✇❡ ❦♥♦✇ t❤❛t ✐♥ t❤❡ ❝❛s❡ t❤❛t t❤❡ r♦♦ts

❝♦✐♥❝✐❞❡✱ t❤❡ ♥❡✇ s♦❧✉t✐♦♥ ✐s

zekz ≡ (lnx)xk

❚❤❡ ♦✈❡r❛❧❧ s❤❛♣❡ ♦❢ ❜♦t❤ ❢♦r♠s ♦❢ s♦❧✉t✐♦♥ ❢♦r r❡❛❧ k ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✶✳

❆s ❛ ♣♦✐♥t ♦❢ ✐♥t❡r❡st✱ ♥♦t❡ t❤❡ ❢♦r♠ ♦❢ s♦❧✉t✐♦♥s ❢♦r ❝♦♠♣❧❡① r♦♦ts k✿

y = e(α+βi)z

= eαz [cosβz + sinβz]

= xα [cos (β lnx) + i sin (β lnx)]

❍❡♥❝❡ ✇❡ ❝❛♥ t❛❦❡ xα cos (β lnx) ❛♥❞ xα sin (β lnx) t♦ ❜❡ ♦✉r t✇♦ ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s✳ ❚②♣✐❝❛❧

s♦❧✉t✐♦♥s ♦❢ t❤❡ ✜rst ❢♦r♠ ✐♥ t❤✐s ❝❛s❡ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✷✳

✶✵✶



1

❋✐❣✉r❡ ✹✳✶✷✿ ❊q✉✐❞✐♠❡♥s✐♦♥❛❧ s♦❧✉t✐♦♥ ❝✉r✈❡s ❢♦r ❝♦♠♣❧❡① r♦♦ts

❘❡♠❛r❦✳ ❋♦r❝❡❞ ✈❡rs✐♦♥s ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❛r❡ ♣r♦❜❛❜❧② ❜❡st s♦❧✈❡❞ ❜② ❛♣♣❧②✐♥❣ t❡❝❤♥✐q✉❡s ✇❡ ❤❛✈❡

❛❧r❡❛❞② ❞✐s❝✉ss❡❞ t♦ t❤❡ tr❛♥s❢♦r♠❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

✹✳✺✳✷ ❉✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥ ❛♥❛❧♦❣✉❡s

❚❤❡r❡ ❛r❡ t✇♦ ✇❛②s ✐♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ✈✐❡✇ t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ ❛♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥✳

❚②♣✐❝❛❧ ❝❛s❡ ❋✐rst❧②✱ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❧✐♥❡❛r r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠

ayn+2 + byn+1 + cyn = fn

❲❡ ❝❛♥ s♦❧✈❡ t❤✐s ❜② ✜♥❞✐♥❣ t❤❡ ❢♦r♠ ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♠❛♣ yn → yn+1✱ ❛♥❞ ❡①♣❧♦✐t✐♥❣ t❤❡

❧✐♥❡❛r✐t② ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

❇✉t ❝❧❡❛r❧②✱ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ yn → yn+1 ❛r❡ ❥✉st yn = kn✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡

k✱ ❜❡❝❛✉s❡ t❤❡♥

yn+1 = k · kn = kyn

❘❡♠❛r❦✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ✭❢♦r✇❛r❞✮ ❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦r D [yn] ✐s ❞❡✜♥❡❞ ❜②

D [yn] = yn+1 − yn

❛♥❞ ✐t t♦♦ ❤❛s ❡✐❣❡♥❢✉♥❝t✐♦♥s yn = kn✿

D [yn] = kn+1 − kn

= (k − 1) yn

❙♦ t♦ s♦❧✈❡ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥✱ ✇❡ ❝❛♥ t❤✐♥❦ ♦❢ ✐t ❛s

AD2 [yn] +BD [yn] + Cyn = fn

✶✵✷



✇❤❡r❡ A = a✱ B = b+ 2a ❛♥❞ C = c+ b+ a✱ ❛♥❞ t❤❡♥ s♦❧✈❡ ❢r♦♠ t❤❡r❡✳

❊✐t❤❡r ✇❛②✱ ✇❡ ✇✐❧❧ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ❝❧❡❛r ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥

akn+2 + bkn+1 + ckn = 0

ak2 + bk + c = 0

✇✐t❤ s♦❧✉t✐♦♥s k = k1, k2✳

❚❤❡ ❣❡♥❡r❛❧ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s ❛r❡ t❤❡♥

yn = Akn1 +Bkn2

❢♦r ❞✐st✐♥❝t r♦♦ts✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡♣❡❛t❡❞ r♦♦t✱ ✐t ✐s ♥♦t ✈❡r② s✉r♣r✐s✐♥❣ t❤❛t ✇❡ ❣❡t s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠

yn = (A+Bn) kn

P❛rt✐❝✉❧❛r ✐♥t❡❣r❛❧s ❛r❡ ♦❢ ❜r♦❛❞❧② t❤❡ s❛♠❡ ❢♦r♠ ❛s ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ♣r❡✈✐♦✉s❧②✿

■♥❤♦♠♦❣❡♥❡✐t② fn ❚❡r♠ ♦❢ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ yn

kn ❢♦r r♦♦t k kn, n · kn, · · ·

bn bn

np Anp +Bnp−1 + · · ·+ Cn+D

anp + bnp−1 + · · ·

❊①❛♠♣❧❡ ✹✳✶✾✳ ❈♦♥s✐❞❡r t❤❡ ♠♦❞✐✜❡❞ ❋✐❜♦♥❛❝❝✐ s❡q✉❡♥❝❡ Gn = Gn−1 + Gn−2 + 1✱ ✇✐t❤ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥s G0 = 0 ❛♥❞ G1 = 1✳ ❚❤✐s ❤❛s t❡r♠s

0, 1, 2, 4, 7, 12, 20, 33, · · ·

❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ✐s k2 − k − 1 = 0 ✇❤✐❝❤ ❤❛s s♦❧✉t✐♦♥s

k =
1±

√
5

2

= Φ,− 1

Φ

▲❡t ✉s ✜rst tr② t♦ ✜♥❞ ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥✳ ❘❡❢❡rr✐♥❣ t♦ t❤❡ ❛❜♦✈❡ t❛❜❧❡✱ ✇❡ s❡❡ t❤❡ ❢♦r❝✐♥❣ ✐s

♦❢ t❤❡ ❢♦r♠ 1n✱ s♦ ✇❡ ❣✉❡ss ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥

Gn = a · 1n = a

✶✵✸



✇❤✐❝❤ ✐s ❡❛s✐❧② ❢♦✉♥❞ t♦ ❜❡ ❝♦rr❡❝t ❢♦r

a = a+ a+ 1

0 = a+ 1

a = −1

❚❤❡♥ ✇❡ ❤❛✈❡

Gn = AΦn +B

(

− 1

Φ

)n

− 1

◆♦✇ ✇❡ ❝❛♥ ✜♥❞ A ❛♥❞ B✿

G0 = A+B − 1 = 0

G1 =

(
1 +

√
5
)

2
A+

(
1−

√
5
)

2
B − 1

=
A+B

2
+

(
A−B

2

)√
5− 1

= 1

❙♦ ✇❡ ❤❛✈❡

A+B = 1

A−B =
3√
5

A =
3 +

√
5

2
√
5

=
Φ2

√
5

B =
3−

√
5

2
√
5

=
(−1/Φ)

2

√
5

✇❤✐❝❤ ❣✐✈❡s

Gn =
Φn+2 +

(
− 1

Φ

)n+2

√
5

− 1

= Fn+2 − 1

■♥❞❡❡❞✱ ✐❢ ✇❡ ❛❞❞ ✶ t♦ t❤❡ s❡q✉❡♥❝❡ ❢♦r Gn ✇❡ ❣❡t

1, 2, 3, 5, 8, 13, 21, 34, · · ·

✇❤✐❝❤ ✐s ♣r❡❝✐s❡❧② t❤❡ ❋✐❜♦♥❛❝❝✐ s❡q✉❡♥❝❡ s❤✐❢t❡❞ ❜② t✇♦ ♣❧❛❝❡s ✭❛ss✉♠✐♥❣ F0 = 0 ❛♥❞ F1 = 1✮✳

✶✵✹



❆❧t❡r♥❛t✐✈❡ ❛♥❛❧♦❣② ❚❤❡ ♦t❤❡r ✇❛② ✐♥ ✇❤✐❝❤ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞r❛✇ ❛♥ ❛♥❛❧♦❣② ✇✐t❤ ❛ ❞✐s❝r❡t❡

❡q✉❛t✐♦♥ ✐s ✈✐❛ t❤❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❡①♣r❡ss✐♦♥ ❣✐✈❡♥✱ ❢♦r ❛ ✜①❡❞ ✐♥t❡❣❡r m✱ ❜②

fm (n) = n (n+ 1) · · · (n+m− 1)

❚❤❡ ♣♦✐♥t ❛❜♦✉t t❤✐s ❢✉♥❝t✐♦♥ ✐s t❤❡ ♣r♦♣❡rt✐❡s ✐t ❤❛s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦r✇❛r❞ ❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦r

D [·]✿

D [fm (n)] = fm (n+ 1)− fm (n)

= (n+ 1) (n+ 2) · · · (n+m− 1) [(n+m)− n]

=
m

n
fm (n)

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t r❡♣❡❛t✐♥❣ t❤✐s ♣r♦❝❡ss k t✐♠❡s ❣✐✈❡s ✉s

Dk [fm (n)] = f (k)
m (n) =

m (m− 1) · · · (m− k + 1)

n (n+ 1) · · · (n+ k − 1)
fm (n)

= m (m− 1) · · · (m− k + 1)
fm (n)

fk (n)

❚❤✐s ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❢❛❝t t❤❛t

dk

dxk
[xm] = m (m− 1) · · · (m− k + 1)

xm

xk

✇❤✐❝❤ ✐s ✇❤❛t ✇❡ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❡r♠s ♦❢ t❤❡ ❢♦r♠ xk dky
dxk ❛♣♣❡❛r✳

■♥ ❢❛❝t✱ ✇❡ ❝❛♥ ✉s❡ t❤✐s t♦ s♦❧✈❡ ❡q✉❛t✐♦♥s ❧✐❦❡

an (n+ 1) y(2)n + bny(1)n + cyn = 0

❜❡❝❛✉s❡ ✇❡ ❝❛♥ ❣✉❡ss s♦❧✉t✐♦♥s ❧✐❦❡ yn = fm (n) ❛♥❞ s♦❧✈❡ ❢♦r m✿

afm (n) ·m (m− 1) + bfm (n) ·m+ cfm (n) = 0

am (m− 1) + bm+ c = 0

✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❢♦r♠ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❛s ✇❡ ❤❛❞ ❜❡❢♦r❡✳

❊①❛♠♣❧❡ ✹✳✷✵✳ ❙♦❧✈❡ n (n+ 1) yn+2 − 2n (n+ 1) yn+1 − (2 + n (n+ 1)) yn = 0✳

❚❤✐s ✐s ♥♦t ❝✉rr❡♥t❧② ♦❢ t❤❡ st❛t❡❞ ❢♦r♠✱ s✐♥❝❡ ✇❡ ♥❡❡❞ t❡r♠s ❧✐❦❡ y
(2)
n ❛♥❞ s♦ ♦♥✳ ▲❡t ✉s r❡✇r✐t❡

t❤✐s✿

n (n+ 1)
[

y(2)n + 2yn+1 − yn

]

− 2n (1 + n) yn+1 − (2 + n (n+ 1)) yn = n (n+ 1) y(2)n − 2yn = 0

✶✵✺



◆♦✇ ✐t ✐s ❛s r❡q✉✐r❡❞✱ s♦ ✇❡ ❝❛♥ ❛tt❡♠♣t ❛ s♦❧✉t✐♦♥ yn = fm (n)✳ ❲❡ ♥❡❡❞ t♦ s♦❧✈❡

m (m− 1)− 2 = 0

(m+ 1) (m− 2) = 0

m = −1, 2

❍❡♥❝❡ ♦✉r ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s

yn =
A

n− 1
+Bn (n+ 1)

❞❡♠♦♥str❛t✐♥❣ t❤❛t t❤✐s ✇♦r❦s ❢♦r m < 0✳

❘❡♠❛r❦✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛❧s♦ ✇♦r❦s ❢♦r ♥♦♥✲✐♥t❡❣❡r m ✐❢ ✇❡ ✉s❡ t❤❡ Γ ❢✉♥❝t✐♦♥ ✐♥st❡❛❞ ♦❢ t❤❡ ♣❛rt✐❛❧

❢❛❝t♦r✐❛❧s✿

fm (n) =
Γ (n+m)

Γ (n)

✹✳✻ ❙❡r✐❡s ❙♦❧✉t✐♦♥s

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ♠❛✐♥❧② ❧♦♦❦❡❞ ❛t s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ❧✐♥❡❛r s❡❝♦♥❞✲♦r❞❡r ❡q✉❛t✐♦♥s✱ ♥♦t❛❜❧② t❤♦s❡ ✇✐t❤

❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♦❜✈✐♦✉s❧② ♥♦t ❛❧✇❛②s t❤❡ ❝❛s❡ t❤❛t

✇❡ ❝❛♥ ✜♥❞ ❛♥ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥✳

■♥ s❡❝t✐♦♥ ✸✳✻✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❝❤✐❡✢② ❣r❛♣❤✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❛♥❛❧②③✐♥❣ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥s✳ ❍❡r❡✱ ✇❡

✇✐❧❧ ❞❡✈❡❧♦♣ ❛ ♠♦r❡ ❛❧❣❡❜r❛✐❝ ❛♣♣r♦❛❝❤ t♦ s♦❧✈✐♥❣ ❡q✉❛t✐♦♥s ❧✐❦❡

a (x) y′′ + b (x) y′ + c (x) y = 0

♦r✱ ✇❤❡r❡ ❛♣♣r♦♣r✐❛t❡✱

y′′ + p (x) y′ + q (x) y = 0

❚❤❡ ✐❞❡❛ ✐s t❤❛t ✇❡ tr② t♦ ✜♥❞ s♦❧✉t✐♦♥s ❛s ✭✐♥ ❣❡♥❡r❛❧ ✐♥✜♥✐t❡✮ s❡r✐❡s ✐♥ t❡r♠s ♦❢ ♣♦✇❡rs ♦❢ t❤❡

✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ x✳ ❲❡ ❛r❡ ♠♦st ❢❛♠✐❧✐❛r ✇✐t❤ ♦♥❡ t②♣❡ ♦❢ ♣♦✇❡r s❡r✐❡s✱ ❚❛②❧♦r s❡r✐❡s✱ ✇❤❡r❡ t❤❡

♣♦✇❡rs ❛r❡ ❛❧❧ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✱ ❛s ✐♥

∞∑

n=0

an (x− x0)
n

t❤♦✉❣❤ ❢♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ✇♦r❦ ♠❛✐♥❧② ✇✐t❤ t❤❡ tr❛♥s❧❛t❡❞ ❝❛s❡ x0 = 0✱ s♦ t❤❛t t❤✐s

✇♦✉❧❞ ❜❡ t❤❡ ▼❛❝❧❛✉r✐♥ s❡r✐❡s
∞∑

n=0

anx
n

■t t✉r♥s ♦✉t t❤❛t ✐t ✐s ♥♦t ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ ❡q✉❛t✐♦♥s ✐♥ t❤✐s ❢♦r♠✱ ❜✉t ✇❡ ❝❛♥ ♦❢t❡♥ ✜♥❞ ❛

s✐♠✐❧❛r ❢♦r♠ ♦❢ s♦❧✉t✐♦♥✳ ■t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ❝❧❛ss✐❢② ♣♦✐♥ts ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❡r✐❡s ❢♦r

✶✵✻



t❤❡ ❝♦❡✣❝✐❡♥ts ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✹✳✷✶✳ x = x0 ✐s ❛♥ ♦r❞✐♥❛r② ♣♦✐♥t ✐❢ p (x) ≡ b(x)
a(x) ❛♥❞ q (x) ≡ c(x)

a(x) ❤❛✈❡ ❚❛②❧♦r s❡r✐❡s

❛❜♦✉t x0✳

❖t❤❡r✇✐s❡✱ x0 ✐s ❛ s✐♥❣✉❧❛r ♣♦✐♥t✳ ■❢ x0 ✐s s✐♥❣✉❧❛r✱ ❜✉t t❤❡ ❡q✉❛t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

A (x) (x− x0)
2
y′′ +B (x) (x− x0) y

′ + C (x) y = 0

✇❤❡r❡ B(x)
A(x) ≡ (x− x0) p (x) ❛♥❞

C(x)
A(x) = (x− x0)

2
q (x) ❤❛✈❡ ❚❛②❧♦r s❡r✐❡s ❤❡r❡✱ t❤❡♥ ✇❡ s❛② x0 ✐s

❛ r❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥t ✲ ♦t❤❡r✇✐s❡✱ ✐t ✐s ✐rr❡❣✉❧❛r✳

❘❡♠❛r❦✳ ❆♥♦t❤❡r ✇❛② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t②♣❡s ♦❢ s✐♥❣✉❧❛r ♣♦✐♥ts ✐s ❝♦♠♠♦♥❧② ❡①♣r❡ss❡❞ ✐s

t❤❛t ❛ r❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥t ❤❛s p ❛♥❞ q ✇✐t❤ ♣♦❧❡s ❛t ♠♦st ♦r❞❡r ✶ ❛♥❞ ✷ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t ✇❡

r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ t♦ s❡❡ ✐ts ❜❡❤❛✈✐♦✉r✳

❘❡❝❛❧❧ t❤❛t t❤❡ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ♠✉st ❡①✐st ❛♥❞ ❝♦♥✈❡r❣❡ ❢♦r ❛❧❧ x ✐♥ s♦♠❡ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥✐♥❣

x0✱ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ❡✈❡r②✇❤❡r❡✳

❍❡r❡ ❛r❡ ❛ ❢❡✇ ❡①❛♠♣❧❡s ❢♦r ❝❧❛r✐t②✿

❊①❛♠♣❧❡ ✹✳✷✷✳ ❨♦✉ ❝❛♥ ❝❤❡❝❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❛s ❛♥ ❡①❡r❝✐s❡✳

✭✐✮
(
1− x2

)
y′′ − xy′ + 5y = 0✳ ❍❡r❡✱ x = 0 ✐s ♦r❞✐♥❛r②✱ ❛♥❞ x = ±1 ❛r❡ r❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥ts✳

✭✐✐✮ (sinx) y′′ + (cosx) y′ + 5y = 0✳ ❆❧❧ ♣♦✐♥ts ♦❢ t❤❡ ❢♦r♠ x = nπ ❢♦r ✐♥t❡❣❡r n ❛r❡ s✐♥❣✉❧❛r✱ ❜✉t

t❤❡② ❛r❡ ✐♥ ❢❛❝t r❡❣✉❧❛r✳

✭✐✐✐✮ (1 +
√
x) y′′−xy′+5y = 0✳ ❚❤❡ ♣♦✐♥t x = 0 ✐s ♥♦✇ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ✐rr❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥t✳

✹✳✻✳✶ ❚❛②❧♦r s❡r✐❡s s♦❧✉t✐♦♥s

▲❡t✬s ✜rst ❧♦♦❦ ❛t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ ❛ ❚❛②❧♦r s❡r✐❡s✳

❊①❛♠♣❧❡ ✹✳✷✸✳ ❙♦❧✈❡

y′′ + xy′ − 2y = 0

▲❡t ✉s ❡①♣❛♥❞ ❛❜♦✉t t❤❡ ♣♦✐♥t x = 0 ✭❢♦r ♥♦ r❡❛s♦♥ ♦t❤❡r t❤❛♥ ✐t ♠❛❦❡s t❤❡ ❜♦♦❦❦❡❡♣✐♥❣ ❡❛s✐❡r✮✱

s♦ t❤❛t ♦✉r tr✐❛❧ ✭❚❛②❧♦r s❡r✐❡s✮ s♦❧✉t✐♦♥ ✐s

y =

∞∑

n=0

anx
n

❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❛♥ ✐♥✜♥✐t❡ s✉♠✱ s✐♥❝❡ ❢♦r ❡①❛♠♣❧❡

y′ =

∞∑

n=0

nanx
n−1

✶✵✼



❍♦✇❡✈❡r✱ t♦ ♠❛❦❡ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥s ❝❧❡❛r❡r✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ♣s❡✉❞♦✲

❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ ✇❡ ✉s❡❞ ✐♥ ❝❧❛ss✐❢②✐♥❣ st❛t✐♦♥❛r② ♣♦✐♥ts✿

(
x2y′′

)
+ x2 (xy′)− 2x2 (y) = 0

❚❤❡♥ ✇❡ ❤❛✈❡
∞∑

n=0

[
n (n− 1) + nx2 − 2x2

]
anx

n = 0

❲❡ ✇❛♥t t♦ ❡①tr❛❝t s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❝♦❡✣❝✐❡♥ts an✱ ❜✉t t❤✐s ✐s ♦❜✈✐♦✉s❧② ❞✐✣❝✉❧t

s✐♥❝❡ t❤❡ ♣♦✇❡rs ♦❢ x ❛r❡ ✐♥t❡r❧❡❛✈❡❞ ❛r❜✐tr❛r✐❧② ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥✳ ❚♦ tr② t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ❧❡t

✉s r❡♦r❣❛♥✐③❡ t❤❡ t❡r♠s ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

∞∑

n=0

[n (n− 1) an + an−2 (n− 2)− 2an−2]x
n = 0

✇❤❡r❡ ✇❡ ❤❛✈❡ ❥✉st r❡❛❧✐③❡❞ t❤❛t t❡r♠s ❧✐❦❡ f (n)x2 ·xn = f (n)xn+2 ❝❛♥ ❡q✉❛❧❧② ✇❡❧❧ ❜❡ ✇r✐tt❡♥ ❛s

f (n− 2)xn✱ ❥✉st ❛♣♣❡❛r✐♥❣ ✷ ♣❧❛❝❡s ❧❛t❡r ✐♥ t❤❡ s❡q✉❡♥❝❡✳ ❲❡ ❤❛✈❡ ✐♥✈❡♥t❡❞ ♥❡✇ ❝♦❡✣❝✐❡♥ts a−1

❛♥❞ a−2✱ ✇❤✐❝❤ ❛r❡ ❜♦t❤ ✵✱ ✐♥ ♦r❞❡r t♦ ❡♥❛❜❧❡ ✉s t♦ ❞♦ t❤✐s ✇✐t❤♦✉t s❡♣❛r❛t✐♥❣ ♦✉t t❤❡ n = 0, 1

❝❛s❡s✳

❇✉t ♥♦✇ s✐♥❝❡ ❜♦t❤ s✐❞❡s ❛r❡ ✐❞❡♥t✐❝❛❧✱ ✇❡ ❝❛♥ ❥✉st ❝♦♠♣❛r❡ ❝♦❡✣❝✐❡♥ts ♦❢ xn✦

n (n− 1) an + an−2 (n− 2)− 2an−2 = 0

n (n− 1) an = (4− n) an−2

❚❤✐s ❛❧❧♦✇s ✉s t♦ ✇♦r❦ ♦✉t t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ♣♦✇❡r s❡r✐❡s✱ ♣r♦✈✐❞❡❞ ✇❡ ❤❛✈❡ s♦♠❡ ✐♥✐t✐❛❧

t❡r♠s✱ a0 ❛♥❞ a1✱ ❛s ❢♦r n 6= 0, 1 ✇❡ ❤❛✈❡

an =
4− n

n (n− 1)
an−2

s♦

a2 =
2

2
a0

a4 =
0

4 · 3a2 = 0

a2m = 0

❛♥❞

a3 =
1

3 · 2a1

a5 =
−1

5 · 4a3 = − 1

5 · 4 · 3 · 2a1

a7 =
−3

7 · 6a5 =
3

7!
a1

a2m+1 = (−1)
m+1 1 · 3 · · · · · (2m− 3)

(2m+ 1)!
a1 ❢♦r m > 1

✶✵✽



❍❡♥❝❡ ✐❢ ✇❡ t❛❦❡ t❤❡ ❝❛s❡ a0 = 1✱ a1 = 0 ✇❡ ❣❡t t❤❡ s♦❧✉t✐♦♥

y1 = 1 + x2

❛♥❞ ✐❢ ✇❡ t❛❦❡ a0 = 0✱ a1 = 1 ✇❡ ❣❡t

y2 = x+
1

6
x3 − 1

120
x5 +

1

1680
x7 − · · ·

· · ·+ (−1)
m+1 1 · 3 · · · · · (2m− 3)

(2m+ 1)!
x2m+1 + · · ·

❚❤❡s❡ t✇♦ s♦❧✉t✐♦♥s ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ ❛s t❤❡ ❜❛s✐s ♦❢ ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥

y = Ay1 +By2

❡①❛❝t❧② ❛s ❜❡❢♦r❡✳

❚❤✐s ❣✐✈❡s t❤❡ r❡❛❞❡r ❛ ❢❛✐r❧② ❣♦♦❞ ❡①❛♠♣❧❡ ♦❢ ✇❤❛t t♦ ❡①♣❡❝t ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s ✲ s♦♠❡t✐♠❡s ♦♥❡

♦r ♠♦r❡ s♦❧✉t✐♦♥s ✇✐❧❧ ❤❛✈❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❡①♣r❡ss✐♦♥❀ s♦♠❡t✐♠❡s t❤❡② ✇✐❧❧ ❜❡ ✐♥✜♥✐t❡✱ ✐♥ ✇❤✐❝❤ ❝❛s❡

t❤❡ s♦❧✉t✐♦♥s ✇✐❧❧ ❝♦♥✈❡r❣❡ ♦✈❡r ❛t ❧❡❛st t❤❡ s❛♠❡ r❛♥❣❡ ❛s t❤❡ ❝♦❡✣❝✐❡♥ts p (x) ❛♥❞ q (x) ❞♦ ✭s❡❡ ♥❡①t

s❡❝t✐♦♥✮ ✲ ❤❡♥❝❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❢✉♥❝t✐♦♥s ❧✐❦❡ t❤❡s❡✱ ✇❤✐❝❤ ❛r❡ ❡✈❡r②✇❤❡r❡ ❡q✉❛❧ t♦ t❤❡✐r ❚❛②❧♦r s❡r✐❡s

❛❜♦✉t ❛♥② ♣♦✐♥t✱ t❤❡ s♦❧✉t✐♦♥s s❤♦✉❧❞ ❛❧s♦ ❜❡ ✉♥✐✈❡rs❛❧❧② ❞❡✜♥❡❞ ❜② ❛ s✐♥❣❧❡ ❚❛②❧♦r s❡r✐❡s✳ ■♥ ❣❡♥❡r❛❧✱

❛♥❛❧②t✐❝ ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ❛r❡ ❧♦❝❛❧❧② ❡q✉❛❧ t♦ ❚❛②❧♦r s❡r✐❡s ❛❜♦✉t ❛♥② ♣♦✐♥t ❤❛✈❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥s✳

■♥✜♥✐t❡ ❡①♣r❡ss✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ s♦♠❡t✐♠❡s ❜❡ ✐❞❡♥t✐✜❡❞ ✐♥ ❝❧♦s❡❞ ❢♦r♠✱ t❤♦✉❣❤ ✐♥ ❣❡♥❡r❛❧ ✇❡ ❤❛✈❡ ♥♦

r❡❛s♦♥ t♦ ❡①♣❡❝t t❤❡② ❝❛♥ ✲ t❤❡r❡ ✐s ♥♦ ♥❛t✉r❛❧ ✇❛② t♦ ❡①♣r❡ss t❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥ ❛❜♦✈❡✳

■t ✐s ❛ ❣❡♥❡r❛❧ r❡s✉❧t ✭❞✉❡ t♦ ❋r♦❜❡♥✐✉s ❛♥❞ ❋✉❝❤s✮ t❤❛t ✐❢ x0 ✐s ❛ r❡❣✉❧❛r ♣♦✐♥t✱ t❤❡r❡ ✇✐❧❧ ❜❡ ❚❛②❧♦r

s❡r✐❡s s♦❧✉t✐♦♥s✿

❚❤❡♦r❡♠ ✹✳✷✹✳ ■❢ p (x) ❛♥❞ q (x) ❜♦t❤ ❤❛✈❡ ❚❛②❧♦r s❡r✐❡s ✐♥ s♦♠❡ ✐♥t❡r✈❛❧ ❛❜♦✉t x0✱ t❤❡♥ t❤❡r❡ ❛r❡

t✇♦ ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ y′′ + p (x) y′ + q (x) y = 0 ♦❢ t❤❡ ❢♦r♠

y =

∞∑

n=0

an (x− x0)
n

✇❤✐❝❤ ❝♦♥✈❡r❣❡ ♦✈❡r ❛t ❧❡❛st t❤❡ s❛♠❡ r❡❣✐♦♥ ❛s p ❛♥❞ q✳

❲❡ ✇✐❧❧ ♥♦t ♣r♦✈❡ t❤✐s r❡s✉❧t ❤❡r❡✳

❋♦r ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ p ❛♥❞ q ❞♦ ♥♦t ❤❛✈❡ ❚❛②❧♦r s❡r✐❡s t❤❛t ❝♦♥✈❡r❣❡ ❡✈❡r②✇❤❡r❡✱ ❝♦♥s✐❞❡r t❤❡

❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✹✳✷✺✳ ❙♦❧✈❡

(1− x)
2
y′′ − (1− x) y′ − y = 0

❲❡ ✇✐❧❧ ❡①♣❛♥❞ ❛r♦✉♥❞ x = 0 ❛❣❛✐♥✱ ♥♦t✐♥❣ t❤❛t p = 1/ (1− x) ❛♥❞ q = 1/ (1− x)
2
❜♦t❤ ❤❛✈❡

✶✵✾



❚❛②❧♦r ❡①♣❛♥s✐♦♥s ❛t t❤✐s ♣♦✐♥t ✇❤✐❝❤ ❛r❡ ♦♥❧② ✈❛❧✐❞ ❢♦r |x| < 1✳ ❆❣❛✐♥✱ ❛ss✉♠❡ t❤❡r❡ ✐s ❛ ❧♦❝❛❧❧②

❝♦♥✈❡r❣❡♥t s♦❧✉t✐♦♥

y =
∑

anx
n

❛♥❞ ♣r♦❝❡❡❞ t♦ ❛❞❥✉st t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ ❝♦♠♣❛r❡ ❝♦❡✣❝✐❡♥ts✿

(
1− x2

) (
x2y′′

)
−
(
x− x2

)
(xy′)− x2y = 0

❚❤✉s✿

∑[
n (n− 1)− 2n (n− 1)x+ n (n− 1)x2 − nx+ nx2 − x2

]
anx

n = 0
∑[

n (n− 1)− n (2n− 1)x+ (n− 1) (n+ 1)x2
]
anx

n = 0
∑

[n (n− 1) an − (n− 1) (2n− 3) an−1 + (n− 3) (n− 1) an−2]x
n = 0

(n− 1) [nan − (2n− 3) an−1 + (n− 3) an−2] = 0

❚❤✐s ❡q✉❛t✐♦♥ ❧♦♦❦s ✉♥♣❧❡❛s❛♥t✱ ❜✉t ✐t ✐s ❛❝t✉❛❧❧② q✉✐t❡ ❡❛s② t♦ ♣✐❝❦ ♦✉t s✐♠♣❧❡ ❢♦r♠s ❢♦r t❤❡

s♦❧✉t✐♦♥ ❜② ❝❧❡✈❡r ❝❤♦✐❝❡s ♦❢ a0 ❛♥❞ a1✳

❋✐rst✱ ♥♦t❡ t❤❛t 2a2−a1−a0 = 0✱ ❛♥❞ t❤❛t 3a3−3a2 = 0✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ t❡❧❧s ✉s a3 = a2✳

◆♦t❡ t❤❛t ✐❢ an−1 = an−2 t❤❡♥ ✇❡ ❤❛✈❡

nan + (n− 3− 2n+ 3) an−1 = 0

nan = nan−1

an = an−1

❍❡♥❝❡ ❛❧❧ s❡r✐❡s s♦❧✉t✐♦♥s ❤❛✈❡ ❝♦♥st❛♥t t❡r♠s ❜❡②♦♥❞ a2✦ ❙♦ t❤❡ ♥❛t✉r❛❧ ✜rst ❝❤♦✐❝❡ ✐s t♦ ♠❛❦❡

t❤❡s❡ ❛❧❧ ✈❛♥✐s❤✱ ✇❤✐❝❤ ❢r♦♠ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❤❛♣♣❡♥s ✇❤❡♥ a1 + a0 = 0✳ ■♥❞❡❡❞✱ a0 = 1 ❛♥❞

a1 = −1 ❣✐✈❡s ✉s t❤❡ s♦❧✉t✐♦♥

y = 1− x

❋♦r t❤❡ ♦t❤❡r s♦❧✉t✐♦♥✱ ❧❡t ✉s ❝❤♦♦s❡ t❤❡ ♥❡❛t s♦❧✉t✐♦♥ a0 = 1✱ a1 = 1 s✐♥❝❡ t❤❡♥ ❛❧❧ t❡r♠s ❛r❡

✐❞❡♥t✐❝❛❧❧② ✶✿

y = 1 + x+ x2 + x3 + · · ·

❚❤✐s s♦❧✉t✐♦♥ ✇❡ ❝❛♥ r❡❝♦❣♥✐③❡ ✐♥st❛♥t❧② ❛s ❜❡✐♥❣ t❤❡ ❚❛②❧♦r s❡r✐❡s✱ ✈❛❧✐❞ ❢♦r |x| < 1✱ ❢♦r

y =
1

1− x

■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t ❜♦t❤ ♦❢ t❤❡s❡ ❝❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥s ✇♦r❦ ❢♦r ❛❧❧ x✱ ❡✈❡♥ ♦✉ts✐❞❡ t❤❡

r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✱ t❤♦✉❣❤ t❤❡ ♣♦✇❡r s❡r✐❡s ✐s ♦♥❧② ✈❛❧✐❞ ❢♦r t❤❡ s❛♠❡ r❛♥❣❡

❛s t❤♦s❡✱ ♥❛♠❡❧② |x| < 1✳

❘❡♠❛r❦✳ ❲❡ ❝♦✉❧❞ ❤❛✈❡ s♦❧✈❡❞ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❛♥❛❧②t✐❝❛❧❧② ✉s✐♥❣ t❤❡ ♠❡t❤♦❞s ❢r♦♠ t❤❡ s❡❝t✐♦♥ ♦♥

✶✶✵



❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s✿ ♠❛❦✐♥❣ t❤❡ tr❛♥s❧❛t✐♦♥ u = x− 1 ✇❡ ❤❛✈❡

u2y′′ + uy′ − y = 0

✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥

λ (λ− 1) + λ− 1 = 0

λ2 − 1 = 0

λ = ±1

✇❤✐❝❤ ♠❡❛♥s t❤❡ s♦❧✉t✐♦♥s ❛r❡ ❞✐r❡❝t❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s♦❧✉t✐♦♥s ❢♦✉♥❞ ❛❜♦✈❡✿

y = u,
1

u

= x− 1,
1

x− 1

✹✳✻✳✷ ❋r♦❜❡♥✐✉s s❡r✐❡s s♦❧✉t✐♦♥s

❙♦ ❤♦✇ ❝❛♥ ✇❡ ♠♦❞✐❢② t❤❡ ❚❛②❧♦r ❢♦r♠ ♦❢ ❛ s♦❧✉t✐♦♥ y (x) ❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ t❤❛t ❛ s✐♥❣✉❧❛r ♣♦✐♥t

❡①✐sts❄ ■t t✉r♥s ♦✉t t❤❛t t❤❡r❡ ❛r❡ ❛t ♠♦st t✇♦ ♠♦❞✐✜❝❛t✐♦♥s ♥❡❡❞❡❞ t♦ ✜♥❞ s✉❝❤ ❛ s♦❧✉t✐♦♥✳ ❚❤❡ ♠❛✐♥

❝♦♥❝❡♣t ✐s t♦ ❛❧❧♦✇ ♥♦♥✲✐♥t❡❣❡r ♣♦✇❡rs ❢♦r t❤❡ t❡r♠s ✐♥ t❤❡ s❡r✐❡s✱ ❛♥ ✐❞❡❛ ❜❡st ✐♥tr♦❞✉❝❡❞ ✇✐t❤ ❛♥

❡①❛♠♣❧❡✿

❊①❛♠♣❧❡ ✹✳✷✻✳ ❈♦♥s✐❞❡r

2xy′′ + 3y′ − y = 0

❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ❛ r❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥t ❛t x = 0✿

2
(
x2y′′

)
+ 3 (xy′)− xy = 0

❍❡♥❝❡ ❧❡t ✉s tr② ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠

y =

∞∑

n=0

anx
n+σ = xσ

∞∑

n=0

anx
n

◆♦t❡ t❤❛t t❤✐s ✐s ♥♦t ❛ ❚❛②❧♦r s❡r✐❡s✱ ❜✉t ✐♥st❡❛❞ ❛ ❋r♦❜❡♥✐✉s s❡r✐❡s✳ ❲❡ ✇✐❧❧ ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡

t❤❡ ♥❡✇ ✐♥❞❡① σ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦❡✣❝✐❡♥ts an ✲ ✐♥ ❢❛❝t✱ t♦ ❛✈♦✐❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❤❛✈✐♥❣ x+ x2 + · · ·
❛♥❞ x (1 + x+ · · · ) ❛s ❞✐st✐♥❝t s♦❧✉t✐♦♥s✱ ✇❡ ✇✐❧❧ r❡q✉✐r❡ a0 6= 0✱ s♦ t❤❛t σ ✐s ✜①❡❞ t♦ ❜❡ t❤❡ ✜rst

♣♦✇❡r t♦ ❛♣♣❡❛r ✇✐t❤ ❛ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ s❡r✐❡s ❡①♣❛♥s✐♦♥✳

❲❡ ❝♦♥t✐♥✉❡ ❛s ❜❡❢♦r❡✱ r❡♠❡♠❜❡r✐♥❣ t❤❛t ✇❡ ❤❛✈❡ t♦ ❞✐✛❡r❡♥t✐❛t❡ ✇✐t❤ σ ✐♥ t❤❡ ♣♦✇❡r✱ s♦ t❤❛t

✶✶✶



✇❡ ❤❛✈❡

∞∑

n=0

[2 (n+ σ) (n+ σ − 1) + 3 (n+ σ)− x] anx
n+σ = 0

∞∑

n=0

[[(n+ σ) (2n+ 2σ + 1)] an − an−1]x
n+σ = 0

❚❤✐s ❣✐✈❡s ✉s t❤❡ ❣❡♥❡r❛❧ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠✿

[(n+ σ) (2n+ 2σ + 1)] an − an−1 = 0

◆♦✇ n = 0 ❣✐✈❡s t❤❡ s♦✲❝❛❧❧❡❞ ✐♥❞✐❝✐❛❧ ❡q✉❛t✐♦♥✱ ❢r♦♠ t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t a0 6= 0 ❛♥❞ t❤❡ ❢❛❝t

t❤❛t a−m = 0 ❢♦r ❛♥② m✿

(0 + σ) (0 + 2σ + 1) = 0

σ (2σ + 1) = 0

σ = −1

2
, 0

❚❤✐s ❛❧❧♦✇s ✉s t♦ s♣❧✐t t❤❡ ❛♥❛❧②s✐s ✐♥t♦ t❤❡ t✇♦ ❝❛s❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡s❡ t✇♦ r♦♦ts✿

σ = − 1
2 ✿ ❲❡ ❤❛✈❡ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥

an =
an−1

(
n− 1

2

)
· 2n =

an−1

(2n− 1) · n

s♦ ❢♦r ❛ ❣✐✈❡♥ a0 ✇❡ ❤❛✈❡

a1 =
a0
1 · 1

a2 =
a1
3 · 2 =

a0
(3 · 1) · (2 · 1)

a3 =
a2
5 · 3 =

a0
(5 · 3 · 1) · (3 · 2 · 1)

an =
a0

(2n− 1) (2n− 3) · · · · 5 · 3 · 1 · n!
=

a0
[(2n)!/ (2n · (2n− 2) · · · · 4 · 2)] · n!

=
a0

[(2n)!/ (2nn!)] · n!

=
2na0
(2n)!

✶✶✷



❚❤✐s ❣✐✈❡s t❤❡ s♦❧✉t✐♦♥

y1 = a0x
− 1

2

∞∑

n=0

2nxn

(2n)!

= a0x
− 1

2

∞∑

n=0

(2x)
n

(2n)!

= a0x
− 1

2

∞∑

n=0

(√
2x
)2n

(2n)!

= a0x
− 1

2 cosh
(√

2x
)

✇❤✐❝❤ ✇❡ ❛r❡ ❧✉❝❦② ❡♥♦✉❣❤ t♦ ❜❡ ❛❜❧❡ t♦ ✇r✐t❡ ✐♥ ❝❧♦s❡❞ ❢♦r♠✳

σ = 0✿ ❚❤✐s s♦❧✉t✐♦♥ ❤❛s r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥

an =
an−1

n (2n+ 1)

❛♥❞ t❤❡ s♦❧✉t✐♦♥ ✐s✱ s✐♠✐❧❛r❧② t♦ t❤❡ ❛❜♦✈❡✱ ❣✐✈❡♥ ❜②

an =
a0

n! (2n+ 1)!/ (2nn!)

=
2na0

(2n+ 1)!

❛♥❞ ❤❡♥❝❡

y2 = a0x
0

∞∑

n=0

2nxn

(2n+ 1)!

= a0

∞∑

n=0

(√
2x
)2n

(2n+ 1)!

=
a0√
2x

∞∑

n=0

(√
2x
)2n+1

(2n+ 1)!

=
a0√
2
x− 1

2 sinh
(√

2x
)

✇❤✐❝❤ ❛❣❛✐♥ ✐s ❢♦rt✉♥❛t❡❧② ❛♠❡♥❛❜❧❡ t♦ ❛ ❝❧♦s❡❞ ❢♦r♠ r❡♣r❡s❡♥t❛t✐♦♥✳

❚❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s t❤❡r❡❢♦r❡

y = x− 1
2

[

A cosh
√
2x+B sinh

√
2x
]

◆♦✇ ✇❡ ❝❛♥ r✉♥ ✐♥t♦ ❞✐✣❝✉❧t✐❡s ✇❤❡♥ t❤❡ r♦♦ts ♦❢ t❤❡ ✐♥❞✐❝✐❛❧ ❡q✉❛t✐♦♥ ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛♥ ✐♥t❡❣❡r✱

❜❡❝❛✉s❡ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t t❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥ ❣❡ts ❵❝❛✉❣❤t ✉♣✬ ✐♥ t❤❡ ✜rst✱ ✐♥ s♦♠❡ s❡♥s❡✳ ❍❡r❡ ❛r❡

t✇♦ ❡①❛♠♣❧❡s✱ t❤❡ ✜rst ♦❢ ✇❤✐❝❤ s❤♦✇s t❤❛t ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t❤❛t t❤❡ ❜❛s✐❝ ❛♣♣r♦❛❝❤ ✇♦r❦s✱ ❛♥❞ t❤❡

s❡❝♦♥❞ ♦❢ ✇❤✐❝❤ s❤♦✇s ❤♦✇ ✐t ❝❛♥ t♦t❛❧❧② ❢❛✐❧✳

✶✶✸



❊①❛♠♣❧❡ ✹✳✷✼✳ ❈♦♥s✐❞❡r

9y′′ − 6

x
y′ +

(

9 +
4

x2

)

y = 0

❚❤✐s ❡q✉❛t✐♦♥ ❤❛s ❛ r❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥t ❛t x = 0✿

9
(
x2y′′

)
− 6 (xy′) +

(
9x2 + 4

)
y = 0

❍❡♥❝❡ ❧❡t ✉s tr② ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠

y =

∞∑

n=0

anx
n+σ = xσ

∞∑

n=0

anx
n

❚❤✐s ❣✐✈❡s ✉s t❤❡ ❡q✉❛t✐♦♥

∞∑

n=0

[
9 (n+ σ) (n+ σ − 1)− 6 (n+ σ) + 9x2 + 4

]
anx

n+σ = 0

∞∑

n=0

[[3 (n+ σ) (3n+ 3σ − 5) + 4] an + 9an−2]x
n+σ = 0

❙♦ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ✐s

[3 (n+ σ) (3n+ 3σ − 5) + 4] an + 9an−2 = 0

❚❤❡ ✐♥❞✐❝✐❛❧ ❡q✉❛t✐♦♥ ✐s ❡❛s✐❧② s♦❧✈❡❞✿

3 (0 + σ) (0 + 3σ − 5) + 4 = 0

9σ2 − 15σ + 4 = 0

(3σ − 1) (3σ − 4) = 0

σ =
1

3
,
4

3

◆♦✇ ✇❡ ❤❛✈❡ t✇♦ r♦♦ts s❡♣❛r❛t❡❞ ❜② ❛♥ ✐♥t❡❣❡r✱ ♥❛♠❡❧② ✶✳ ▲❡t ✉s s❡❡ ✇❤❛t ❤❛♣♣❡♥s✿

σ = 1
3 ✿ ❲❡ ❤❛✈❡ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥

an = − 9an−2

(3n+ 1) (3n− 4) + 4
= − an−2

n (n− 1)

s♦ ❢♦r ❡✈❡♥ n✱ ✇❡ ❤❛✈❡

a2m = (−1)
m a0

(2m)!

❛♥❞ ❢♦r ♦❞❞ n ✇❡ ❤❛✈❡ ❛♥ ❛r❜✐tr❛r② a1 ❢♦❧❧♦✇❡❞ ❜②

a2m+1 = (−1)
m a1

(2m+ 1)!

✶✶✹



σ = 4
3 ✿ ❆❧r❡❛❞② ✐♠♣❧✐❝✐t❧② t❛❦❡♥ ❛❝❝♦✉♥t ♦❢ ❜② t❤❡ ❢r❡❡❞♦♠ ✐♥ ❝❤♦✐❝❡ ♦❢ a1✳

❚❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ✇r✐tt❡♥ ❛s

y = x
1
3 [a0 cosx+ a1 sinx]

❚❤✐s ❝❛s❡ ✇♦r❦❡❞ ♦✉t t♦ ❣✐✈❡ ✉s t✇♦ s♦❧✉t✐♦♥s❀ ❤♦✇❡✈❡r✱ t❤✐s ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡ t♦ ❤❛♣♣❡♥✿

❊①❛♠♣❧❡ ✹✳✷✽✳ ❈♦♥s✐❞❡r

x2y′′ + xy′ +
(
x2 − k2

)
y = 0

✇❤❡r❡ k ≥ 0 ✐s ❛♥ ✐♥t❡❣❡r✳

❚❤✐s ❡q✉❛t✐♦♥ ♠❛♥✐❢❡st❧② ❤❛s ❛ r❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥t ❛t x = 0✳ ❙♦ ❣✉❡ss

y =

∞∑

n=0

anx
n+σ

❚❤✉s ✇❡ ❤❛✈❡

∞∑

n=0

[
(n+ σ) (n+ σ − 1) + (n+ σ) + x2 − k2

]
anx

n+σ = 0

∞∑

n=0

[[

(n+ σ)
2 − k2

]

an + an−2

]

xn+σ = 0

❙♦ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ✐s

[

(n+ σ)
2 − k2

]

an + an−2 = 0

❙♦❧✈✐♥❣ t❤❡ ✐♥❞✐❝✐❛❧ ❡q✉❛t✐♦♥ ❣✐✈❡s ✉s t❤❡ ✈❛❧✉❡s ❢♦r σ✿

(0 + σ)
2 − k2 = 0

σ = ±k

❆❣❛✐♥✱ ✇❡ ❤❛✈❡ t✇♦ r♦♦ts s❡♣❛r❛t❡❞ ❜② ❛♥ ✐♥t❡❣❡r✱ 2k✳ ▲❡t ✉s s❡❡ ✇❤❛t ❤❛♣♣❡♥s✿

σ = k✿ ❲❡ ❤❛✈❡ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥

an = − an−2

n (n+ 2k)

s♦ ❢♦r ❡✈❡♥ n✱ ✇❡ ❤❛✈❡

a2m = (−1)
m
a0

1

2m (2m− 2) · · · · 4 · 2× (2m+ 2k) (2m+ 2k − 2) · · · · (2 + 2k) · 2k

= (−1)
m
a0

k!

2m (m)!2m (m+ k)!

= a0k! (−1)
m 1

22m (m)! (m+ k)!

✶✶✺



❛♥❞ ❢♦r ♦❞❞ n ✇❡ ❤❛✈❡ an = 0 s✐♥❝❡ a1 = a−1/ (1 + 2k) = 0✱ ❛♥❞ ❢✉t✉r❡ ✈❛❧✉❡s ❛r❡ ❛❧❧

❡❛s✐❧② s❡❡♥ ❢r♦♠ t❤✐s ❛s ❜❡✐♥❣ ③❡r♦✳

❚❤✉s✱ r❡s❝❛❧✐♥❣ s❧✐❣❤t❧② ❜② 1/
(
k!2k

)
✱ ✇❡ ❤❛✈❡ t❤❡ s♦❧✉t✐♦♥

y1 = a′0Jk (x) ≡ a′0x
k

∞∑

m=0

(−1)
m

22m+km! (m+ k)!
x2m

✭Jm (x) ✐s ❝❛❧❧❡❞ ❛ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜rst ❦✐♥❞✮

σ = −k✿ ❚❤✐s t✐♠❡✱ ✇❡ ❤❛✈❡

an = − an−2

n (n− 2k)

✇❤✐❝❤ ❛❣❛✐♥ ❣✐✈❡s an = 0 ❢♦r ♦❞❞ n✳ ❍♦✇❡✈❡r✱ ❢♦r ❡✈❡♥ n s♦♠❡t❤✐♥❣ s✉r♣r✐s✐♥❣ ❤❛♣♣❡♥s✿

t❤❡ ❢♦r♠✉❧❛ ❜❡❝♦♠❡s ✐♥✈❛❧✐❞ ❛t n = 2k✳ ▲❡t ✉s ❣♦ ❜❛❝❦✱ t❤❡♥✱ t♦ t❤❡ ♦r✐❣✐♥❛❧ r❡❝✉rr❡♥❝❡

r❡❧❛t✐♦♥
[

(n+ σ)
2 − k2

]

an + an−2 = n (n− 2k) an + an−2 = 0✳ ❆t n = 2k t❤✐s t❡❧❧s ✉s

0an + an−2 = 0

an−2 = 0

❇✉t t❤❡♥ an−4 = − (n− 2) (n− 2− 2k) an−2 = 0✱ ❛♥❞ s♦ ♦♥✱ ❛❧❧ t❤❡ ✇❛② ❜❛❝❦ t♦ a2 = 0✳

❇✉t t❤❡♥

2 · (2− 2k) a2 + a0 = 0

✐♠♣❧✐❡s t❤❛t a0 = 0✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✦ ✭❘❡❝❛❧❧ ✇❡ ♦r✐❣✐♥❛❧❧② ❝❤♦♦s❡ σ s♦ t❤❛t a0

✇❛s t❤❡ ❧❡❛st ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥t✳✮

❍❡♥❝❡ t❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❢♦r♠✱ ❛s ♦♥❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✐s ✐♥s✉✣❝✐❡♥t t♦ ♠❛t❝❤

❛♥② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳

❙♦ ✇❤❛t ❛r❡ ✇❡ ♠✐ss✐♥❣❄ ❚♦ ✇♦r❦ ♦✉t t❤❡ ❢♦r♠ ♦❢ t❤❡ ♥❡①t s♦❧✉t✐♦♥✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ t❡❝❤♥✐q✉❡s

✇❡ ❞❡✈❡❧♦♣❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✶✳✸ ♦♥ t❤❡ ♠❡t❤♦❞ ♦❢ r❡❞✉❝t✐♦♥ ♦❢ ♦r❞❡r✳

y2 = vy1

y′′ + py′ + qy = 0

(v′′y1 + 2v′y′1 + vy′′1 ) + p (v′y1 + vy′1) + qvy1 = 0

v [y′′1 + py′1 + qy1] + v′′y1 + (2y′1 + py1) v
′ = 0

v′′y1 + (2y′1 + py1) v
′ = 0

✶✶✻



❋r♦♠ t❤✐s ❡q✉❛t✐♦♥ ✇❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② s♦❧✈❡ ❢♦r v′✿

v′′

v′
= −2y′1 + py1

y1

ln |v′| = −2 ln |y1| −
ˆ

pdx

v′ =
1

y21
e−
´

pdx

❚❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ✐s ❛ s♦❧✉t✐♦♥

y2 = y1

ˆ

1

y21
e−
´

pdxdx

♦r✱ ✇r✐t✐♥❣ t❤✐s ♠♦r❡ ❝❛r❡❢✉❧❧②✱

y2 (x) = y1 (x)

ˆ x 1

y21 (t)
e−
´

t p(u)dudt

✇❤✐❝❤ ✐s ❛ r❡s✉❧t t❤❛t ❝❛♥ ❛❧s♦ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ✉s✐♥❣ t❤❡ ❲r♦♥s❦✐❛♥ W = W0e
−
´

pdx✳

◆♦✇ ❛ss✉♠❡ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ ❛ s❡r✐❡s s♦❧✉t✐♦♥ ❢♦r y1 (x) ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✇r✐t❡ ❛s

y1 = xσ1

∞∑

n=0

anx
n

t❛❦✐♥❣ x0 = 0 ❢♦r s✐♠♣❧✐❝✐t②✱ ❛♥❞ t❤❛t ✇❡ ❛❧s♦ ❤❛✈❡ ❛ ❚❛②❧♦r s❡r✐❡s ❢♦r xp (x) t❤❛t ✇❡ ✇r✐t❡

p =
α−1

x
+

∞∑

n=0

αnx
n

❛♥❞ x2q (x) t❤❛t ✇❡ ✇r✐t❡

q =
β−2

x2
+

∞∑

n=0

βnx
n

◆♦✇ t❤❡ ✐♥❞✐❝✐❛❧ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡s❡ s❡r✐❡s ❜② ❡①♣❛♥❞✐♥❣ xp ❛♥❞ x2q ❛s

❢♦❧❧♦✇s✿

(
x2y′′

)
+ (xp) (xy′) +

(
x2q
)
y = 0

∞∑

n=0

[
(n+ σ) (n+ σ − 1) + xp (x) (n+ σ) + x2q (x)

]
anx

n+σ = 0

σ (σ − 1) + α−1σ + β−2 = 0

σ2 + (α−1 − 1)σ + β−2 = 0

❍❡♥❝❡ t❤❡ s✉♠ ♦❢ t❤❡ t✇♦ r♦♦ts ✐s σ1 + σ2 = 1− α−1✱ ❛♥❞ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t σ1 − σ2 = m ≥ 0

✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ✭❛s σ1 ✇❛s ❛ss✉♠❡❞ t♦ ❜❡ t❤❡ ❧❛r❣❡r r♦♦t✱ ❛♥❞ t❤❡② ❞✐✛❡r ❜② ❛♥ ✐♥t❡❣❡r✮✳ ■t

✶✶✼



❢♦❧❧♦✇s t❤❛t 2σ1 = 1− α−1 +m s♦ t❤❛t

y21 (t) = (tσ1)
2

[ ∞∑

n=0

ant
n

]2

= t2σ1

[ ∞∑

n=0

ant
n

]2

= t(1−α−1)+m
∞∑

n=0

a′nt
n

❢♦r s♦♠❡ ♦t❤❡r s❡t ♦❢ ❝♦❡✣❝✐❡♥ts a′n ✲ ♥♦t❡ t❤❛t a′0 6= 0 st✐❧❧ ❤♦❧❞s✳ ❚❤❡ ♦t❤❡r ❡①♣r❡ss✐♦♥ ✇❡ ♥❡❡❞ ❛

❚❛②❧♦r s❡r✐❡s ❢♦r ✐s exp
(

−
´ t

pdu
)

✿

exp

(

−
ˆ t

pdu

)

= exp

(

−
ˆ t
[

α−1

u
+

∞∑

n=0

αnu
n

]

du

)

= exp

(

−α−1

ˆ t du

u

)

exp

(

−
∞∑

n=0

α′
nt

n

)

= t−α−1

∞∑

n=0

α′′
nt

n

❢♦r ♥❡✇ ❝♦❡✣❝✐❡♥ts α′
n ❛♥❞ α′′

n✱ ♥♦t✐♥❣ t❤❛t exp (f (x)) = 1+f (x)+f (x)
2
/2+ · · · ✐s ❡✈❡r②✇❤❡r❡ ❡q✉❛❧

t♦ ✐ts ♣♦✇❡r s❡r✐❡s ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠✱ ❛♥❞ r❡❝❛❧❧✐♥❣ t❤❡ r❡s✉❧ts ♦♥ e
´

dx
x ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✶ ❢♦r

t❤❡ ✜rst✳ ✭❚❤❡ ❝♦♥st❛♥t t❡r♠ ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧ ✐s ❛❜s♦r❜❡❞ ✐♥t♦ t❤❡ α′′
n✳✮

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❝♦♥str✉❝t y2✿

y2 (x) = y1 (x)

ˆ x 1

y21 (t)
e−
´

t p(u)dudt

= y1 (x)

ˆ x
[

t(1−α−1)+m
∞∑

n=0

a′nt
n

]−1

t−α−1

∞∑

n=0

α′′
nt

ndt

= y1 (x)

ˆ x

t−1−m

[ ∞∑

n=0

a′nt
n

]−1 ∞∑

n=0

α′′
nt

ndt

◆♦✇ r❡❝❛❧❧ t❤❛t a′0 6= 0✱ s♦ t❤❛t t❤❡ r❛t✐♦ ♦❢ t❤❡ t✇♦ ❚❛②❧♦r s❡r✐❡s ✐ts❡❧❢ ❤❛s ❛ ❚❛②❧♦r s❡r✐❡s ❛r♦✉♥❞

t = 0 ✭❛s t❤❡ ❞❡♥♦♠✐♥❛t♦r ❤❛s ❛ ♥♦♥✲③❡r♦ ✈❛❧✉❡ a′0 ❛t t❤✐s ♣♦✐♥t✮❀ ❤❡♥❝❡ ✇❡ ❝❛♥ ✇r✐t❡

y2 = y1

ˆ x

t−1−m
∞∑

n=0

γnt
ndt

◆♦✇ ❛ss✉♠✐♥❣ t❤❛t ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ t❤❡ s❡r✐❡s t❡r♠ ❜② t❡r♠✾ ✇❡ ❣❡t ❛ ❢❡✇ ✐♥✐t✐❛❧ t❡r♠s ✐♥t❡❣r❛t✐♥❣

♥❡❣❛t✐✈❡ ♣♦✇❡rs ♦❢ t✱ t❤❡♥ ❛♥♦t❤❡r ❚❛②❧♦r s❡r✐❡s✳ ❚❤❡ r❡❛s♦♥ t❤❛t ❛ s♣❡❝✐❛❧ ❝❛s❡ ❛r✐s❡s ❢♦r ✐♥t❡❣❡r m ✐s

t❤❛t ✇❡ ❝❛♥ ❤❛✈❡ ✭t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡ t♦✮ ❛ t❡r♠ t−1−mγmtm = γm/t ✇❤✐❝❤ ❞♦❡s ♥♦t

✐♥t❡❣r❛t❡ t♦ ❣✐✈❡ ❛ ♣♦❧②♥♦♠✐❛❧✿

y2 = y1

[

x−m
∞∑

n=0

γ′
nx

n + γm lnx

]

✾❚❤✐s ✐s ✈❛❧✐❞❀ t❤❡r❡ ❛r❡ ❛ ❢❡✇ ✐♥✐t✐❛❧ t❡r♠s ✇✐t❤ ♥❡❣❛t✐✈❡ ♣♦✇❡rs ♦❢ t✱ ❛♥❞ t❤❡♥ ❛ ❚❛②❧♦r s❡r✐❡s✳ ❚❤❡ ✐♥t❡❣r❛t❡❞
❡①♣r❡ss✐♦♥ ❢♦r ❛ ❚❛②❧♦r s❡r✐❡s ❤❛s t❤❡ s❛♠❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛s t❤❡ ♦r✐❣✐♥❛❧✳

✶✶✽



❚❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ❤❛s ❛ ln✲t②♣❡ s✐♥❣✉❧❛r✐t② ❛t x = 0✦

◆♦t❡ t❤❛t ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r y1 ❛s ❛ ♣♦✇❡r s❡r✐❡s✱ ✇❡ ❝❛♥ ✐♥❝♦r♣♦r❛t❡ t❤✐s ✐♥t♦ t❤❡ ♥❡✇

❚❛②❧♦r s❡r✐❡s ✈✐❛

y2 = γmy1 lnx+ x−m

[

xσ1

∞∑

n=0

anx
n

][ ∞∑

n=0

γ′
nx

n

]

= γmy1 lnx+ xσ1−m

[ ∞∑

n=0

bnx
n

]

= γmy1 lnx+ xσ2

[ ∞∑

n=0

bnx
n

]

■♥❞❡❡❞✱ ✐t t✉r♥s ♦✉t t❤❛t t❤❡ r❡♠❛✐♥✐♥❣ s♦❧✉t✐♦♥ ✐s ✐♥ ❣❡♥❡r❛❧ ♦❢ t❤❡ ❢♦r♠

y2 = ln (x− x0) y1 +

∞∑

n=0

bn (x− x0)
n+σ2

✇❤❡r❡ y1 =
∑∞

n=0 an (x− x0)
n+σ1 ✐s t❤❡ ♥♦r♠❛❧ s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❛r❣❡r s♦❧✉t✐♦♥ σ1 ≥ σ2✳

❊①❛♠♣❧❡ ✹✳✷✾✳ ❚❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥ t♦ x2y′′ + xy′ +
(
x2 − k2

)
y = 0 ✇❤❡r❡ k ≥ 0 ✐s ❛♥ ✐♥t❡❣❡r ✐s

♦❢ t❤❡ ❢♦r♠

y2 = lnxJk (x) +
∞∑

n=0

bnx
n−k

❚❤❡r❡ ✐s ✐♥ ❢❛❝t ❛ ❣❡♥❡r❛❧ t❤❡♦r❡♠ ❛❜♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s✶✵✱ ✇❤✐❝❤ ✇❡ ❛r❡ ♥♦t ❣♦✐♥❣

t♦ ♣r♦✈❡ ❢♦r♠❛❧❧② ❤❡r❡✳

❚❤❡♦r❡♠ ✹✳✸✵ ✭❋✉❝❤s✮✳ ■❢ x = x0 ✐s ❛ r❡❣✉❧❛r s✐♥❣✉❧❛r ♣♦✐♥t✱ t❤❡♥ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ t♦

t❤❡ ❡q✉❛t✐♦♥ y′′ + py′ + qy = 0 ♦❢ t❤❡ ❢♦r♠

y1 =

∞∑

n=0

an (x− x0)
n+σ

❛♥❞ ❛♥② ♦t❤❡r s♦❧✉t✐♦♥ ✐s ❡✐t❤❡r ♦❢ t❤❡ s❛♠❡ ❢♦r♠✱ ♦r ♦❢ t❤❡ ❢♦r♠

y2 = ln (x− x0) y1 +

∞∑

n=0

bn (x− x0)
n+τ

✇❤❡r❡ y1 ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜rst ❢♦r♠✳ ❚❤❡ ♣♦✇❡r s❡r✐❡s ❤❛✈❡ ❛ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛t ❧❡❛st ❛s

❧❛r❣❡ ❛s t❤♦s❡ ♦❢ t❤❡ r❡❧❡✈❛♥t ❝♦❡✣❝✐❡♥ts✳

✶✵❙❡❡ ✏▲❡❝t✉r❡s ♦♥ ❞✐✛❡r❡♥t✐❛❧ ❛♥❞ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s✑ ❜② ❑✠♦s❛❦✉ ❨♦s✐❞❛✳

✶✶✾



❆s ❛ ✜♥❛❧ ♦❜s❡r✈❛t✐♦♥✱ ♥♦t❡ t❤❛t ✐❢ ✇❡ ❤❛✈❡ ❛ ❢♦r❝❡❞ ❡q✉❛t✐♦♥

y′′ + p (x) y′ + q (x) y = g (x)

t❤❡♥ s♦❧✈✐♥❣ t❤✐s ❢♦r ♣♦✇❡r s❡r✐❡s ✐s ♣r❡❝✐s❡❧② ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞✐♥❣ ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥ ❛♥❞ t❤❡♥ s♦❧✈✐♥❣

t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥❀ ❛s ❛ r❡s✉❧t✱ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ✐❞❡❛s ❛♣♣❧②✱ ✐❢ ✇❡ ❛ss✉♠❡

t❤❛t ✇❡ ❝❛♥ ✜♥❞ ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥✳

✹✳✼ ❙②st❡♠s ♦❢ ▲✐♥❡❛r ❊q✉❛t✐♦♥s

❆♥♦t❤❡r ❝❛s❡ ✇❡ ❤❛✈❡ ❝♦♥s♣✐❝✉♦✉s❧② ❢❛✐❧❡❞ t♦ ❛❞❞r❡ss s♦ ❢❛r ✐s t❤❛t ✇❤❡r❡ ✇❡ ❤❛✈❡ ♠♦r❡ t❤❛♥ ♦♥❡

✉♥❦♥♦✇♥ ✈❛r✐❛❜❧❡✳ ❈♦♥s✐❞❡r✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ t✇♦ ✜rst✲♦r❞❡r ❡q✉❛t✐♦♥s

ẏ1 = ay1 + by2 + f1 (t)

ẏ2 = cy1 + dy2 + f2 (t)

❲❡ ❝❛♥ ✇r✐t❡ t❤✐s ♠♦r❡ ❝♦♥❝✐s❡❧② ✐♥ t❡r♠s ♦❢ ❛ ✈❡❝t♦r Y✱ ✉s✐♥❣ ②❡t ❛♥♦t❤❡r ✈❡❝t♦r ♥♦t❛t✐♦♥✿

Ẏ = MY + F

✇❤❡r❡

Y =

(

y1

y2

)

, M =

(

a b

c d

)

, F =

(

f1

f2

)

▼♦r❡ ❣❡♥❡r❛❧❧②✱ M = M (t) ❝❛♥ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ ✐❢ ✇❡ ✇✐s❤ t♦ ❡♥❝♦❞❡

❡q✉❛t✐♦♥s ✇✐t❤♦✉t ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ❧❡❛✈❡ t❤❡s❡ ✐❞❡❛s ✉♥t✐❧ s❡❝t✐♦♥ ✻✱ ✇❤❡r❡ ✇❡

✇✐❧❧ ❞✐s❝✉ss t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✳

✹✳✼✳✶ ❊q✉✐✈❛❧❡♥❝❡ t♦ ❤✐❣❤❡r✲♦r❞❡r ❡q✉❛t✐♦♥s

❚❤❡ ✜rst ♥♦t❛❜❧❡ t❤✐♥❣ ✇❡ ❝❛♥ ❞♦ ✐s ♣❡r❤❛♣s s✉❣❣❡st❡❞ ❜② t❤❡ ✈❡❝t♦r ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✲ ✐t ✐s

❝❧❡❛r t❤❛t t❤❡ ❝❛s❡ ✇❤❡r❡ Y ✐s ❛ s♦❧✉t✐♦♥ ✈❡❝t♦r ✇✐t❤ ❡♥tr✐❡s y ❛♥❞ ẏ ❝♦rr❡s♣♦♥❞s t♦ s♦♠❡t❤✐♥❣ ❧✐❦❡ ❛

s❡❝♦♥❞✲♦r❞❡r ❡q✉❛t✐♦♥✳ ■♥ ❢❛❝t✱ ❧❡t ✉s t❛❦❡ ❛♥ ❡q✉❛t✐♦♥

ÿ + aẏ + by = f

❛♥❞ ✇r✐t❡ y1 = y✱ y2 = ẏ✳ ❚❤❡♥ ẏ = y2 ❛♥❞ ẏ2 = ÿ = f − ay2 − by1 s♦

Ẏ =

(

0 1

−b −a

)

Y +

(

0

f

)

❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❧❛t❡r s❡❝t✐♦♥✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❡①t❡♥❞ t❤✐s t♦ ✇r✐t❡ ❛♥② nt❤✲♦r❞❡r ❖❉❊ ❛s ❛

s②st❡♠ ♦❢ n ✜rst✲♦r❞❡r ❖❉❊s✳

❙tr✐❦✐♥❣❧②✱ t❤♦✉❣❤✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ r❡✈❡rs❡ t❤✐s r❡❞✉❝t✐♦♥✱ ❛♥❞ tr❛♥s❢♦r♠ ❛ t✇♦✲✈❛r✐❛❜❧❡ ✜rst✲

✶✷✵



♦r❞❡r ♣r♦❜❧❡♠ ✐♥t♦ ❛ ♦♥❡✲✈❛r✐❛❜❧❡ s❡❝♦♥❞✲♦r❞❡r ♣r♦❜❧❡♠✳ ❈♦♥s✐❞❡r t❤❡ ✈❛❧✉❡ ♦❢ ÿ1✿

ÿ1 = aẏ1 + bẏ2 + ḟ1

= aẏ1 + (bcy1 + bdy2 + bf2) + ḟ1

= aẏ1 + bcy1 + d (ẏ1 − ay1 − f1) + bf2 + ḟ1

ÿ1 − (a+ d) ẏ1 + (ad− bc) y1 = bf2 − df1 + ḟ1

◆♦t❡ t❤❛t t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✐s s✐♠♣❧②

ÿ1 − tr (M) ẏ1 + det (M) y1 = 0

✇❤❡r❡ tr ❛♥❞ det ❛r❡ t❤❡ tr❛❝❡ ❛♥❞ ❞❡t❡r♠✐♥❛♥t r❡s♣❡❝t✐✈❡❧② ✲ ✐♥ ❢❛❝t✱ ❢♦r t❤✐s ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t

❝❛s❡✱ t❤✐s ❤❛s ❡①❛❝t❧② t❤❡ s❛♠❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❛s t❤❡ ♠❛tr✐①✦ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡

♠❛tr✐① ❛r❡ ♣r❡❝✐s❡❧② t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ❤❡r❡✳

❖♥❝❡ y1 ✐s ❦♥♦✇♥✱ ✜♥❞✐♥❣ y2 ✐s tr✐✈✐❛❧ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥s ✭❛❧t❤♦✉❣❤ ✐❢ b = 0 ✇❡ ❤❛✈❡ t♦

s♦❧✈❡ t❤❡ s❡❝♦♥❞ ✜rst✲♦r❞❡r ❖❉❊ ❢♦r y2✮✳ ❲❡ ♥♦t❡ t❤❛t y2 s❤♦✉❧❞ ❤❛✈❡ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❛r❡ ♠✉❧t✐♣❧❡s

♦❢ t❤❡ s❛♠❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s✳

✹✳✼✳✷ ❙♦❧✈✐♥❣ t❤❡ s②st❡♠

❚❤❡ ❢❛❝t t❤❛t t❤❡ s♦❧✉t✐♦♥s ❢♦r y1 ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♦❢ t❤❡ ❢♦r♠ eλt ✭❛♥❞ t❤❡ r❡❧❛t❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s✮ ✇❤❡r❡

λ ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐① s✉❣❣❡sts t❤❛t ✇❡ ♠❛② ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ✐♥ ❛ ✈❡r② s✐♠✐❧❛r

✇❛② t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ❜② ❧♦♦❦✐♥❣ ❢♦r ❝♦♥st❛♥t ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥✳

❈♦♥s✐❞❡r

Ẏ = MY + F

Ẏ −MY = F

❲❡ ❣✉❡ss t❤❛t t❤❡r❡ ✐s ❛ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

Yc = veλt

♥♦t✐♥❣ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ✐s st✐❧❧ ❧✐♥❡❛r✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

λveλt −Mveλt = 0

Mv = λv

✇❤✐❝❤ ✐s ♣r❡❝✐s❡❧② t❤❡ st❛t❡♠❡♥t t❤❛t v ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐① M ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ λ✱ ✇❤✐❝❤ ✜ts

✐♥ ✈❡r② ✇❡❧❧ ❢r♦♠ ✇❤❛t ✇❡ ♥♦t❡❞ ❛❜♦✈❡✳

❘❡❝❛❧❧ t❤❛t ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ❢♦r ♠❛tr✐① ❡✐❣❡♥✈❛❧✉❡ λ ❜② ♥♦t✐♥❣ t❤❛t

(M − λI)v = 0 ❢♦r s♦♠❡ v 6= 0✱ ❛♥❞ ❤❡♥❝❡ det (M − λI) = 0✳ ❚❤❡♥ ✇❡ ♠✉st ✜♥❞ t❤❡ ❛♣♣r♦♣r✐✲

❛t❡ ✈❡❝t♦r v✳

❘❡♠❛r❦✳ ❲❡ ✇✐❧❧ ♥♦t ❛❞❞r❡ss t❤❡ ❝❛s❡ ♦❢ ❛ r❡♣❡❛t❡❞ ❡✐❣❡♥✈❛❧✉❡✱ ✇❤❡r❡ ✇❡ ♠❛② ♥♦t ❡✈❡♥ ❤❛✈❡ t✇♦

✶✷✶



❡✐❣❡♥✈❡❝t♦rs✱ ♦r ♦❢ ❢♦r❝✐♥❣ ♣r♦♣♦rt✐♦♥❛❧ t♦ ❛♥ ❡✐❣❡♥✈❛❧✉❡✱ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ❢r♦♠ t❤❡

s✐♥❣❧❡✲✈❛r✐❛❜❧❡ ❝❛s❡ ❛r❡ ❢❛✐r❧② ❞✐r❡❝t✱ ❛♥❞ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ tr❡❛t♠❡♥t ✐♥ s❡❝t✐♦♥ ✻✳✸✳

❊①❛♠♣❧❡ ✹✳✸✶✳ ❙♦❧✈❡

Ẏ =

(

−2 1

15 −4

)

Y

❈♦♥s✐❞❡r t❤❡ tr✐❛❧ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ Yc = veλt✳ ❚❤❡♥ ✇❡ ❤❛✈❡

∣
∣
∣
∣
∣

−2− λ 1

15 −4− λ

∣
∣
∣
∣
∣

= 0

(2 + λ) (4 + λ)− 15 = 0

λ2 + 6λ− 7 = 0

(λ− 1) (λ+ 7) = 0

s♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ λ = 1,−7✳ ❲❡ ♠✉st ✜♥❞ t❤❡ ❡✐❣❡♥✈❡❝t♦r ❢♦r ❡❛❝❤ ❝❛s❡✿

λ = 1✿ ❲❡ s❡❡ (M − λI)v = 0✱ s♦

(

−3 1

15 −5

)(

v1

v2

)

= 0

−3v1 + v2 = 0

❛♥❞ ❤❡♥❝❡ ♦♥❡ s♦❧✉t✐♦♥ ✐s

v =

(

1

3

)

λ = −7✿ ❲❡ ❤❛✈❡

(

5 1

15 3

)(

v1

v2

)

= 0

5v1 + v2 = 0

❛♥❞ s♦

v =

(

1

−5

)

❙♦ t❤❡ ❣❡♥❡r❛❧ ❝♦♠♣❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥ ✭♦✉r ❣❡♥❡r❛❧ s♦❧✉t✐♦♥✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Y = A

(

1

3

)

et +B

(

1

−5

)

e−7t

y1 = Aet +Be−7t

y2 = 3Aet − 5Be−7t

✶✷✷



y1

y2

❋✐❣✉r❡ ✹✳✶✸✿ ❚❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ ♣❤❛s❡ s♣❛❝❡ ♦❢ t❤❡ ❡①❛♠♣❧❡

❏✉st ❛s ✇❡ ❝♦✉❧❞ ❞r❛✇ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣❤❛s❡✲s♣❛❝❡ ❢♦r s❡❝♦♥❞ ♦r❞❡r ❡q✉❛t✐♦♥s✱ ✇✐t❤ ✈❛r✐❛❜❧❡s

y1 ❛♥❞ ẏ1✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡♣✐❝t ❛❧❧ ❜❡❤❛✈✐♦✉r ♦❢ s②st❡♠s ❧✐❦❡ t❤✐s ♦♥ ❛ ❞✐❛❣r❛♠ ✇✐t❤ ♦♥❡ ❛①✐s

❝♦rr❡s♣♦♥❞✐♥❣ t♦ y1 ❛♥❞ ❛♥♦t❤❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ y2✳ ❋✐❣✉r❡ ✹✳✶✸ s❤♦✇s t❤❛t t❤❡ s②st❡♠ ❤❛s ❛ s❛❞❞❧❡

♣♦✐♥t ❛t (0, 0)✱ ❛♥❞ ❤❡♥❝❡ t❤✐s ♣♦✐♥t ✐s ♦✈❡r❛❧❧ ✉♥st❛❜❧❡✱ ❜❡❝❛✉s❡ ❛♥ ✐♥✐t✐❛❧ ♣♦✐♥t ✇✐t❤ ❛ s♠❛❧❧ ❝♦♠♣♦♥❡♥t

✐♥ t❤❡ (1, 3) ❞✐r❡❝t✐♦♥ ✇✐❧❧ t❡♥❞ t♦ ±∞✳

■♥ ❣❡♥❡r❛❧✱ ✐❢

Y = v1e
λ1t + v2e

λ2t

t❤❡♥ ✇❡ ❝❛t❡❣♦r✐③❡ t❤❡ ♣♦✐♥t (0, 0) ❛s ❢♦❧❧♦✇s✱ ✐❣♥♦r✐♥❣ t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❛s❡s ✇✐t❤ r❡♣❡❛t❡❞ r♦♦ts ✭❢♦r

❡①❛♠♣❧❡s✱ s❡❡ ❋✐❣✉r❡ ✹✳✶✹✮✿

✶✷✸



✭❛✮ ❙❛❞❞❧❡ ✭❜✮ ❙t❛❜❧❡ ♥♦❞❡✱ ♦r ♥♦❞❛❧ s✐♥❦

✭❝✮ ❯♥st❛❜❧❡ ♥♦❞❡✱ ♦r ♥♦❞❛❧ s♦✉r❝❡ ✭❞✮ ❙t❛❜❧❡ s♣✐r❛❧✱ ♦r s♣✐r❛❧ s✐♥❦

✭❡✮ ❯♥st❛❜❧❡ s♣✐r❛❧✱ ♦r s♣✐r❛❧ s♦✉r❝❡ ✭❢✮ ❈❡♥tr❡

❋✐❣✉r❡ ✹✳✶✹✿ ❋❧♦✇ ❞✐❛❣r❛♠s ❢♦r ♥♦♥✲❞❡❣❡♥❡r❛t❡ s♦❧✉t✐♦♥s

✶✷✹



✭✐✮ ■❢ λ1, λ2 ❛r❡ ❜♦t❤ r❡❛❧✱ ❛♥❞ ♦♥❡ ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ ♦t❤❡r ♥❡❣❛t✐✈❡✱ t❤❡♥ ✇❡ ❣❡t ❛ s❛❞❞❧❡ ❛s ✇❛s

s❤♦✇♥ ✐♥ ♦✉r ❡①❛♠♣❧❡ ❋✐❣✉r❡ ✹✳✶✸✳

✭✐✐✮ ■❢ t❤❡② ❛r❡ ❜♦t❤ r❡❛❧ ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✱ ✇✐t❤ λ1 6= λ2✱ t❤❡♥ ❡✐t❤❡r

✭❛✮ t❤❡ r♦♦ts ❛r❡ ❜♦t❤ ♥❡❣❛t✐✈❡✱ ❛♥❞ ✇❡ ❣❡t ❛ st❛❜❧❡ ♥♦❞❡✱ s✐♥❝❡ ❛s t → ∞✱ ❛♥② ✐♥✐t✐❛❧ Y0 t❡♥❞s

t♦ 0✳

✭❜✮ t❤❡ r♦♦ts ❛r❡ ❜♦t❤ ♣♦s✐t✐✈❡✱ ❛♥❞ ✇❡ ❣❡t ❛♥ ✉♥st❛❜❧❡ ♥♦❞❡✱ ✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ✇✐t❤ t❤❡

❞✐r❡❝t✐♦♥ ✭❵t✐♠❡✬✮ r❡✈❡rs❡❞✳

✭✐✐✐✮ ■❢ λ1 ❛♥❞ λ2 ❛r❡ ❝♦♠♣❧❡①✱ t❤❡♥ s✐♥❝❡ t❤❡ s②st❡♠ ✐s r❡❛❧✱ t❤❡② ❛r❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡s✳ ❚❤❡

❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠ ✐♥ t❤❡♥ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ r♦♦ts✳

✭❛✮ ■❢ ❘❡ (λ) < 0 t❤❡♥ ✇❡ ❣❡t ❛ st❛❜❧❡ s♣✐r❛❧✱ s✐♥❝❡ t❤❡ ♠❛❣♥✐t✉❞❡ ❞❡❝❛②s✱ ✇❤✐❧st t❤❡ ❞✐r❡❝t✐♦♥

♦s❝✐❧❧❛t❡s✳

✭❜✮ ■❢ ❘❡ (λ) > 0 t❤❡♥ ✇❡ ❣❡t ❛♥ ✉♥st❛❜❧❡ s♣✐r❛❧✱ ✇❤✐❝❤ ✐s t❤❡ r❡✈❡rs❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ st❛❜❧❡

s♣✐r❛❧✳

✭❝✮ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ♣✉r❡ ✐♠❛❣✐♥❛r② ♣❛✐r ♦❢ r♦♦ts λ✱ ✇❡ ❣❡t ❛ ❝❡♥tr❡✱ ✐♥ ✇❤✐❝❤ t❤❡

♠❛❣♥✐t✉❞❡ ♥❡✈❡r ❝❤❛♥❣❡s✱ ❜✉t ✇❡ st✐❧❧ ❣❡t ♦s❝✐❧❧❛t✐♦♥ ✲ ❤❡♥❝❡ t❤❡ s②st❡♠ ✐s ❡♥t✐r❡❧② ♣❡r✐♦❞✐❝✳

❊①❛♠♣❧❡ ✹✳✸✷✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r❝❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✿

Ẏ =

(

−2 1

15 −4

)

Y +

(

2

1

)

e2t

❲❡ ❝❛♥ ♠❛❦❡ t❤❡ ❡❞✉❝❛t❡❞ ❣✉❡ss ✭❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤✐s ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ❢♦r❝✐♥❣ ❛

s❡❝♦♥❞✲♦r❞❡r s②st❡♠✮ t❤❛t t❤❡r❡ ✐s ❛ ♣❛rt✐❝✉❧❛r s♦❧✉t✐♦♥

Y = ue2t

s♦ t❤❛t

2

(

u1

u2

)

=

(

−2 1

15 −4

)(

u1

u2

)

+

(

2

1

)

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
(

4 −1

−15 6

)(

u1

u2

)

=

(

2

1

)

❛♥❞ ✇❡ ❝❛♥ ✐♥✈❡rt t❤✐s ♠❛tr✐① ✭s✐♥❝❡ ✷ ✐s ♥♦t ❛♥ ❡✐❣❡♥✈❛❧✉❡✱ ✇❡ ❦♥♦✇ t❤✐s ♠❛tr✐① ✇✐❧❧ ❛❧✇❛②s ❜❡

✐♥✈❡rt✐❜❧❡✮ t♦ ❣❡t

(

u1

u2

)

=
1

9

(

6 1

15 4

)(

2

1

)

=
1

9

(

13

34

)

✶✷✺



❍❡♥❝❡ t❤✐s s②st❡♠ ❤❛s ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥

Y = A

(

1

3

)

et +B

(

1

−5

)

e−7t − 1

9

(

13

34

)

e2t

y1 = Aet +Be−7t − 13

9
e2t

y2 = 3Aet − 5Be−7t − 34

9
e2t

✶✷✻



✺ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s

❚❤❡ ✜♥❛❧ ♥❡✇ t♦♣✐❝ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ t❤✐s ❝♦✉rs❡ ✐s t❤❡ ✜❡❧❞ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❚❤✐s ✐s

❛ ✈❡r② ✐♠♣♦rt❛♥t ✜❡❧❞ ✇❤✐❝❤ ✐s ✈❡r② ♣♦♦r❧② ✉♥❞❡rst♦♦❞ ✐♥ ❣❡♥❡r❛❧✳ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢t❡♥

❛r✐s❡ ✐♥ ♣❤②s✐❝❛❧ s②st❡♠s ✇❤❡r❡ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ s♦♠❡ q✉❛♥t✐t② ♦✈❡r t✐♠❡ ✐s ❞❡♣❡♥❞❡♥t ♦♥ ✐ts r❛t❡

♦❢ ❝❤❛♥❣❡ ✐♥ s♣❛❝❡ ✲ ❢♦r ❡①❛♠♣❧❡✱ tr❛♥s❢❡rs ♦❢ ❤❡❛t ♦❝❝✉r ♠♦r❡ r❛♣✐❞❧② ✇❤❡♥ t❤❡r❡ ✐s ❛ ❧❛r❣❡r ❤❡❛t

❣r❛❞✐❡♥t✱ s♦ t❤❡r❡ ❛r❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t ❛♥❞ x ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❤❡❛t ❡q✉❛t✐♦♥✳

❲❡ ✇✐❧❧ st✉❞② t❤❡ s♦✲❝❛❧❧❡❞ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ❜❡❧♦✇✳

❍♦✇❡✈❡r✱ ✜rst ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ ♠♦r❡ ❢✉♥❞❛♠❡♥t❛❧ ✐❞❡❛ ✇❤✐❝❤ ❛r✐s❡s ✇✐t❤ ✐♥❝r❡❞✐❜❧❡ ❢r❡q✉❡♥❝② ✐♥

♣❤②s✐❝❛❧ ♣r♦❜❧❡♠s✿ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✳

✺✳✶ ❲❛✈❡ ❊q✉❛t✐♦♥s

❲❡ ✇✐❧❧ ✜rst ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡st ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❛❜str❛❝t ✇❛✈❡ ❡q✉❛t✐♦♥✳

✺✳✶✳✶ ❋✐rst✲♦r❞❡r ✇❛✈❡ ❡q✉❛t✐♦♥

■♠❛❣✐♥❡ s♦♠❡ q✉❛♥t✐t② y (x, t) ✇❤✐❝❤ ♦s❝✐❧❧❛t❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✇❛✈❡s ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♠❡❞✐✉♠

❛t ❛ ❝♦♥st❛♥t s♣❡❡❞ c✳ ■❢ ✇❡ ♣✐❝❦ ❛ ♣♦✐♥t ♦❢ ✜①❡❞ ❤❡✐❣❤t ♦♥ ❛ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡✱ x1 (t)✱ t❤❡♥ ✇❡ ❤❛✈❡

dx1

dt
= ±c

■t ❢♦❧❧♦✇s t❤❛t✱ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡✱

∂y (x1 (t) , t)

∂t
= 0

∂y (x1, t)

∂x1

dx1

dt
+

∂y (x1, t)

∂t
= 0

∂y

∂t
= ∓c

∂y

∂x

❚❤❡ ❡q✉❛t✐♦♥

∂y

∂t
= c

∂y

∂x

✐s ❛♥ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s t❤❡ ✭✉♥❢♦r❝❡❞✮ ✜rst✲♦r❞❡r ✇❛✈❡ ❡q✉❛t✐♦♥ ❢♦r y✱

✇❤❡r❡ c ✐s t❤❡ ❝♦♥st❛♥t s♣❡❡❞ ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❝♦♥str❛✐♥❡❞ t♦ ❜❡ ✐♥ t❤❡ ♥❡❣❛t✐✈❡ x

❞✐r❡❝t✐♦♥ ❛s t✐♠❡ ♣❛ss❡s ❜② ❝❤♦♦s✐♥❣ ❛ s✐❣♥✳

❙✐♥❝❡ dy/dt = 0 ❛❧♦♥❣ ♣❛t❤s ✐♥ (t, x) s♣❛❝❡ ✇✐t❤ dx/dt = −c✱ ♥❛♠❡❧② x = x0 − ct✱ ✇❡ ❝❛♥ ❛❧✇❛②s

✇r✐t❡

y = f (x0) = f (x+ ct)

■♥ ❢❛❝t✱ s✐♥❝❡ t❤✐s ❞♦❡s ✐♥❞❡❡❞ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ❡✈❡♥ ✇✐t❤♦✉t ❛♥② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t f ✱ t❤✐s ✐s t❤❡

❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜rst✲♦r❞❡r ✇❛✈❡ ❡q✉❛t✐♦♥✳ ◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥ ✉♥❦♥♦✇♥ ❝♦♥st❛♥t✱ ❜✉t

✐♥st❡❛❞ ❛♥ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥✳ ❚❤✐s ✐s ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆♥♦t❤❡r ✇❛② ♦❢

❧♦♦❦✐♥❣ ❛t ✐t ✐s t❤❛t ✇❡ ♥❡❡❞ ♦♥❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ❡✈❡r② s✐♥❣❧❡ x + ct ♣❛t❤s ✲ ❛ ❝♦♥t✐♥✉♦✉s ✐♥✜♥✐t②

♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳

✶✷✼



❘❡♠❛r❦✳ ❖❢ ❝♦✉rs❡✱ ✐♥ ♦r❞❡r ❢♦r t❤❡ ❡q✉❛t✐♦♥ t♦ ❜❡ ✇❡❧❧✲❞❡✜♥❡❞ ✇❡ ♥❡❡❞ f t♦ ❤❛✈❡ t❤❡ ✜rst ♣❛rt✐❛❧

❞❡r✐✈❛t✐✈❡s ✐♥ x ❛♥❞ t ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥✱ s♦ f ✐s ♥♦t t♦t❛❧❧② ✉♥❝♦♥str❛✐♥❡❞ ✉♥❧❡ss ✇❡ ❛❧❧♦✇ s♦♠❡

s♦rt ♦❢ s✐♥❣✉❧❛r ❜❡❤❛✈✐♦✉r✳

❚❤❡ r❡s✉❧t ✐s✱ ♦❢ ❝♦✉rs❡✱ ♥♦t s✉r♣r✐s✐♥❣ ❣✐✈❡♥ ❤♦✇ ✇❡ ❞❡r✐✈❡❞ ✐t✳ ❲❡ t❤♦✉❣❤t ❛❜♦✉t ❛ ✇❛✈❡✲❧✐❦❡

s❤❛♣❡ ✭❢♦r ❡①❛♠♣❧❡✱ ❛ ✇❛✈❡❧❡t✱ ♦r ❛ ❜♦✉♥❞❡❞ ♦s❝✐❧❧❛t✐♦♥✮ tr❛✈❡❧✐♥❣ ❛❧♦♥❣ ❛t ❛ ❝♦♥st❛♥t ✈❡❧♦❝✐t② ♦❢ −c✱

❛♥❞ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ s♦❧✉t✐♦♥s ❝♦♥s✐st ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ♠♦✈❡ ❧❡❢t ❛t t❤❛t s♣❡❡❞ ♦✈❡r t✐♠❡✱ ❛s

s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✳

x

y

❋✐❣✉r❡ ✺✳✶✿ ❚❤❡ tr❛♥s❧❛t✐♦♥ ♦❢ ❛♥ ❡①❛♠♣❧❡ ✇❛✈❡❧❡t ❛t s♣❡❡❞ c

❊①♣❧✐❝✐t❧②✱ ✐❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐❢ y = F (x) ❛t t✐♠❡ t = 0✱ t❤❡♥ y = F (x+ ct) ❛t ❧❛t❡r t✐♠❡s✿

y (x, 0) = F (x) =⇒ y (x, t) = F (x+ ct)

❊①❛♠♣❧❡ ✺✳✶✳ ❙♦❧✈❡
∂y

∂t
= c

∂y

∂x
✇✐t❤ y (x, 0) = x2 − 3

❚❤✐s ✐s ♥♦✇ tr✐✈✐❛❧ t♦ s♦❧✈❡✱ s✐♥❝❡ ✇❡ ❦♥♦✇ y = f (x+ ct)✱ ❛♥❞ ❤❡♥❝❡ ✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱

✇❡ ✐♠♠❡❞✐❛t❡❧② ❤❛✈❡

x2 − 3 = f (x+ 0)

y = (x+ ct)
2 − 3

◆♦t❡ t❤❛t t❤❡ ♣❛t❤s ✐♥ (t, x) s♣❛❝❡ ❛❧♦♥❣ ✇❤✐❝❤ y ✐s ❝♦♥st❛♥t ❛r❡ ❜② ❞❡✜♥✐t✐♦♥ ❡①❛❝t❧② t❤❡ ❝♦♥t♦✉rs

♦❢ y ✐♥ t❤✐s s♣❛❝❡✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✷✳ ❆❧♦♥❣ ❡❛❝❤ ♦♥❡ t❤❡s❡ ❝✉r✈❡s✱ y ✐s r❡❞✉❝❡❞ t♦ ❛ s✐♠♣❧❡ ♦r❞✐♥❛r②

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✲ ✐♥ t❤✐s ❝❛s❡ t❤❡ s✐♠♣❧❡ y′ = 0 ✲ ✇✐t❤ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r

❡❛❝❤ ❝✉r✈❡✳ ❚❤❡s❡ ❝✉r✈❡s ❛r❡ ❝❛❧❧❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡s ♦r ❥✉st ❝❤❛r❛❝t❡r✐st✐❝s✱ ❛♥❞ t❤❡ ♠❡t❤♦❞ ♦❢

❝❤❛r❛❝t❡r✐st✐❝s s♦❧✈❡s P❉❊s ❜② ✜♥❞✐♥❣ t❤❡s❡ ❝✉r✈❡s ❛♥❞ t❤❡♥ s♦❧✈✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❢❛♠✐❧✐❡s ♦❢ ❖❉❊s✳

❚❤❡ ♠❡t❤♦❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s ❝❧❡❛r❧② ❛❧s♦ ✇♦r❦s ❢♦r P❉❊s ✇✐t❤ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s✱ s♦ ❧♦♥❣ ❛s ✇❡ ❝❛♥

s♦❧✈❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❖❉❊✳ ❋♦r ✐♥st❛♥❝❡✿

✶✷✽



x

t

❋✐❣✉r❡ ✺✳✷✿ ❚❤❡ ❢♦r♠ ♦❢ ❝♦♥t♦✉rs ♦❢ ❛♥② s♦❧✉t✐♦♥ t♦ t❤❡ ✜rst ♦r❞❡r ✇❛✈❡ ❡q✉❛t✐♦♥

❊①❛♠♣❧❡ ✺✳✷✳ ❙♦❧✈❡

∂y

∂t
= c

∂y

∂x
+ ω sin (ωt) ✇✐t❤ y (x, 0) = cos (ρx)

■♥ t❤✐s ❝❛s❡✱ ❛❧♦♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡s

dx

dt
= −c

=⇒ x = x0 − ct

✇❡ ❤❛✈❡

dy

dt
= ω sin (ωt)

=⇒ y (t) = A− cos (ωt)

◆♦✇ ❛t t✐♠❡ t = 0 ✇❡ ❤❛✈❡

y (x, 0) = A− 1 = cos (ρx)

❛♥❞ s✐♥❝❡ x (0) = x0 ✐t ❢♦❧❧♦✇s t❤❛t

A = 1 + cos (ρx0)

y (x, t) = 1 + cos (ρ [x+ ct])− cos (ωt)

✺✳✶✳✷ ❙❡❝♦♥❞✲♦r❞❡r ✇❛✈❡ ❡q✉❛t✐♦♥

❆ ♠♦r❡ ♣❤②s✐❝❛❧❧② ❞❡r✐✈❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② t❛❦✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ❧✐♠✐t ♦❢

❛ s✉✐t❛❜❧❡ ❞✐s❝r❡t❡ ♠❡❞✐✉♠✱ s✉❝❤ ❛s ❛ s❡r✐❡s ♦❢ s♣r✐♥❣s ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ✇✐t❤ ♠❛ss❡s✳

■♠❛❣✐♥❡ ❛ s❡r✐❡s ♦❢ ✐❞❡♥t✐❝❛❧ s♠❛❧❧ ♠❛ss❡s m ❝♦♥♥❡❝t❡❞ ✐♥ ❛ ❧✐♥❡ ❜② ✐❞❡♥t✐❝❛❧ s♣r✐♥❣s ✇✐t❤ s♣r✐♥❣

❝♦♥st❛♥t k ♦❢ ♥❛t✉r❛❧ ❧❡♥❣t❤ h✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥s ♦❢ t❤r❡❡ ❛❞❥❛❝❡♥t ♠❛ss❡s ❛r❡ x − h✱ x ❛♥❞

✶✷✾



x+h ✲ ❧❡t u (x) ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❣✐✈✐♥❣ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛ss ♥♦r♠❛❧❧②

❧♦❝❛t❡❞ ❛t x✳

❚❤❡♥ ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ s❛②s t❤❛t t❤❡ ❢♦r❝❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❜②

F = mü (x, t) = m
∂2u

∂t2

✇❤✐❧st ❍♦♦❦❡✬s ❧❛✇ st❛t❡s t❤❛t

F = Fx+h + Fx−h

= k [u (x+ h, t)− u (x, t)] + k [u (x− h, t)− u (x, t)]

= k [u (x+ h, t) + u (x− h, t)− 2u (x, t)]

❊q✉❛t✐♥❣ t❤❡s❡ t✇♦ ❢♦r❝❡s ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✿

m
∂2u

∂t2
= k [u (x+ h, t)− 2u (x, t) + u (x− h, t)]

❚♦ t❛❦❡ t❤❡ ❧✐♠✐t ♦❢ h → 0✱ ✇❡ ❝♦♥s✐❞❡r N → ∞ ♠❛ss❡s✱ s♣❛❝❡❞ ❛❧♦♥❣ ❛ ❝♦♥st❛♥t ❧❡♥❣t❤ L = Nh

❛♥❞ ✇❡✐❣❤✐♥❣ ❛ ❝♦♥st❛♥t t♦t❛❧ ♠❛ss M = Nm ✲ t❤❡ t♦t❛❧ st✐✛♥❡ss ♦❢ t❤❡ s♣r✐♥❣ ✐s ❛❧s♦ ❦❡♣t ❝♦♥st❛♥t

❛t K = k/N ✳ ❚❤❡♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

∂2u

∂t2
=

KL2

M
· u (x+ h, t)− 2u (x, t) + u (x− h, t)

h2

❛♥❞ t❤❡ ❧✐♠✐t ❝❛♥ ♥♦✇ ❜❡ t❛❦❡♥ ❡❛s✐❧②✿

∂2u

∂t2
=

KL2

M

∂2u

∂x2

∂2u

∂t2
= c2

∂2u

∂x2

❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥
∂2u

∂t2
− c2

∂2u

∂x2
= 0

❛♥❞ ✐s ❤❡♥❝❡ ❝❛❧❧❡❞ ❛ ❤②♣❡r❜♦❧✐❝✶✶ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ❡♥t✐r❡❧② ❜② ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ✐♠♣❧✐❝✐t

❢♦r♠✉❧❛ ❢♦r ❛ ❤②♣❡r❜♦❧❛✿ x2/a2 − y2/b2 = 1✱ t❤♦✉❣❤ ♥♦t❡ t❤❛t ✐t ✐s ❤♦♠♦❣❡♥❡♦✉s✳

■♥ ❢❛❝t✱ t❤✐s ❤♦♠♦❣❡♥❡✐t② ♠❛❦❡s ✐t t❡♠♣t✐♥❣ t♦ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥ ❜② ❵❢❛❝t♦r✐♥❣✬ t❤❡ ❞✐✛❡r❡♥t✐❛❧

♦♣❡r❛t♦r✿
(

∂

∂x
− c

∂

∂t

)

︸ ︷︷ ︸

D1

(
∂

∂x
+ c

∂

∂t

)

︸ ︷︷ ︸

D2

u = D2D1u = 0

✶✶▲✐♥❡❛r✱ s❡❝♦♥❞✲♦r❞❡r P❉❊s ❛r❡ ❝❧❛ss✐✜❡❞ ✐♥ ❜r♦❛❞❧② t❤❡ s❛♠❡ ✇❛② ❛s ♣♦❧②♥♦♠✐❛❧s ❛r❡✱ ❜✉t t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡
❡①t❡♥❞❡❞ ✈✐❛ ♠♦r❡ ❛❜str❛❝t ❝♦♥❞✐t✐♦♥s t♦ ❤✐❣❤❡r ♦r❞❡r ❡q✉❛t✐♦♥s✳

✶✸✵



❛♥❞ ❞❡❞✉❝✐♥❣ t❤❛t u s❛t✐s✜❡s t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✐❢ u s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ t✇♦ ❛❞✈❡❝t✐♦♥ ✭✜rst✲♦r❞❡r

✇❛✈❡✮ ❡q✉❛t✐♦♥s t❤❡r❡✳ ■♥ ❢❛❝t✱ t❤✐s ✐s ✈❛❧✐❞✱ ❜❡❝❛✉s❡ t❤❡s❡ t✇♦ ❝♦♠♣♦♥❡♥ts ❝♦♠♠✉t❡✱ D1D2 ≡ D2D1✿

u = f (x+ ct)

u = g (x− ct)

❛r❡ ❜♦t❤ s♦❧✉t✐♦♥s✱ ❛s ②♦✉ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦✳ ❋✉rt❤❡r✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❡q✉❛t✐♦♥✱ s♦ ✐s

❛♥②✶✷ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠

u = f (x+ ct) + g (x− ct)

❲❤❛t ✐s ❧❡ss ❝❧❡❛r ✐s ✇❤❡t❤❡r ❛❧❧ s♦❧✉t✐♦♥s ❛r❡ ♦❢ t❤✐s ❢♦r♠✱ ♦r ✐❢ ✇❡ ❛r❡ ♠✐ss✐♥❣ s♦♠❡ s♦❧✉t✐♦♥s✳ ■♥

♦r❞❡r t♦ ❝❤❡❝❦ t❤✐s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❛♣♣❧② ❛ ❦❡② ✐❞❡❛ ✐♥ P❉❊s✿ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✳

❚❤❡♦r❡♠ ✺✳✸✳ ❚❤❡ s❡❝♦♥❞✲♦r❞❡r ✇❛✈❡ ❡q✉❛t✐♦♥

∂2y

∂t2
= c2

∂2y

∂x2

❤❛s t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥

y = f (x+ ct) + g (x− ct)

Pr♦♦❢✳ ■♥ ❢❛❝t✱ t❤❡ ❢❛✐r❧② ❤❡✉r✐st✐❝ ❛♣♣r♦❛❝❤ ✇❡ ❤❛✈❡ ❛❞♦♣t❡❞ s✉❣❣❡sts ❛ ♥❛t✉r❛❧ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

t♦

ξ = x− ct

η = x+ ct

❚❤❡♥

x =
1

2
[ξ + η]

t =
1

2c
[η − ξ]

s♦

∂

∂x
=

1

2

[
∂

∂ξ
+

∂

∂η

]

∂

∂t
=

1

2c

[

− ∂

∂ξ
+

∂

∂η

]

✶✷❆s ❜❡❢♦r❡✱ ♦❜s❡r✈❡ ✇❡ ♥❡❡❞ u t♦ ❤❛✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✐♥✈♦❧✈❡❞✳

✶✸✶



✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

1

4

[
∂

∂ξ
+

∂

∂η

]2

y =
1

4

[

− ∂

∂ξ
+

∂

∂η

]2

y

∂2y

∂ξ2
+ 2

∂2y

∂ξ∂η
+

∂2y

∂η2
=

∂2y

∂ξ2
− 2

∂2y

∂ξ∂η
+

∂2y

∂η2

∂2y

∂ξ∂η
= 0

✇❤✐❝❤ ✇❡ ❝❛♥ s♦❧✈❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❜② s✐♠♣❧② ✐♥t❡❣r❛t✐♥❣✱ ❛♥❞ r❡♠❡♠❜❡r✐♥❣ t❤❛t ❵❝♦♥st❛♥ts✬ ♦❢

✐♥t❡❣r❛t✐♦♥ ❜❡❝♦♠❡ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❤❡❧❞ ❝♦♥st❛♥t✿

∂y

∂η
= f1 (η)

y = f2 (η) + f3 (ξ)

❚❤❡r❡❢♦r❡✱ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s

y = f (x+ ct) + g (x− ct)

❢♦r s♦♠❡ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥s f ❛♥❞ g✳

❆s ❜❡❢♦r❡✱ ✇❡ ♥❡❡❞ ✐♥✜♥✐t❡❧② ♠❛♥② ❝♦♥❞✐t✐♦♥s ✐♥ ♦r❞❡r t♦ ✜♥❞ f ❛♥❞ g ✲ ❢♦r ❡①❛♠♣❧❡✱ t✇♦ ♣✐❡❝❡s

♦❢ ✐♥❢♦r♠❛t✐♦♥✱ y (x, 0) ❛♥❞ ∂y/∂t✱ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭❛t t = 0✮❀ ❛♥❞ t✇♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡

✈❛❧✉❡ ♦❢ y ❢♦r s♦♠❡ ❜♦✉♥❞❛r② ♣♦✐♥ts ❧✐❦❡ x → ±∞✳

❊①❛♠♣❧❡ ✺✳✹✳ ❙♦❧✈❡ t❤❡ ✭s❡❝♦♥❞✲♦r❞❡r✮ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡

y (x, 0) = h (x)
[
∂y

∂t

]

(x, 0) = 0

✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

y (x, t) → 0 ❛s x → ±∞

❛♥❞ ❛ss✉♠✐♥❣ t❤❛t h (x) → 0 ❛s x → ±∞✳

❚❤✐s ✐s t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛♥ ✐♥✜♥✐t❡ ♠❡❞✐✉♠ ❤❡❧❞ st✐❧❧ ✐♥ s♦♠❡ s❤❛♣❡ h (x) ❛♥❞ t❤❡♥ r❡❧❡❛s❡❞

❛t t✐♠❡ t = 0✳ ❋r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❤❛✈❡

f (x) + g (x) = h (x)

cf ′ (x)− cg′ (x) = 0

✶✸✷



❍❡♥❝❡ f ′ = g′✱ ❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t f = g + C✳ ❚❤✉s

2g (x) + C = h (x)

g (x) =
h (x)− C

2

f (x) =
h (x) + C

2

❛♥❞ s♦

y (x, t) = f (x+ ct) + g (x− ct)

=
h (x+ ct) + C

2
+

h (x− ct)− C

2

=
h (x+ ct) + h (x− ct)

2

❚❤✐s ❣❡♥❡r❛❧ r❡s✉❧t s❤♦✇s t❤❛t t❤❡ r❡s✉❧t ✐s t❤❛t t❤❡ s❤❛♣❡ ♦❢ h s♣❧✐ts ✐♥t♦ t✇♦ ✐❞❡♥t✐❝❛❧ ❝♦♠♣♦✲

♥❡♥ts ✇❤✐❝❤ tr❛✈❡❧ ✐♥ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s ❛t s♣❡❡❞ c✳

❘❡♠❛r❦✳ ❲❡ ❞✐❞ ♥♦t ❡①♣❧✐❝✐t❧② ✉s❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❡r❡✱ ❜❡❝❛✉s❡ t❤❡ s♦❧✉t✐♦♥ ❛✉t♦♠❛t✐❝❛❧❧②

♦❜❡②s t❤❡♠ ✐❢ h ❞♦❡s✳

❊①❛♠♣❧❡ ✺✳✺✳ ■❢ h (x) = e−1/x2

t❤❡♥

y (x, t) =
1

2

[

e−1/(x+ct)2 + e−1/(x−ct)2
]

✇❤✐❝❤ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✸ ✲ t❤❡ ✐♥✐t✐❛❧ s❤❛♣❡ ✐s t❤❡ ❜❧✉❡✲s❤❛❞❡❞ s❤❛♣❡✱ ❣r❛❞✉❛❧❧② s♣❧✐tt✐♥❣ ✐♥t♦

t❤❡ s❤❛♣❡s s❤♦✇♥✳

x

y

❋✐❣✉r❡ ✺✳✸✿ ❚❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣❛❝❦❡t ✐♥t♦ t✇♦ ✐❞❡♥t✐❝❛❧ ❝♦♠♣♦♥❡♥ts

✶✸✸



✺✳✷ ❉✐✛✉s✐♦♥ ❊q✉❛t✐♦♥

❚❤❡ ✜♥❛❧ ❡①❛♠♣❧❡ ✇❡ s❤❛❧❧ tr❡❛t ❤❡r❡ ❞❡♠♦♥str❛t❡s ❤♦✇ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡❝♦♠❡

r❛♣✐❞❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t♦ s♦❧✈❡ ❞❡s♣✐t❡ ❤❛✈✐♥❣ ❡①tr❡♠❡❧② s✐♠♣❧❡ ❢♦r♠s✳ ■t ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡

❡①tr❡♠❡❧② ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠ ♦❢ ❤❡❛t ❞✐✛✉s✐♦♥✳

▲❡t T (x, t) ❜❡ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ ❛ r♦❞✳ ❚❤❡♥ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ♦♥❡ ❞✐♠❡♥s✐♦♥ ✐s t❤❡ P❉❊

∂T

∂t
= α

∂2T

∂x2

✇❤❡r❡ α ✐s t❤❡ ✭t❤❡r♠❛❧✮ ❞✐✛✉s✐✈✐t②✳ ❚❤✐s ✐s ❛ ❝♦♥st❛♥t ❢♦r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❤❡❛t tr❛♥s❢❡r✱ ❛♥❞ ✐♥ t❤✐s

❝❛s❡ ✇❡ ❝❛❧❧ t❤✐s ❡q✉❛t✐♦♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❤❡❛t ❡q✉❛t✐♦♥✳ ■t ✐s ❛ ♣❛r❛❜♦❧✐❝ P❉❊ ✭t♦ ❜❡ ❝♦♠♣❛r❡❞

✇✐t❤ y = x2✱ ❛♥❞ ❝♦♥tr❛st❡❞ t♦ t❤❡ ❤②♣❡r❜♦❧✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥✮✳

❘❡♠❛r❦✳ ❚❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❋♦✉r✐❡r✬s ❧❛✇✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❤❡❛t

❡♥❡r❣② U ✢♦✇s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✭♥❡❣❛t✐✈❡✮ t❡♠♣❡r❛t✉r❡ ❣r❛❞✐❡♥t ❛❝r♦ss t❤❡ ❜♦✉♥❞❛r②✳ ❍❡♥❝❡ ❢♦r

❛♥② s♠❛❧❧ ♣❡r✐♦❞ ♦❢ t✐♠❡ It ❛♥❞ ♦❢ s♣❛❝❡ Ix = [x0 −∆x, x0 −∆x]✱ ✇❡ ❤❛✈❡ ❡ss❡♥t✐❛❧❧②

ˆ

It

ˆ

Ix

∂U

∂t
dxdt ∝

ˆ

It

(

∂U

∂x

∣
∣
∣
∣
x=x0+∆x

− ∂U

∂x

∣
∣
∣
∣
x=x0−∆x

)

dt

=

ˆ

It

ˆ

Ix

∂2U

∂x2
dxdt

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ t✇♦ ❢✉♥❝t✐♦♥s ❜❡✐♥❣ ✐♥t❡❣r❛t❡❞ ✐s ✐♥ ❢❛❝t ✐❞❡♥t✐❝❛❧❧② ✵✳ ❚❤❡♥

♥♦t✐♥❣ t❤❛t ❡♥❡r❣② ❛♥❞ t❡♠♣❡r❛t✉r❡ ❛r❡ ♣r♦♣♦rt✐♦♥❛❧✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

❊①❛♠♣❧❡ ✺✳✻✳ ❈♦♥s✐❞❡r ❛♥ ✐♥✜♥✐t❡❧② ❧♦♥❣ ❜❛r ❤❡❛t❡❞ ❛t ♦♥❡ ❡♥❞❀ t❤❡♥ ✇❡ ❝❛♥ s❡t

T (x, 0) = 0

s♦ t❤❛t t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ✐♥✐t✐❛❧❧② ✵ ❡✈❡r②✇❤❡r❡✱ ❛♥❞ ❤❡❛t t❤❡ ❡♥❞ t♦ ❦❡❡♣ ✐t ❛t ❛ ❝♦♥st❛♥t t❡♠✲

♣❡r❛t✉r❡✿

T (0, t) = H (t) =







0 t < 0

Q t > 0

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ❛t ❛♥② ✜①❡❞ t✐♠❡ t✱ T (x, t) → 0 ❛s x → ∞✳

■♥ t❤❡ ❧❛st s❡❝t✐♦♥✱ ✇❡ ❢♦✉♥❞ t❤❛t ❛ ❝❧❡✈❡r ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s tr❛♥s❢♦r♠❡❞ t❤❡ P❉❊ ✐♥t♦ ❛♥♦t❤❡r

P❉❊ ✇❤✐❝❤ ✇❛s ❡❛s✐❡r t♦ s♦❧✈❡✳ ❚❤✐s ♣r♦❜❧❡♠ ❞♦❡s ♥♦t ❛❞♠✐t s✉❝❤ ❛ ♥❛t✉r❛❧ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

❤♦✇❡✈❡r✳ ❲❡ ❛❧s♦ ❢♦✉♥❞ t❤❛t ✐t ✇❛s ♣♦ss✐❜❧❡ t♦ tr❛♥s❢♦r♠ ❛ P❉❊ t♦ ❛♥ ❖❉❊ ❜② ✜♥❞✐♥❣ ❛ ❝❤❛r❛❝t❡r✐st✐❝✱

♦r ♣❛t❤ ❛❧♦♥❣ ✇❤✐❝❤ y ✐s ✐♥✈❛r✐❛♥t✳ ❲❤✐❧st ✇❡ ❝❛♥♥♦t ❞♦ q✉✐t❡ t❤❡ s❛♠❡ t❤✐♥❣ ❤❡r❡✱ ✇❡ ❝❛♥ ❛❞♦♣t ❛♥♦t❤❡r

t❡❝❤♥✐q✉❡✱ ❛♥❞ ✜♥❞ ❛ s✐♠✐❧❛r✐t② s♦❧✉t✐♦♥✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t♦ ✜♥❞ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ✈❛r✐❛❜❧❡s ✉♥❞❡r

✇❤✐❝❤ t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ✐♥✈❛r✐❛♥t✱ ❛♥❞ t♦ ❞❡❞✉❝❡ t❤❡ ❢♦r♠ ♦❢ ❛ s♦❧✉t✐♦♥ ✐♥ t❡r♠s

✶✸✹



♦❢ ♦♥❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ t❤❡♥ ❜❡ ❢♦✉♥❞ ❜② s♦❧✈✐♥❣ ❛ s✐♥❣❧❡ ❖❉❊✳ ■❢ ②♦✉ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ t❤❡

❞❡r✐✈❛t✐♦♥✱ ❢❡❡❧ ❢r❡❡ t♦ s❦✐♣ ♦✈❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥t✳

❈♦♥s✐❞❡r t❤❡ ❞✐❧❛t✐♦♥ tr❛♥s❢♦r♠❛t✐♦♥

x′ = λax, t′ = λbt, T ′ = λcT

❚❤❡ t❡r♠s ✐♥ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ tr❛♥s❢♦r♠ ❛s ❢♦❧❧♦✇s✿

∂T

∂t
= λb−c ∂T

′

∂t′

∂2T

∂x2
= λ2a−c ∂

2T ′

∂x′2

❙♦

λb−c ∂T
′

∂t′
= αλ2a−c ∂

2T ′

∂x′2

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❡q✉❛t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✐❢ b − c = 2a − c ✭t❤❛t ✐s✱ b = 2a✮❀ ❜② t❤✐s ✇❡ ♠❡❛♥ t❤❛t

T (x, t) s♦❧✈❡s t❤❡ ❡q✉❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ T ′ (x′, t′) ❞♦❡s t♦♦✳

◆♦✇ ♥♦t❡ t❤❛t ✇❡ ❝❛♥ ❛❧s♦ ✜♥❞ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ T ✱ x ❛♥❞ t ✇❤✐❝❤ ❛r❡ ✐♥✈❛r✐❛♥t ✭❢♦r ❡①❛♠♣❧❡ ❜②

❝♦♥s✐❞❡r✐♥❣ xitjT k = (x′)
i
(t′)

j
(T ′)

k
= λai+bj+ckxitjT k ❛♥❞ s♦❧✈✐♥❣ ai+ bj + ck = 0✮✳ ■♥ ♣❛rt✐❝✉❧❛r

(T ′) (t′)
−c/b

= λcT
[
λbt
]−c/b

= Tt−c/b

x′ (t′)
−a/b

= λax
[
λb
]−a/b

= xt−a/b

❛r❡ ✐♥✈❛r✐❛♥t ❢♦r ❛♥② a, b, c✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ b = 2a✱ ✐t ❢♦❧❧♦✇s t❤❛t

ξ =
x′
√
t′

=
x√
t

✐s ✐♥✈❛r✐❛♥t✳ ❚❤✐s s✉❣❣❡sts ❧♦♦❦✐♥❣ ❢♦r ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠

T ′

(t′)
c/b

=
T

tc/b
= θ (ξ)

T = tc/2aθ (ξ)

■♥ t❤✐s ❝❛s❡✱ ✇❡ ✜♥❞

∂T

∂t
=

c

2a
t(c/2a)−1θ (ξ) + tc/2aθ′ (ξ)

∂ξ

∂t

= t(c/2a)−1

[
c

2a
θ (ξ) + tθ′ (ξ)

(

−1

2

x√
t3

)]

= t(c/2a)−1

[
c

2a
θ (ξ)− ξ

2
θ′ (ξ)

]

✶✸✺



❛♥❞

∂T

∂x
= tc/2aθ′ (ξ)

∂ξ

∂x

= t(c/2a)−(1/2)θ′ (ξ)

∂2T

∂x2
= t(c/2a)−(1/2)θ′′ (ξ)

∂ξ

∂x

= t(c/2a)−1θ′′ (ξ)

❍❡♥❝❡ t❤❡ P❉❊ ❤❛s ❜❡❝♦♠❡

t(c/2a)−1

[
c

2a
θ (ξ)− ξ

2
θ′ (ξ)

]

= αt(c/2a)−1θ′′ (ξ)

αθ′′ (ξ) +
ξ

2
θ′ (ξ)− c

2a
θ (ξ) = 0

✇❤✐❝❤ ✐s ❛♥ ❖❉❊ ❢♦r θ (ξ)✳

❙♦ ❛❧❧ ✇❡ ♥❡❡❞ t♦ ❞♦ ✐s ♠❛❦❡ ❛ ❝❤♦✐❝❡ ❢♦r a ❛♥❞ c ✭✐♥ ❢❛❝t✱ t❤✐s ❛♠♦✉♥ts t♦ ♦♥❧② ♦♥❡ ❝❤♦✐❝❡✱ ❜❡❝❛✉s❡

♦♥❧② t❤❡✐r r❛t✐♦s ❛r❡ s✐❣♥✐✜❝❛♥t✮✳ ❲❡ ❞♦ t❤✐s ❜② s❡❡✐♥❣ ✇❤❛t ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡♠ ❣✐✈❡ ✐♥✈❛r✐❛♥t

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

■♥ t❤✐s ❝❛s❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s T (0, t) = Q✳ ◆♦t❡ t❤❛t T ′ = tc/2aθ (0) ✇❤✐❝❤ ✐s ♦♥❧② ❝♦♥st❛♥t

✐❢ ❛♥❞ ♦♥❧② ✐❢ c = 0✳ ❚❤❡♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

αθ′′ (ξ) +
ξ

2
θ′ (ξ) = 0

✇❤❡r❡

T = tc/2aθ (ξ) = θ

(
x√
t

)

❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ❛r❡ ❛tt❡♠♣t✐♥❣ t♦ ✜♥❞ s♦❧✉t✐♦♥s

T (x, t) = θ

(
x√
t

)

✇❤✐❝❤ ✲ ❛s ②♦✉ ❝❛♥ ✈❡r✐❢② ❞✐r❡❝t❧② ✲ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐✛ θ s❛t✐s✜❡s

αθ′′ (ξ) +
ξ

2
θ′ (ξ) = 0

◆♦✇ t❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♥❣ ❢❛❝t♦r µ = exp
[
´

ξ
2αdξ

]

= eξ
2/4α✱ s✐♥❝❡ t❤❡♥

(

eξ
2/4αθ′

)′
= 0

θ′ = Ae−ξ2/4α

θ = A

ˆ

e−ξ2/4αdξ +B

= C❡r❢

(
ξ

2
√
α

)

+B

✶✸✻



✇❤❡r❡ ✇❡ ✉s❡✿

❉❡✜♥✐t✐♦♥ ✺✳✼✳ ❚❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ❡r❢ ✐s ❞❡✜♥❡❞ ❜②

❡r❢ (z) ≡ 2√
π

ˆ z

0

e−t2dt

❛♥❞ ❤❛s ♥♦ ❝❧♦s❡❞ ❢♦r♠✳ ✭❙❡❡ ❋✐❣✉r❡ ✺✳✹✳✮

z

-1

+1

erf z

❋✐❣✉r❡ ✺✳✹✿ ❚❤❡ ❡rr♦r ❢✉♥❝t✐♦♥ ❡r❢ (z)

❍❡♥❝❡ ❢♦r t❤❡ ♣♦✐♥t✲❧✐❦❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ ✭❢♦r t > 0✮ t❤❛t

T (0, t) = θ (0) = Q

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t B = Q✳

❆❧s♦✱ T (x, t) → 0 ❛s t → 0 ✭❢r♦♠ ❛❜♦✈❡✮ s♦ θ (ξ) → 0 ❛s ξ = x/
√
t → ∞✳ ❚❤❡r❡❢♦r❡✱ ❜❡❝❛✉s❡

❡r❢ (z) → 1 ❛s z → ∞✱ ✐t ❢♦❧❧♦✇s t❤❛t C = −1✱ ❛♥❞ s♦

θ (ξ) = Q

[

1− ❡r❢

(
ξ

2
√
α

)]

■t ❢♦❧❧♦✇s t❤❛t

T (x, t) = Q

[

1− ❡r❢

(
x

2
√
αt

)]

= Q❡r❢❝

(
x

2
√
αt

)

✇❤❡r❡✿

❉❡✜♥✐t✐♦♥ ✺✳✽✳ ❚❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡rr♦r ❢✉♥❝t✐♦♥ ❡r❢❝ ✐s ❞❡✜♥❡❞ ❜②

❡r❢❝ (z) ≡ 1− ❡r❢ (z)

❍❡♥❝❡ ✐♥ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❝✉r✈❡ ❛t ❛♥② ✜①❡❞ t✐♠❡ t ✐s ❣✐✈❡♥ ❜② ❛ ❝✉r✈❡ ❧✐❦❡ Q❡r❢❝ (x)✱

✶✸✼



❡①❝❡♣t str❡t❝❤❡❞ ❤♦r✐③♦♥t❛❧❧② ❜② ❛ ❢❛❝t♦r
√
αt✳ ❖✈❡r t✐♠❡✱ t❤❡ s❤❛♣❡ ✐s s❡❧❢✲s✐♠✐❧❛r ✭❤❡♥❝❡ s✐♠✐❧❛r✐t②

s♦❧✉t✐♦♥✮✱ ❜❡✐♥❣ str❡t❝❤❡❞ ❧✐❦❡
√
t ❛s t✐♠❡ ♣❛ss❡s✳ ❆ ❢❡✇ ❝✉r✈❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✺✳

0
x

Q

T

❋✐❣✉r❡ ✺✳✺✿ ❚❤❡ t❡♠♣❡r❛t✉r❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✺ ❡q✉❛❧❧② s♣❛❝❡❞ s❛♠♣❧❡s

✶✸✽



✻ ✯ ●❡♥❡r❛❧✐③❡❞ ▼❡t❤♦❞s ❢♦r ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s

❙❊❈❚■❖◆ ■◆❈❖▼P▲❊❚❊✳

✻✳✶ ❙②st❡♠s ♦❢ ▲✐♥❡❛r ❊q✉❛t✐♦♥s

✻✳✷ ❋✐rst✲❖r❞❡r ❱❡❝t♦r ❊q✉❛t✐♦♥s

■♥ s❡❝t✐♦♥ ✹✳✼✱ ✇❡ ❧♦♦❦❡❞ ❛t ✈❛r✐♦✉s ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠

Ẏ = M (t)Y + F (t)

❢♦r ❛♥ ✉♥❦♥♦✇♥ ✈❡❝t♦r Y (t)✳ ❍♦✇ ❞♦ ✇❡ s♦❧✈❡ t❤✐s ❢♦r ❛ ❣❡♥❡r❛❧ ✈❡❝t♦r Y (t) ∈ Rn✱ ❣❡♥❡r❛❧ ♠❛tr✐①

M (t) ❛♥❞ ❣❡♥❡r❛❧ ❢♦r❝✐♥❣ t❡r♠ F (t)❄

❚❤❡ ✜rst t❤✐♥❣ ✇❡ ✇✐❧❧ ❞♦ ✐s ❧♦♦❦ ❛t t❤❡ s✐♠♣❧❡st ❝❛s❡ ✐♥ Rn✿

Ẏ = MY, ❝♦♥st❛♥t M

❋♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ẏ = my✱ ✇❡ ❦♥♦✇ t❤❡ s♦❧✉t✐♦♥ ✐s y = A exp (mt)✳ ❲❤② ❞♦❡s t❤✐s ✇♦r❦❄

❚❤❡ ❦❡② ✐❞❡❛ ✐s t❤❛t d (exp t) /dt = exp t✱ ❛ s♣❡❝✐❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ exp t✳

✻✳✷✳✶ ▼❛tr✐① ❡①♣♦♥❡♥t✐❛❧s

❇✉t ♥♦✇ ✇❡ ❤❛✈❡ t♦ s♦♠❡❤♦✇ ✐♥❝❧✉❞❡ ♠❛tr✐❝❡s ✐♥t♦ t❤❡ ❛♥s✇❡r✳ ❲❡ ❝♦✉❧❞ ❛♣♣r♦❛❝❤ t❤✐s ✐s ✈❛r✐♦✉s

✇❛②s❀ ♦♥❡ ✐s t♦ t❤✐♥❦ ❛❜♦✉t ❞✐❛❣♦♥❛❧✐③✐♥❣ t❤❡ M ♠❛tr✐①✱ ✐❢ ♣♦ss✐❜❧❡❀ t❤❡♥ ✇❡ ✜♥❞ t❤❛t s♦♠❡ tr❛♥s❢♦r♠❡❞

✈❡rs✐♦♥ ♦❢ Y ✇✐❧❧ ♦❜❡② s♦♠❡ s✐♠♣❧✐✜❡❞ ♣❛✐r ♦❢ s❡♣❛r❛t❡❞ ❡q✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤✐s ❧❡❛❞s ✉s ❛✇❛② ✐♥t♦

✇♦rr②✐♥❣ ❛❜♦✉t ❞✐❛❣♦♥❛❧✐③❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛♥ ✉♥♥❡❝❡ss❛r② ❝♦♠♣❧✐❝❛t✐♦♥✳

■♥st❡❛❞✱ ❧❡t✬s t❤✐♥❦ ❛❜♦✉t ❤♦✇ ✇❡ ♠✐❣❤t tr② t♦ ❞❡✜♥❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ❛ ♠❛tr✐①✱ s♦ t❤❛t t❤❡

❝❤❛✐♥ r✉❧❡ ❣✐✈❡s ✏d (expMt) /dt = M expMt✑✳ ❙♦ ❤♦✇ ❝❛♥ ✇❡ ❞❡✜♥❡ exp❄ ❈♦♠♠♦♥❧②✱ ✇❡ ❞❡✜♥❡ t❤❡s❡

❢✉♥❝t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡✐r ❚❛②❧♦r s❡r✐❡s ✲ r❡❝❛❧❧

exp t = 1 + t+
1

2
t2 +

1

3!
t3 + · · · =

∞∑

m=0

tm

m!

❈❛♥ ✇❡ s✐♠♣❧② s❤♦✈❡ ❛ ♠❛tr✐① ✐♥t♦ t❤✐s ❝❛❧❝✉❧❛t✐♦♥❄ ❲❡ ❝❛♥ ❝❡rt❛✐♥❧② ❧❡t T ❜❡ ❛ n × n ♠❛tr✐① ❛♥❞

✇r✐t❡ ❞♦✇♥

expT = I + T +
1

2
T 2 +

1

3!
T 3 + · · · =

∞∑

m=0

Tm

m!

s✐♥❝❡ ✇❡ ❦♥♦✇ ❤♦✇ t♦ ❝❛❧❝✉❧❛t❡ ♣♦✇❡rs ♦❢ ❛ ♠❛tr✐① ❜② ♠✉❧t✐♣❧②✐♥❣ ✐t t♦❣❡t❤❡r ✲ t❤❡ ♦♥❧② q✉❡st✐♦♥

✇❡✬❞ ✇♦rr② ❛❜♦✉t ✐s ✇❤❡t❤❡r t❤❡ s✉♠ ❝♦♥✈❡r❣❡s t♦ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ♠❛tr✐①✳ ✭❲❤❛t ❞♦ ✇❡ ♠❡❛♥ ❜②

❝♦♥✈❡r❣❡♥❝❡❄ ❙✐♠♣❧② t❤❛t ❡✈❡r② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛tr✐① ✇❡✬r❡ ♠❛❦✐♥❣ ✉♣ ❝♦♥✈❡r❣❡s ✐♥❞✐✈✐❞✉❛❧❧②✳

❆♥② ♦t❤❡r r❡s♦♥❛❜❧❡ ♥♦t✐♦♥s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡ ❡q✉✐✈❛❧❡♥t✳✮ ❚❤✐s ✐s ♥♦t ♣❛rt✐❝✉❧❛r❧② ❤❛r❞ t♦ s❤♦✇✱ ❜✉t

♥♦t ✈❡r② r❡❧❡✈❛♥t ✲ t❤❡ ❦❡② ✐❞❡❛ ✐s ②♦✉ st✐❧❧ ❝❛♥✬t ❣r♦✇ ✈❡r② r❛♣✐❞❧② t❡r♠ ❜② t❡r♠✳

✶✸✾



Pr♦♦❢✳ ▲❡t A ❜❡ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❧❛r❣❡st ❡❧❡♠❡♥t ✐♥ t❤❡ ♠❛tr✐① T ✳ ❚❤❡♥ ♥♦t❡ t❤❛t ✐❢ B s✐♠✐❧❛r❧②

❜♦✉♥❞s s♦♠❡ ♦t❤❡r ♠❛tr✐① T ′✱ ✇❡ ❤❛✈❡

|(TT ′)ik| =

∣
∣
∣
∣
∣
∣

n∑

j=1

(
TijT

′
jk

)

∣
∣
∣
∣
∣
∣

≤
n∑

j=1

∣
∣TijT

′
jk

∣
∣ ≤ n ·AB

❚❤❡r❡❢♦r❡✱ T 2 ❤❛s ❡❧❡♠❡♥ts ♥♦ ❧❛r❣❡r ✐♥ ♠❛❣♥✐t✉❞❡ t❤❛♥ nA2❀ T 3 ✐s ❜♦✉♥❞❡❞ ❜② n2A3❀ ❛♥❞ ❜②

✐♥❞✉❝t✐♦♥ Tm ✐s ❜♦✉♥❞❡❞ ❜② nmAm ✭❛❞❞✐♥❣ ❛ ❢❛❝t♦r ♦❢ n ❢♦r s✐♠♣❧✐❝✐t②✮✳ ❆s ❛ r❡s✉❧t✱ ❡❛❝❤ ❡❧❡♠❡♥t

♦❢ ♦✉r s✉♠ ❞❡✜♥✐♥❣ expT ✐s ❜♦✉♥❞❡❞ ❜② (nA)
m
/m! ✲ t❤✐s ♠❡❛♥s t❤❡ s❡r✐❡s ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ✐s

❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t✱ s✐♥❝❡ ✇❡ ❦♥♦✇ exp (nA) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ■t ✐s ❛ t❤❡♦r❡♠ ✲ ❢r♦♠ t❤❡ ❝♦✉rs❡

❆♥❛❧②s✐s ■ ✲ t❤❛t t❤✐s ✐♠♣❧✐❡s t❤❡ s❡r✐❡s ✐s ❝♦♥✈❡r❡❣♥t✳

❆♥②❤♦✇✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ❞❡✜♥✐t✐♦♥

expT = I + T +
1

2
T 2 +

1

3!
T 3 + · · · =

∞∑

m=0

Tm

m!

❛♥❞ r✉♥ ✇✐t❤ ✐t✳ ▲❡t T = Mt✳ ❚❤❡♥ ✭t❡❝❤♥✐❝❛❧❧② ✉s✐♥❣ ♠♦r❡ ❆♥❛❧②s✐s ■ t❤❡♦r❡♠s ♦♥ ❞✐✛❡r❡♥t✐❛t✐♥❣

✐♥✜♥✐t❡ s❡r✐❡s✱ ❜✉t ❧❡t ✉s ❧✐✈❡ ❞❛♥❣❡r♦✉s❧②✮

d

dt
exp (Mt) =

d

dt

∞∑

m=0

Mm tm

m!

=

∞∑

m=0

Mm d

dt

tm

m!

=

∞∑

m=1

Mm tm−1

(m− 1)!

=

∞∑

m=0

Mm+1 t
m

m!

= M exp (Mt)

❇✉t t❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ s♦❧✈❡

Ẏ = MY

str❛✐❣❤t❢♦r✇❛r❞❧② ❜②

Y = exp (Mt)Y0

♥♦t✐♥❣ t❤❛t

exp







0 · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · 0







= I

✶✹✵



✻✳✷✳✷ ❚❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡

❙✉♣♣♦s❡

Ẏ = MY + F (t)

✇❤❡r❡ M ✐s st✐❧❧ ❛ ❝♦♥st❛♥t ♠❛tr✐①✳ ❈❤❡❝❦✐♥❣ ✜rst t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✇❡ ✜♥❞ ẏ = my + f ❝❛♥

❜❡ s♦❧✈❡❞ ❜② ✉s✐♥❣ ❛♥ ✐♥t❡❣r❛t✐♥❣ ❢❛❝t♦r✿

(ẏ −my − f) e−mt = 0

d

dt

(
e−mty

)
− fe−mt = 0

y = emt

[

❝♦♥st✳+

ˆ t

e−mt′f (t′) dt′
]

❈❛♥ ✇❡ ✉s❡ ❛ s✐♠✐❧❛r tr✐❝❦ ✇✐t❤ ♠❛tr✐❝❡s❄ ◆♦t✐♥❣ M exp (Mt) = exp (Mt)M ✲ ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s

❢r♦♠ t❤❡ s❡r✐❡s ❞❡✜♥✐t✐♦♥ ✲ ✇❡ ❣❡t

d

dt
(exp (−Mt)Y) = −M exp (−Mt)Y + exp (−Mt) Ẏ

= exp (−Mt)
[

Ẏ −MY

]

= exp (−Mt)F (t)

✇❤✐❝❤ ✇❡ ❝❛♥ s♦❧✈❡ ❜② ♥♦t✐♥❣ t❤❛t

[exp (Mt)]
−1

= exp (−Mt)

✭✇❤✐❝❤ ❝❛♥ ❜❡ s❤♦✇♥ ❜② ❝♦♠♣✉t✐♥❣ exp (Mt) exp (−Mt) ✐♥ t❤❡ s❡r✐❡s ❡①♣❛♥s✐♦♥✮ s♦ t❤❛t

Y = exp (Mt)

[

❝♦♥st✳+

ˆ t

exp (−Mt′)F (t′) dt′
]

✻✳✷✳✸ ❚❤❡ ♥♦♥✲❛✉t♦♥♦♠♦✉s ❝❛s❡❄

❙♦ ✇❤❛t ✐❢ M = M (t) ✐s t✐♠❡✲❞❡♣❡♥❞❡♥t❄ ▲❡t✬s r❡t✉r♥ t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ t♦ ❜❡❣✐♥ ✇✐t❤✱

ẏ = m (t) y✳ ❚❤✐s ❡q✉❛t✐♦♥ ✐s s❡♣❛r❛❜❧❡✿

ẏ

y
= m (t) =⇒ d

dt
ln y = m (t)

=⇒ y = y0 exp

(
ˆ t

m (t) dt′
)

✇❤✐❝❤ ❝❧❡❛r❧② ❛❣r❡❡s ✇✐t❤ t❤❡ m = ❝♦♥st✳ ❝❛s❡✳ ❘❛t❤❡r t❤❛♥ ✇♦rr②✐♥❣ ❛❜♦✉t t❤❡ ✐♥t❡r♠❡❞✐❛t❡ st❡♣s✱ ❧❡t

✉s tr② ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ❛♥s✇❡r ♥❛ï✈❡❧②✿

Y =

[

exp

ˆ t

M (t) dt′
]

Y0

✭❚❤❡ ✐♥t❡❣r❛❧ ♦❢ ❛ ♠❛tr✐① ✐s ❢♦r♠❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ✐t ❝♦♠♣♦♥❡♥t ❜② ❝♦♠♣♦♥❡♥t✳✮

✶✹✶



❲❤❛t ❤❛♣♣❡♥s❄ ▲❡t N =
´ t

Mdt′✳

d

dt
expN =

d

dt

∞∑

m=0

Nm

m!

=
d

dt

∞∑

m=0

N ·N · · · · ·N
m!

=

∞∑

m=0

M ·N · · · · ·N +N ·M · · · · ·N + · · ·+N ·N · · · · ·M
m!

❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ✐❢ NM 6= MN ✱ t❤❡♥ t❤❡ ♥✉♠❡r❛t♦r ✐s ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ s❛♠❡ ❛s m ·MNm−1✳

❊①❛♠♣❧❡ ✻✳✶✳ ❈♦♥s✐❞❡r

M =

(

1 0

2t 0

)

❚❤❡♥

N =

(

t 0

t2 0

)

❛♥❞ s♦

expN =

(

1 0

0 1

)

+

(

t 0

t2 0

)

+
1

2!

(

t2 0

t3 0

)

+
1

3!

(

t3 0

t4 0

)

+ · · · =
(

et 0

t (et − 1) 1

)

❜✉t t❤❡♥

d

dt
expN =

(

et 0

et (1 + t)− 1 0

)

M expN =

(

1 0

2t 0

)(

et 0

t (et − 1) 1

)

=

(

et 0

2tet 0

)

❨♦✉ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤✐s ♠❡❛♥s ②♦✉ ❞♦ ♥♦t ❣❡t t❤❡ ❝♦rr❡❝t s♦❧✉t✐♦♥ t♦ ❛ t②♣✐❝❛❧ ✐♥✐t✐❛❧ ✈❛❧✉❡

♣r♦❜❧❡♠✳

■♥ ❢❛❝t✱ s❛❞❧② ✇❡ ❝❛♥♥♦t s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ s✐♠♣❧② ✐♥ ❣❡♥❡r❛❧✳

✻✳✸ ❉❡❣❡♥❡r❛❝②

❲❡ ♥♦t❡❞ ♦♥ ❛ ❢❡✇ ♦❝❝❛s✐♦♥s t❤❛t t❤❡r❡ ✐s ❛ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡ ❛t ✇♦r❦ ❢♦r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇✐t❤ ❝♦♥st❛♥t

❝♦❡✣❝✐❡♥ts✿ ✐❢ yc (x) = eλx ✐s s♦♠❡ s✐♥❣❧❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥✱ t❤❡♥ x · yc ❤❛s ❛

r❡♠❛✐♥❞❡r ✉♥❞❡r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✇❤✐❝❤ ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ yc = eλx✳ ❚❤✐s ❛❧❧♦✇❡❞ ✉s t♦ s♦❧✈❡

s❡❝♦♥❞✲♦r❞❡r ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥s✳

✶✹✷



■♥ ❢❛❝t✱ ✇❡ ❝❛♥ ♣r♦✈❡ s♦♠❡t❤✐♥❣ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❞ ✈❡r② ✉s❡❢✉❧✿

▲❡♠♠❛ ✻✳✷✳ ❋♦r ❛♥ nt❤✲♦r❞❡r ❢♦r❝❡❞ ❧✐♥❡❛r ❡q✉❛t✐♦♥✱ ✐❢ yc (x) ✐s s♦♠❡ s✐♥❣❧❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♠✲

♣❧❡♠❡♥t❛r② ❡q✉❛t✐♦♥✱ t❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r t♦ x · yc ❣✐✈❡s

D [xyc] = E [yc]

✇❤❡r❡ E ✐s ❛♥♦t❤❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✇✐t❤ r❡❧❛t❡❞ ❝♦❡✣❝✐❡♥ts

E [y] =
∑

i

ici (y)
(i−1)

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥ t❤❛t

D [xyc] =
∑

i

ci (xyc)
(i)

◆♦✇ ❜② ▲❡✐❜♥✐③✬s ♣r♦❞✉❝t r✉❧❡✱

(xyc)
(i)

= x · (yc)(i) + i · 1 · (yc)(i−1)
+ 0 · (· · · )

= x · (yc)(i) + i · (yc)(i−1)

s♦

D [xyc] =
∑

i

ci

[

x · (yc)(i) + i · (yc)(i−1)
]

= x ·D [yc]
︸ ︷︷ ︸

0

+
∑

i

ici (yc)
(i−1)

=
∑

i

ici (yc)
(i−1)

= E [yc]

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t yc s♦❧✈❡s t❤❡ ❡q✉❛t✐♦♥ D [yc] = 0 t♦ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥✳ ◆♦t❡ t❤❛t

E ✐s ❛♥♦t❤❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✱ ♦❢ t❤❡ r❡❞✉❝❡❞ ♦r❞❡r n− 1✱ ❞❡♣❡♥❞❡♥t ♦♥❧② ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢

t❤❡ ♦r✐❣✐♥❛❧ ❡q✉❛t✐♦♥ ✭t❤❛t ✐s✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ yc✮✳

❲❡ ❝❛♥ ❞❡❞✉❝❡ s❡✈❡r❛❧ r❡s✉❧ts ❢r♦♠ t❤✐s✳

❚❤❡♦r❡♠ ✻✳✸✳ ■❢ λ ✐s ❛ r❡♣❡❛t❡❞ r♦♦t ♦❢ ♠✉❧t✐♣❧✐❝✐t② m ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r

D [·]✱ ✇❤✐❝❤ ✐s ❧✐♥❡❛r ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✱ t❤❡♥

y = eλx, xeλx, x2eλx, · · · , xm−1eλx

✶✹✸



❛r❡ ❛❧❧ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ D [y] = 0✳

Pr♦♦❢✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ D ✐s

g (µ) =
∑

ciµ
i = 0

❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ✲ ❛ss✉♠❡ t❤❛t t❤❡ r❡s✉❧t ❤♦❧❞s ❢♦r ♠✉❧t✐♣❧✐❝✐t② m− 1✱ ❛♥❞ ❛ss✉♠❡ λ ✐s

❛ s♦❧✉t✐♦♥ ♦❢ ♠✉❧t✐♣❧✐❝✐t② m > 1✳ ❚❤❡♥ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡ ♦❢ g ❛t λ ✐s ③❡r♦ ✲ ✐♥ ❢❛❝t✱ ✐t ✐s ❛ r♦♦t ♦❢

♠✉❧t✐♣❧✐❝✐t② m− 1✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ t❤❛t ❜② ❞❡✜♥✐t✐♦♥

g (µ) = (µ− λ)
m
h (µ)

❢♦r s♦♠❡ ♣♦❧②♥♦♠✐❛❧ h (µ)✱ ❛♥❞ t❤❡♥

g′ (µ) = (µ− λ)
m−1

[mh (µ) + h′ (µ)]

❇✉t ✇❡ ❦♥♦✇ t❤❛t

g′ (µ) =
∑

iciµ
i

✇❤✐❝❤ ❡①❛❝t❧② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r E [·]✳ ■♥ ❢❛❝t✱ ❛s y1 = xm−2eλx s❛t✐s✜❡s

D [y1] = 0 ❜② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡

D
[
xm−1eλx

]
= D [x · y1]
= E [y1]

= E
[
xm−2eλx

]

❚❤❡♥ ♦♥❝❡ ♠♦r❡✱ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t❡❧❧s ✉s t❤❛t ❜❡❝❛✉s❡ λ ✐s ❛ r♦♦t ♦❢ E✬s ❝❤❛r❛❝t❡r✐st✐❝

❡q✉❛t✐♦♥ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② m− 1✱ y1 = xm−2eλx ✐s ❛ s♦❧✉t✐♦♥ t♦ E [y] = 0✳ ❍❡♥❝❡

D
[
xm−1eλx

]
= 0

◆♦✇ ✇❡ ❛r❡ ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥✳

❙♦ ✇❡ ❛❧✇❛②s ❤❛✈❡ ❢❛♠✐❧✐❡s ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠

y = eλx, xeλx, x2eλx, · · · , xm−1eλx

❢♦r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✳

✶✹✹



✻✳✹ ❚❤❡ ❲r♦♥s❦✐❛♥ ❛♥❞ ❆❜❡❧✬s ❚❤❡♦r❡♠

❚❛❦❡ ❛♥② ❤♦♠♦❣❡♥❡♦✉s✱ ❧✐♥❡❛r nt❤✲♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

dny

dxn
+ pn−1 (x)

dn−1y

dxn−1
+ · · ·+ p1 (x)

dy

dx
+ p0 (x) y = 0

❢♦r s♦♠❡ s❡t ♦❢ x ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ R✳

❚❤❡♦r❡♠ ✻✳✹ ✭❆❜❡❧✬s ■❞❡♥t✐t②✮✳ ▲❡t ✉s pn−1 (x) ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❚❤❡♥ ♦♥ t❤✐s s❡t✱ t❤❡

❲r♦♥s❦✐❛♥ W (x) ♦❢ ❛ s❡t ♦❢ n s♦❧✉t✐♦♥s t♦ t❤✐s ❡q✉❛t✐♦♥ ♦❜❡②s t❤❡ ❡q✉❛t✐♦♥

W (x) = W (x0) exp

(

−
ˆ x

x0

pn−1 (t) dt

)

❲❡ s❤❛❧❧ ♣r♦✈❡ t❤✐s ❣❡♥❡r❛❧ st❛t❡♠❡♥t✱ ✇❤✐❝❤ ❤❛s t❤❡ ❝♦r♦❧❧❛r② t❤❛t W (x0) 6= 0 ✐♠♣❧✐❡s W (x) 6= 0

❢♦r ❛❧❧ x ✲ t❤❛t ✐s✱ ❆❜❡❧✬s ❚❤❡♦r❡♠✳

Pr♦♦❢✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❲r♦♥s❦✐❛♥ W ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ♠❛tr✐① ❞❡t❡r♠✐♥❛♥t✳ ❘❡♠❡♠❜❡r✐♥❣

t❤❛t ✭❢r♦♠ t❤❡ ▲❡✐❜♥✐③ ❢♦r♠✉❧❛✮ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ❞❡t❡r♠✐♥❛♥t ❛s ❛ s✉♠ ♦✈❡r ♣❡r♠✉t❛t✐♦♥s ♦❢ t❤❡

❝♦❧✉♠♥s ❧✐❦❡ s♦✿

detA =
∑

σ

sgn (σ)A1σ(1)A2σ(2) · · ·Amσ(m)

✇❡ ❝❛♥ s❡❡ t❤❛t

d

dt
detA =

∑

σ

sgn (σ)A′
1σ(1)A2σ(2) · · ·Amσ(m)

+
∑

σ

sgn (σ)A1σ(1)A2σ(2)′ · · ·Amσ(m)

+ · · ·
+
∑

σ

sgn (σ)A1σ(1)A2σ(2) · · ·A′
mσ(m)

❛♥❞ s♦ ✐❢ t❤❡ s♦❧✉t✐♦♥s ❛r❡ y1, · · · , yn t❤❡♥

W ′ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

y′1 y′2 · · · y′n

y′1 y′2 · · · y′n

y′′1 y′′2 · · · y′′n

y′′′1 y′′′2 · · · y′′′n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

y
(n−1)
1 y

(n−1)
2 · · · y

(n−1)
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

y1 y2 · · · yn

y′′1 y′′2 · · · y′′n

y′′1 y′′2 · · · y′′n

y′′′1 y′′′2 · · · y′′′n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

y
(n−1)
1 y

(n−1)
2 · · · y

(n−1)
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+ · · ·+

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

y′1 y′2 · · · y′n

y′′1 y′′2 · · · y′′n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

y
(n−3)
1 y

(n−3)
2 · · · y

(n−3)
n

y
(n−2)
1 y

(n−2)
2 · · · y

(n−2)
n

y
(n)
1 y

(n)
2 · · · y

(n)
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣✶✹✺



❇✉t t❤❡♥ ❡✈❡r② ♠❛tr✐① ❡①❝❡♣t ❢♦r t❤❡ ❧❛st ❤❛s t✇♦ ✐❞❡♥t✐❝❛❧ r♦✇s✱ ❛♥❞ t❤❡r❡❢♦r❡ ❤❛s ❞❡t❡r♠✐♥❛♥t

✵✳ ❙♦

W ′ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

y′1 y′2 · · · y′n

y′′1 y′′2 · · · y′′n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

y
(n−2)
1 y

(n−2)
2 · · · y

(n−2)
n

y
(n)
1 y

(n)
2 · · · y

(n)
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

❇✉t ♥♦✇✱ ✉s✐♥❣ ♦✉r ❡①♣r❡ss✐♦♥ ❢♦r y
(n)
i ✐♥ t❡r♠s ♦❢ y

(n−k)
i ✇❡ ❝❛♥ s✉❜tr❛❝t p0 t✐♠❡s t❤❡ ✜rst r♦✇✱

p1 t✐♠❡s t❤❡ s❡❝♦♥❞✱ ❛♥❞ s♦ ♦♥✱ ❢r♦♠ t❤❡ ❧❛st r♦✇✳ ❚❤✐s ❣✐✈❡s ✉s

W ′ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

y′1 y′2 · · · y′n

y′′1 y′′2 · · · y′′n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

y
(n−2)
1 y

(n−2)
2 · · · y

(n−2)
n

−pn−1y
(n−1)
1 −pn−1y

(n−1)
2 · · · −pn−1y

(n−1)
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= −pn−1W

❚❤❡♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✱ ❜❡❝❛✉s❡ ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ W ′/W t♦ ❣❡t lnW ❛♥❞ t❤❡♥

W = e
−
´

x

x0
pn−1(t)dtW0

t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ t❤❡ ✈❛r✐♦✉s ❢❛❝t♦rs✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t t❤❡ ✐♥t❡❣r❛❧ s❤♦✉❧❞ ❜❡ ✵ ❛t x = x0✳

✻✳✺ ❱❛r✐❛t✐♦♥ ♦❢ P❛r❛♠❡t❡rs
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